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Abstract

In this paper a simple of combined singular stochastic control
and optimal stopping in the jump-diffusion model is formulated
and solved. We give sufficient conditions for the existence of an
optimal strategy which has the same form as in continuous case
given by Davis and Zervos [4] and also Karatzas et al. [8]. This
result is applied to solve explicitly an example of such problem.
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1 Introduction

The subject of the optimal singular control problem from a stochastic system
described by a stochastic differential equation has been extensively studied
by several authors, see e.g. [2], [3], [10], [11], [12] and [13] (Ch. 5). In our
contribution, we consider a similar problem to that studied in [12], except
that here optimal stopping is included in the control. Optimal stopping in
control arises in target tracking problems where one has to decide when one
has arrived sufficiently close to the target, see [4] and [8]. The problem of
combined singular stochastic control and the optimal stopping problem also
arise in the consumption/investment of financial economics for an investor
who can decide when to exit from the market. In the paper by Karatzas
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and Wang [9], the stochastic optimization problem that combines features
of both control and stopping is also considered by computing the upper- and
lower-hedging prices of American contingent claims under constraints. Un-
like these approaches, we study the case when the dynamics of the stochastic
system therein has a jump component.

The paper is organized as follows: In the second section, we give and
prove a verification theorem of the integro-variational inequality type suffice
for optimal control and stopping. In Section 3, we apply the verification
theorem to solve explicitly an example.

2 Model

We first recall that a Lévy process n = n(t) = (n1(t),...,m.(t)) on a com-
plete probability (2, F,P) is a process with stationary and independent
increments and cadlag path (i.e. right continuous paths with the left sided
limits). The jump of 7; at time ¢ is defined by

A’r/z(t) = nZ(t) - ni(t_)v 1= 1a - N

The jump measure N; of n; is defined by

Nil((@bU) = Y (A i=1Ln,
te(a,b)

i.e. by the number of jumps of size An;(t) € U, for t € (a,b]. Here U is
Borel set with U C Ry := R\ {0}. The differential form of this random
measure is denoted by N;(dt,dz). The Lévy measure of n; is defined by

vi(U) := E[N;((0,1],U)], U € B(Ry), i=1,.n
and the compensated jump measure of n; is defined by
Ni(t, A) = Ni(t, A) — tr;(A),  i=1,...n.
In the sequel we assume that
En}t)] <oo, t>0,i=1,..,n. (1)

The Lévy decomposition theorem states that if (1) holds, then there exists
constants a and b such that

t ~
m(t):at—i—bBi(t)—ir// SNi(ds,dz), 130, i=1,..m,
0 JRg
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where B(t,w) = (Bi(t,w), ..., Bp(t,w)); t > 0, is n-dimensional Brownian
motion independent of N. In view of this, it is natural to study processes
which has form

dXi(t) = bi(t,X(t))dt+znzaij(t,X(t))dBj(t)

j=1
n ~
23 [ i, X)) N ) 2)
j=1"Ro
Xi(s) = z; €R, 0<s<t<T, i=1,...,n

where the coefficients b : R x R" — R" o : R x R® — R™ " and p :
R x R? x R" — R™" are given Fs-adapted processes. Moreover, it is
assumed that

B[ [ {15, XD+ 36, X0)
-l—/R ,u?j(s*,X(sf), zj)l/i(dz)}ds} < 00 a.s. for all t > 0.

For a detailed about such stochastic differential equation see e.g. [7], [14]
and references given therein. We can consider equation (2) as the sizes or
densities of population.

Let S ¢ R™1 (the solvency region) be a Borel set such that S c SO
where SO denotes the interior of S, SO its closure. If we apply a control
v(t,w) to the process X(t) = (Xi(t)),..., Xn(t)) then the corresponding

population vector X () (t) = (Xp)(t), vy x (1)) becomes
dX @) = b(t, XD (@))dt + o(t, XV (t))dB(t)

[l X0 ), 2) Rt dz) - o) (3)
Rp

X(V)(s) = z=(z1,...,2,) € R", s<t

Here v(t) = v(t,w) = (m(t,w), ... m(t,w)) € Rt > s,w € Q is non-
negative, non-decreasing, right-continuous and F-adapted. Since d7y(t) may
be singular with respect to Lebesgue measure dt, we call v is our singular
control. The component v;(t,w) of v(t,w) can be considered as the total
amount harvested from population number i up to time t.
Let
Ts = T5(x,w) = inf{t > 0; (£, X (1)) ¢ S}



be the time of extinction and let 7 denote the set of all stopping times
7 < 75 . And let the the prices/utilities per unit of population number i
accrued from harvesting at time ¢, be given by n continuous, nonnegative
functions

m(t);  1<i<n (4)

Then the total expected discounted utility harvested from time s to time
T € T is given by

7O s,2) = B°2 / U XD (1)) dt 4+ w(t).dy (1))

+9(7, X0 (1) Xr <o) ()

where f : RXxR" — R and g : R x R" — R are continuous functions;
T = (T, ..., m); m.dy = > 1| midvyi; and E** denotes the expectation with
respect to P of the time-state process (£, X(V(t)), t > s, when XV (s) = z.

We say that the control process v is admissible and write v € T if (3)
has a unique, strong solution X ) (¢) and

B[ [ 71 XO@)ldt + lo(r. XD lxgrm

+ >l ()] < o (©)

The optimal stopping and singular stochastic control problem is to find
the value function ®(s,x) and an optimal strategy (v*,7*) € I'x T (if exists)
such that

B(s,z) = sup JO(s,2)=J0")(s,2) (7)
yel',reT

If we do not apply any harvesting, then the generator of corresponding
time-state population process (¢, X (t)), with X (¢) given by (2), coincides on
C2(R™!) with partial differential operator L given by

0 . 0
Ly(s,z) = a—§<ij>+zbi<s,x>3fj<s,x>

0%g
+ 72 ool ””amzaxj( x)

1,7=1
+ ; /R {908, + (5,7, 23)) — g(s,2)
—Vg(s,x)p;(s, x, z;) }vj(dz;) (8)

4



Note the difference between the jumps of X (t) caused by the jump of
N(dt,dz), denote by AnxX (), and the jump caused by the harvesting,
denoted by A, X (t). Thus

ANXO (@) = / w(t, XD (™), 2)N(dt, dz),

while
A X (t) = —DA(2)

We will in the following let %1, t2, ... denote the jumping times of a given
strategy v € I'. The jump of y(t) at t = t;, are

Ary(ty) = y(tk) —v(ty)

And we let

) =) = D Dylte)

s<tp <t

be the continuous part of y(t).
If ¢ is a continuous real function on S and we let

Ayt XD (1)) = St XD (tr)) — oty , X () + AnX V()

denote the jump in the value of ¢(ty, XV (t;)) caused by the jump of v at
t = t;. We emphasize that the possible jumps in X (ty) coming from N
are not included in A ¢(tx, XV (t1,)).

We now formulate a sufficient condition for a given function ¢(s, x) to be
the value function ®(s,z) of (7) and for a given pair (v*,7*) to be optimal.

Theorem 2.1. (A verification theorem)

a) Suppose there exists a function ¢ € C1(S) N C(S) such that
(i) ¢(t,z) > g(t,x) for all (s,x) € S
(ii) §2(t, ) > mi(t) for all (s,z) € S, i=1,..,n

(11i) Lo(t,x) + f(t,z) <0 for all (s,x) € S

() (15, XV (1)) € S a.s. on 75 < co and
hmt—n-g ¢(t7 X0 (t)) = g(TSa X (TS))X{’TS<OO} a.s for ally € T

Then
(s, x) > D(s,x) for all (s,x) € S 9)



b) Define the continuation region D by

D= {(tv z) € S;o(t, ) > g(t, JI)}

In additional (i)-(iv) above, we assume that there exists a control
(4,7) € T x T such that

(v) Lo(t,z)+ f(t,z) =0 for all (t,x) € D

(vi) (6¢ (t, XD (t)) — ﬂi(t))d'?i(c)(t) =0 forallt;i=1,....n, where 5

is continuous part of §(t)
(vii) Dyp(ty, X w(tk)) = —7(ty) - A (tr) for all jumping time ty, of Y(t)

(viii) limp oo EY[¢(Tr, X (TR))] = EY[g(1s, X (TR))-X {rg<oc}) where
Tr = min(7g, R), for R < o0

(iz) Tp = inf{t > 0; (t, XN (t)) ¢ D} < 00 a.s. for allz € S

(z) {6(s, X (7));7 € T,7 < 1p} is uniformly integrable, for all
xe S, (y,1)el'xT

Then
(s, x) = (s, x) for all (s,z) € S (10)

and
(v, 7)) =)
1 a pair of optimal strategy.

Proof. a) Choose v € T' and assume that ¢ € C?(R"*!) satisfies the condi-
tions of a). Let 7 < 75 be a stopping time, m € N. Then by It6’s formula
for semimartingale (see e.g. Protter (1990), Th. I1.7.33, [14]) we have

E5[p(r Am, XD (1 Am))] = B> [¢(s, XV (s))]

TAM TAm T
g [ Lot xO @ - [ Y 200 X0 @)t
s s i=1 "

Y {80l XD w)

s<tp<TAMm

Z -t X (1) 0, X (tk)H (11)



where t;, denotes the times of jumps for v(¢) and
255 X7 1) = X1 ) = (X (1) + D X (1) (12)

Then (11) can be written

B [6(r Am X nm))] = o(s,0) + B[ [T Lot XO(0)ae]

TAM n
_E% x /

+E57’3{ Z AW(tk’XW)(tk))]

s<tp<TAm

(£)dr 1)]

Therefore

o(s,x) = E5® [¢(T Am, X (r Am)) — / o Lop(t, X (t))dt

/T/\m n

By the mean value theorem we have

LX) = D Aot XOw)]  (13)

s<tp<TAmM

n

Dt X (1)) = Z
) Zl

where X *) is some points on the straight line between X ) (¢;,) and X ) (t, )+
ANXO (). Therefore, invoking conditions (i) and (ii) hold, then by (13)
and (14) we have

X® ) A, X (1)

(b, X)) (14)

’L



6(s,2) > E5[¢(r Am, XO(r Am)) + /T " f X0 (0)at]

+Es,x[zn:{/;Amm(t)dy.(c)(t)+ > m(tk)A%(fk)H

=1 s<tp<TAm

= pefotr nm X0 nmy+ [ g x00)a

+ Efﬂ[ / TAmw(t)-d'y(c)(t) + > (k) A’V(tk)]

= 5o / T X @)+ () - d(0))
+o(r Am, X0 (r Am))] (15)

By letting now m — oo, we obtain by monotone convergence theorem
that for any admissible control (v,7) € I' x 7 and for all z € R"

os,2) = B [ {00 @)+ () ()

+g(T7 X('Y) (T))X{T<OO}
= JT (s, z) (16)
Since (16) is valid for any admissible strategy, a) is proved.

b) Now consider D as above and with conditions (v)-(x). Then apply the
argument above to strategy 4 € I' we now have equality

o(s,x) = E“"[¢(r Am, XD (1 Am)) + / o Ft, XD (t))dt]

+ B /;Amw@)-dfy(c)(m > ) - 830

s<tp<TAm

= Es° [gﬁ(T Am, XD (r Am)) + /TAm ft, X9 (t))dt}

A EICRCT)

- JT (s, 2) as m — oo.



Hence ¢(s,z) = JT ) (s,2) < ®(s,z) with v* = 4. This together with
(9) proves the requirements (10) and then (v*,7*) is an optimal strategy for
problem (7).

This completes the proof of the verification theorem. O

3 Example.

In this section we apply Theorem 1 to an example in target tracking problem
where one has to decide when one is “sufficiently close” to the target.

Suppose a controlled stochastic system of jump type X (t) at time t is
modeled by geometric Lévy process, i.e.

AXO@) = XO()[udt + 0dB(t) + / N (dt, d=)] — dv(t), (17)
R

XD(s) = >0

where p,0 > 0 are constants, and (t) is right-continuous and increasing
adapted process giving the amount harvested from time 0 up to time . We
assume that all jumps are positive, i.e.

z>0 a.s. U. (18)

The objective of the control is to keep the process X (¢) as close to the
the origin as possible up to a stopping time 7, and it is measured by the
functional

S0 (sx) = B / ) adt + dy (1)}
0
+ e EINX (1)) X coo} (19)

here a, p, A > 0 are given constants. The problem is that we try to minimize
the expected discounted total cost function (19), i.e. we want to compute
the minimal such expected cost

d(s,z) = inf JO(s,2)=J0T)(s, 2 20

(s2)= ot SO0 (sn) (5,2) (20)

where A and 7 are the class of admissible controls v and the class of all
stopping times 7, respectively.

This is problem of the type described above, except that it is a minimum

problem rather than a maximum problem. Theorem 1 still applies, with the
corresponding changes.



We define the solvency region by
S =R x (0,00)

If there is no control strategy, the generator of time-space process (¢, X (t))
is given by

Lotsa) = Liam)+anliom + 2a02 (0 n) (21)

+ / {qﬁ(s, r+az) — P(s,x) — xz%(s, x)}u(dz)
R ox
We conjecture the function ¢ of form
o(s,x) = e Px’, for some constant r € R.

Substituting this form into the equation (21), we come to equation
—ps T 1 2
Lo(s,z) = e Pz [—p—i—ur—i—ia r(r—1)
+ /{(1 +2) —1-— zr}u(dz)} (22)
R

Since the stopping cost A(X ) (7))? is minimum at = = 0, it is natural
to predict that the stopping set is a neighborhood of zero. One strategy is
to ”do nothing” if process is inside (a, c0) and to stop as soon as the process
hits the set [0, a]. Hence, we conjecture that the continuation region D has
the following form

D ={(t,x): x> a}, for some a > 0.

In the continuation region, the principle of optimal control requires
L¢(8, 1’) + f(x) =0, or

1
e Pix” { —p+pur+ 5027“(7' —1)
/{ -1- zr}y(dz)} +e PPa=0, (23)
Putting

h(r) == —p+ pr+ %027"(7“ —-1)+ /R{(l +2)" —1—2zrjr(dz) (24)
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Note that
h(1)=p—1p and lim h(r) =0

T—00
Therefore, if we assume that
p<p (25)
then we get that there exists r1 € (1, ﬁ) such that

h(r1) =0
Hence equation (23) admits a general solution of the following form
o(s,x) =e PCa™ + % (26)
where C' is arbitrary constants. The cost function of this strategy is

e P \x? if 0<z<a
¢(s,2) = { e P (Ca™ + %) if a<zx (27)
We guess that the value function ¢ is C! at x = a and this gives the following
"hight contact”- conditions:

a
Ca™ +— = \d? (continuity at = a)
p

and
rnCa™ ™t = 2X\a (differentiability at x = a)

The solution to these equations is

o2 e 2 —ar

r1 ’ “ = Ap(2 — 1) (28)

It is easy to check that the function ¢ defined by (27) and (28) satisfies the
condition (ii) of the Theorem 1 if and only if a < 55, i.e.
p(ri —2)
> = 29

4= 4y ( )
Because of this condition, we have to look for further possible strategy.
Another possible strategy is to introduce two barrier points 0 < a < b. This
strategy can be explained as follows: if the process is inside the set (b, c0),
we will move it immediately to the reflecting barrier b; we will do nothing if
the process is in the set (a,b] and stop it if it is in [0, a].

11



If this strategy is optimal for some a, b, then we conjecture that the cost
function ¢(s, ) = JO7) will be C* at a and b. In the set (b, 00), ¢ will
satisfy

Lo(s,z) + f(z) =0, for x € (b, 00).

The general solution of this equation is given by (26). Outside the region
(b, 00), the value function ¢ is described by

B(s,x) = e P \z?, for all z € [0, al, (30)
and
B(s,z) = e P (x — a + \a?), for all = € (a,b] (31)
We now summarize the cost function for this strategy as following,
e P \z2 if 0<x<a
p(s,z)={ e P(x—a+Aa®) if a<z<b (32)
e (Ca + ) i b<w

Again, assuming C! fits at both points a and b, we obtain a following
system of three equations for three unknown constants C, a, b:

22a = 1
o+ = b—a+ A
P
rCy =1

The solution to this system is

1 —r1 p+4da |
= — b e — —b 1
“=aon 1—r 4Xp ¢ ry (33)

From (33) we conclude that a < b if and only if

p(r1—2)
. 4
@< 4)\7"1 (3 )
which is complement of condition (18).
It remains to verify that with these values of a,b, and C the function
¢(s, ) given by (27) and (32) satisfy all the conditions (i)-(x) of Theorem
1.

12



To this end, first note that the condition (v) holds by construction of ¢.
Moreover, ¢ = g outside D = {(s,x);x > a}. Therefore, to verify (i) we
only need to prove that:

»<yg on D (35)

We first prove (35) holds for the case a > "(41’/1\7;12), i.e. we prove
Cam 4+ & < \a2? for z > a, (36)
p

Define o
k(r) = Ca™ — Aa? 4+ —
P

By our chosen values of ¢ and C as in (28), we have k(a) = k'(a) = 0.
Moreover,

1"

k (x):CTl(T1_1)$T1_2—2)\<O forz > a

Therefore k(x) < 0 for x > a and (36) holds.
Secondly, we prove that if o < 2 (Af)l\;l 2 then

z —a+ a? < \?, fora < x <b. (37)

Define F(z) = Az? — x4+ a — Aa®. With the values of a and C in (33) we
have F(a) = 0 and F'(z) > 0 for & > a. So inequality (37) holds for all
a < x < b and hence (i) is proved.

(ii) Condition (ii) is checked in the same way as we do in (i).
(iii) Outside D we have
P(s,z) = e PS Az fora <z
and
B(s,z) = e P (x — a + \a?) fora<ax<b

Therefore Lo(s,z) + f(s,x) > 0 gets the following forms:

(—p—l—2u+o’2+/

z21/(dz)>>\:172 +a>0 forx <a (38)
R

which is equivalent to

—p+2u+o*+ /RZQV(dZ) > 0; (39)
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and

4\
x(u—p)—kp—z)\azo fora<ax<b (40)
Since p < p, we get from (40) that
4\
x(p—p) + /)—27)\0620, fora<az<b
)
p+ 4o
— >
blu—p) + —p— =20
)
b o> _,0+4/\a
AN — p)
)
p
T1 2 — 41
p (41)

(iv) holds since we assume that z > 0 a.s. v.

(vi)-(viii): These conditions claim the existence of an increasing process 4,
that is local time at b of the downward reflected process X ) (t). (See [13],
Th. 5.4.)

(ix) Suppose Z(t) be the cadlag adapted solution of the stochastic equation

dZ(t) = Z(t)|udt + odB(t) + / zﬁ(dt,dz)} (42)

R
Z(0) = z>0

Let C be the set of cadlag functions f : [0,00) — R. Define the map
G:C—Chy

G(f)(t) = f(t) + sup f(s)

s<s<t

and define the map A : C — C by
A(f)(@) = G(f)(@) = f(t) = sup [(s)

s<s<t

Then X (t) := G(Z)(t) and ~(t) := A(Z)(t) is solution of equation (17).
To check 7p < oo a.s. we consider the solution Z(t) of equation (42) given

Z(t) = xexp { (,u - %o2 — /Rzu(dz)>t + /Ot/Rln(l + 2)N(dt,dz) + UB(t)}

14



Since z > 0 a.s. v and apply the law of iterated logarithm we see that if

w— 302 - /Rzy(dz) >0 (43)

then

lim Z(t) = o0 a.s
t—o00

Hence limy_o, X (t) = oo a.s. and particular 7p < oo.
We now summarize the results of the problem (20) in the following re-
sults:

Theorem 3.1. Let X (t) be given by (17). Denote by r1 a root of the
equation (23). Suppose that (25), (39), (41) and (43) hold. Then

a) If

0> Pi—2)
44X\
the value function ¢(s,x) is given explicitly as

B e P \x? if 0<z<a
o(s,2) = e P(Can +2) if a<uz

where C' and a > 0 are given by (28).

b) If

p(r1—2)
< - - @7
@ 4)\7"1
The value function ¢(s,x) is given explicitly as

e P \z2 if 0<z<a
p(s,x) =< e P (x—a+Xa?) if a<z<b
e P (Ca™ + ) if  b<uz

where a,b and C are given by (33). The corresponding optimal policy is
following:

o Stop immediately if 0 < x <a:7" =0,
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e Do nothing if a < x < b,

o Apply the harvesting equal to the local time of the reflected process
XO(t) at b.
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