CONSTRUCTION OF POLYNOMIAL PRESERVING COCHAIN
EXTENSIONS BY BLENDING

RICHARD S. FALK AND RAGNAR WINTHER

ABSTRACT. A classical technique to construct polynomial preserving exten-
sions of scalar functions defined on the boundary of an n simplex to the
interior is to use so-called rational blending functions. The purpose of this
paper is to generalize the construction by blending to the de Rham complex.
More precisely, we define polynomial preserving extensions which map traces
of k-forms defined on the boundary of the simplex to k-forms defined in the
interior. Furthermore, the extensions are cochain maps, i.e., they commute
with the exterior derivative.

1. INTRODUCTION

In applications such as the finite element approximation of partial differential
equations and in computer aided geometrical design problems, there often arises a
need for a method for extending a piecewise smooth function given on the boundary
of a domain to the entire domain, in particular when the domain is a hypercube or a
simplex. There is a considerable literature on this subject, dating back to early work
of Coons [11] in the context of computer aided design, while more mathematical
oriented studies of such problems were initiated in [7, 10]. The constructions were
often referred to as transfinite interpolation or blending function methods, since
the extension is obtained by combining, or blending, the transfinite boundary data
using rational or polynomial basis functions. In [21], the two dimensional scheme
described in [7] was generalized to the case of tetrahedra, and with a brief discussion
of its generalization to n simplices. Alternative approaches, using polynomial rather
than rational blending functions, were studied in [8, 19, 20, 23]. A summary of much
of this early work can be found in [6].

More recently, the study of extension operators that preserve a polynomial struc-
ture of the boundary data have played a key role in the analysis of finite element
methods of high polynomial order, cf. [1, 5, 9, 22]. In particular, the importance of
such extensions that commute with the exterior derivative, i.e., cochain extensions,
was illustrated by the analysis given in [13]. The results of these papers further
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motivated the theory developed in the series of three papers, [14, 15, 16], where
polynomial preserving cochain extensions are constructed for the de Rham complex
in three dimensions. An important additional property of these extensions is that
they require only weak regularity of the boundary data to be well defined.

The purpose of this paper is to extend the method of blending to define polyno-
mial preserving cochain extensions for differential forms of arbitrary order on n sim-
plices. More specifically, for S,, = [z, 1, ...,2,] C R™, an n-dimensional simplex,
we define extensions E¥ which map single-valued piecewise smooth k-forms defined
on the boundary, dS,,, to smooth forms on S,,, such that they preserve polynomial
structures and commute with the exterior derivative. The extension operators E¥
are defined without relying on any explicit decomposition of the given differential
forms defined on 0S,,. The focus of this paper is entirely on the algebraic properties
of the operators E¥. Stability in normed spaces, such as for example L?, is not con-
sidered. For scalar-valued functions, or zero-forms, the extensions presented here
correspond to operators defined in [21], while the general construction for higher
order forms appears to be new.

An outline of the paper is as follows. In Section 2, we introduce some basic nota-
tion and recall the construction of extensions by blending in the case of zero-forms,
i.e., for scalar-valued functions. In particular, we verify that these extensions are
polynomial preserving. We also present a summary of the main results of the paper
and an application of the construction. In Section 3, we discuss the extension in the
case of one-forms. The explicit construction in this basic case provides a motivation
for the general construction for k-forms to follow. The discussion in Section 3 also
motivates the construction of a family of order-reduction operators, presented in
Section 4, which will play a key role in designing the coefficient operators, A’}, I
that will be used to define the extensions E¥. A precise definition of the coefficient
operators Alf, s is given in Section 5, and three key properties of these operators
are established. In Section 6, we then show that the operators E¥ are polynomial
preserving cochain extensions.

2. PRELIMINARIES

2.1. Notation. We will use [-,..., ] to denote the simplex obtained by convex
combination of the arguments. The simplex S, = [zg,21,...,2,] C R", n > 1,
will be considered to be a fixed n-simplex throughout this paper. The barycentric
coordinate associated to the vertex x; will be denoted by A\; = A\;(z), i.e., A; is a
linear function on S, satisfying A;(z;) = 6, ; and such that

T = Z/\i(:n)xi, r €S,
i=0

Furthermore, the boundary of S,,, S, consists of all € S,, such that \;(z) =0
for at least one index i € {0,...,n}. We will use A¥(3S,) to denote the space
of single-valued piecewise smooth k-forms defined on 0S,,. More precisely, each
element u € AF(0S,) is smooth on each (n — 1)-dimensional subsimplex of 9S,,,
and with single-valued traces at the interfaces. Correspondingly, A*(S,,) will denote
the space of smooth k-forms defined on S,, and A¥(S,,) will denote the space of forms
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in A*¥(S,) with vanishing trace on dS,. Our main goal is to construct extension
operators EF : A¥(9S,)) — A*(S,), k=0,1,...,n — 1, with desired properties.

We will use d = d* : AF(S,) — A**1(S,) to denote the exterior derivative
defined by

E+1
duw(vl, ce ,’U/H_l) = Z(—l)j“@vju,;(vl, ey f}j, ce ,U/C_;,_l),

j=1
where the hat symbol, e.g., 9;, is used to indicate a suppressed argument and the
vectors v; are elements of R". We also use u' A u? to denote the wedge product
mapping a j-form u! and k-form w2 into a (j + k)-form. A smooth map F : S,, —
dS,, provides a pullback of a differential form from 9S,, to S,, i.e., a map from
AF(9S,) — A*(S,,) given by

(F*u)e(vi,. .., 0) = Up@) (DEF(v1), ..., DFy(vg)).
The pullback respects exterior products and differentiation, i.e.,
F*(u' Au?) = Frul A Fru?, F*(du) = d(F*u).

The pullback of the inclusion map of 9S,, into S,, is the trace map, trps,, and we
note that the spaces A*(9S,,) are precisely defined so that A¥(9S,,) = tras, A¥(S,).

For each integer r > 0, the polynomial subspaces P, A*(S,,) consist of all elements
u € A¥(S,,) such that for fixed vectors v1,...,vs, the function u,(vy,...,vx), as a
function of z, is an element of P,(S,,), i.e., the space of polynomials of degree less
than or equal to r defined on S,,. The trimmed space P, A*(S,,) is the subspace
consisting of all u € P,.A¥(S,) such that ui(z — a) € P.A*1(S,) for any fixed
a € R™. Here, the symbol  is used to denote contraction, i.e.,

(us(x —a))e(v1, ... v6—1) = ug(xT — a,v1, ..., Vp—1).
The corresponding spaces on the boundary are defined by
PAR(8S,) = tros, PrAR(S,) and PIAF(8S,) = tras, PrAR(S,).
We refer to [2, 3, 4] for more details on the polynomial and piecewise polynomial

spaces of differential forms.

If J = {jo,j1,---,Jm} is an ordered subset of {0,1,...,n}, but not necessarily
increasingly ordered, we will refer to J as an index set. We will use I' to denote
the set of all increasingly ordered subsets of {0, 1,...,n}. In other words, if J € T,
then J is an index set of the form

J ={jo,j1,-- -, jm}, where 0 <jo <ji...<jm <n.

The number of elements in J will be denoted |J|, and I',,, is the subset of I" consisting
of all J € T with |J| = m + 1. Furthermore, for any I € T', we let

In()={Jely,, : JCI}.

For an index set J, the complement of J relative to the set {0,1,...,n} will be
denoted J¢ and [z;] will denote the simplex generated by the vertices {z;};ec,
with orientation induced by the order of J. Furthermore, A; = A;(x) will denote
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€Tl = P[0,1,2],1

FIGURE 2.1. Projections Py jz for n = 2.

the corresponding sum of barycentric coordinates, i.e., Ay = >
use ¢ to denote the associated Whitney form, given by

jeg Aj, and we will

01 =3 (=1)NdNjy Ao NN A NN, BT = (o gt )
1=0

We note that if J = {j} € Ty, then ¢; = A\; = \;. Furthermore, the set {¢s}jer,
is a basis for P; A¥(S,). To simplify the presentation below, we introduce the
difference operator §. In particular, we let

m

68)s =D (=1'¢s0, I ={dosst- s dm}s

=0

where J (i) refers to the set J, but with the index j; removed.

2.2. Scalar-valued functions. We next give a quick review of the extensions
studied in [21] for scalar-valued functions, or zero-forms, but in a slightly different
notation. For each index set I € T',;,, m > 1, and j € {0, ...,n}, we define the map
P]’j : Sn — aSn by

Prjx=a+ Z)\l(ac)(x] —x;).
il
In fact, Pr; is a projection onto the set {x € S,, : \i(z) =0,¢ € I, i # j}. Note
that if j € I, then P;;j = Py ;, where I’ represents the index set obtained from I
by removing j. In Figure 2.1, we show all the possible points P jx, for j € I, in
the case when n = 2.

To define the extension E? : A°(9S,,) — A°(S,,), we will utilize the corresponding
pullbacks Py ;, defined by (Pr ;u), = u(Pr;x). We define

1 m Aj
Egu:ﬁ > (-1 “ZﬁP,JU.

Iel,, jel
1<m<n
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To see that EY is an extension, we need to check that trgs, EQu = u. Without loss
of generality, consider a point x € 9S,, such that A\o(z) = 0. Then we have that

Y
Y S (s =

Iel'y jel
oel

In addition, if I € I" such that 0 ¢ I, and I’ = {0, I} then

Aj Aj
2 pr ) :( I pr, ) .
(>\I 1% - A/ 1,54 -
Therefore, the terms corresponding to I and I’ cancel at the point x and we can
conclude that (E%u), = u,. This shows that E° is an extension.

Because of the rational factors in the definition of EY, it is not entirely obvious
that the operator preserves the polynomial structure of u. However, since Py ; is
a linear map, the pullbacks Py ; have the property that if u € P.A°(8S,,), then
P;ju € PrA%S,). To show that the same property holds for the extension Ej,
we fix an [ € I' and consider the sum >, (A;/A7) P ju. If I is the maximal set
I'={0,...,n}, then A\r(z) = 1 on Sy, so the sum is simply »°7_( A;j(2)uy;, which
is the linear function that interpolates u at the vertices. For any other I, there is
at least a vertex x, such that p ¢ I, and

Y N/ANPEu= Y (/AN P] ju Piju) = Pfyut Y (N/AD(Pf ju— Pfyu).
jeI jeI JeI

The first term on the right hand side is polynomial preserving. Furthermore, since
Prjx — Prpyx = Af(z)(x; — ), we have

1
* * d
(2.1) (PI,ju)z - (PI,pu)r = /0 %u[(l—T)PI,px‘i‘TPI,jx] dr

1
= )\I(x)/ (du)[1—7)Pr patrPy o) (T — Tp) dT,
0

which has A; as a factor. Furthermore, the curve (1—7)P; ,x + 7Py jx for 7 € [0,1]
belongs to the set {z € S, : \(z) = 0,i € I(j)} C 8S,. Therefore, we can
conclude that E2(P.A%(9S,,)) C P.A(S,).

2.3. The main result. The discussion above shows that the operator EC : A°(9S,,)
— AY%(S,,) is a polynomial preserving extension operator. The main result of this
paper is to construct corresponding operators E¥ : A¥(9S,) — A¥(S,), 1 <k <mn,
satisfying trps, E¥u = u and which are cochain extensions in the sense that the
diagram

A(DS,) —L— AL(8S,) AP1(DS,)

Il I

A(S,) —2 s ANS,) —L L AnY(S,),

d d

commutes. In other words, dE¥~! = E¥d for 1 < k < n, and we will also show
that dE"~! = 0. Furthermore, the extensions E* are polynomial preserving in the
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sense that
EX(P.Ak(DS,)) € P.A*(S,) and EF(P-AY(S,)) c PAK(S,),
for0O<k<nandr>1.

All the operators E,’i, 0 < k < n, that we construct will be rational functions of
the form

1 m b
Ier,, Jery(n) 1
1<m<n 0<s<k

where the coefficient operators A} ; map AF(8S,) to A¥=#(S,,) for J € T's(I), and
such that A} ; = Py for J = {j} € Ty. However, in contrast to what was done in
the series of papers [14, 15, 16], we will not perform a careful discussion of bounds
for the corresponding operator norms. It is clear that the extensions constructed by
blending will not be well defined on spaces with weak regularity, such as L?(9S,,).
On the other hand, a lesson to be learned from the series mentioned above, see also
[17, 18], is that some additional averaging technique has to be used to be able to
construct such weak regularity extensions.

2.4. Polynomial complexes. As an example of a direct application of the ex-
tensions E¥ constructed below, we will briefly consider polynomial complexes of
differential forms on R™, cf. [3, Section 3.5] and [12, Section 4.2]. For any r > 0,
the full polynomial complex

R PAY —4 s P Al Pr_nA™ = 0,
and the trimmed polynomial complex
R PrA? —4 o popal 4y 0 4y popAn ),

are both exact. In fact, by combining the full polynomial spaces and the trimmed
polynomial spaces, we can obtain 2"~ ! different exact polynomial complexes of the
form

d d

(2.3) R < PAO —L 5 PAl PA™ — 0,

where PAY = P,AY = P-A° and P._,A* C PA* C P-A*. In particular, each
space PA* is either a trimmed or a full polynomial space. Furthermore, the exact-
ness of these complexes can be established by a standard Poincaré-type operator of
the form

1
(Q*u), = /0 Py rey (@ — @) dr,

where a € R" is fixed. More precisely, if the spaces PA*~! and PAF are related
as in (2.3), then the operator Q* maps PA* to PAF~1, and if u € PA* satisfies
du = 0, then v = dQFu. In fact, any element u of the polynomial spaces PAF
admits the representation

u=dQ"u+ Q" du.

It also well-known that the corresponding polynomial complexes with boundary
conditions are exact. More precisely, we consider complexes of the form

d d d

PAYS,) —S— PAL(S,) PA™(S,) — R,
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where the spaces PAF(S,) are the restriction of the spaces PA* of (2.3) to S,,
and with vanishing traces on 05,,. The exactness can in this case be established
by counting degrees of freedom, using the results of [3, Section 4] or [4, Section 5].
On the other hand, in this setting it is not straightforward to construct a simple
operator QF which maps PA¥(S,,) to PA¥1(S,,), and which has the property that
U = d@ku if du = 0. For example, if we consider an operator of the form Q¥ above,
then it seems impossible to choose the point a € S, such that the vanishing trace
condition is preserved. However, by using the extension operator EF constructed
in this paper, we can define C}k as

QDkU = - Eﬁfl o traS)Qku,

where the operator Q is a Poincaré-type operator of the form above, with a € S,,.
It follows from the properties of E¥~! and Q* that the operator Q* maps P,A*(S,,)
to P, A*1(S,) and P AR(S,) to PrAF71(S,,). Furthermore, we have

dQ*u+ Q" 'du=u— EF otros, u=u, ue A¥(S,).

3. THE CASE OF ONE-FORMS

To motivate the general construction for k-forms, we first consider the con-
struction for one-forms. The operator E! must satisfy the commuting property,
Eldu = dESu. The right hand side of this identity is known, and given by

1 A
0, __ +1 J p*
dBju ==~ 3 (-)" Z{ ( )P,] rIplﬁjdu},

Iel'y,

1<m<n
where we have used the fact that P;; commutes with the exterior derivative. The
goal is to write the complete right hand side in terms of du. For a fixed j € I, we
have

d(>\j) "2 —5 [ArdAj — /\jdAI]Z% 37 ddy — AgdA] Z qﬁw

A1 I ieT,i i€l M
Since ¢;; = —¢; ;, we then obtain
J) )J
P
Zd( )PIJ Z )\(6PI )
Jery(r) 1

where (0Pfu); = Pf ju— Pr,uif J = {i,j}. Furthermore, as in (2.1), we obtain

((0Pfu)s)e = Ar(x )/0 (duw) (1) Py satrpy a2 (@) — i) dr, T = {i, j}.

Since the above formula depends on du, rather than u, this leads to a possible
definition of Elu such that the desired commuting relation holds. More precisely,
we can define

E}Lu:% Y (- ’"“[Z;sz 3 d"’R”u]

Iely, JeI Jeri (I)
1<m<n
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where the operator R; ; is defined by

1
(R} yu)s = Ar(z) / W) Py s Pr_ga] 25 — 5) T

for any I € I' and J an index set of length 2. Alternatively, we have

PI)]‘:E
(R}7Ju)w = / U, J = {27.]}7

P]Yiz

where we have used differential form notation for writing the integral of a one-form
u over the one-dimensional space [Py ;x, Pr jx]. The problem with the definition of
E} above is that the line [Py ;x, P jz] will in general not belong to the boundary
9S8, cf. Figure 2.1. We will therefore replace the operator R}’ 7 by an alternative
operator, A}’J, given by

1 ..
(3.1) Ajgu= -3 Y R = Ripaul, T ={i )
p¢J
This operator will still satisfy the key relation A} ;du = (6Pju);, and the line
from [Py jz, Prpx] will belong to the set A; = 0if J = {4,j} and p ¢ J. As a
consequence, the operator A}) ; maps one-forms defined on 9S,, to scalar functions

defined on S,,, and the operator E}, defined by
1 Aj 1oy,
1, _ m+1 J p* 1
(3.2) Eyu== 3 (~)" [} Sriut 3% A3 g,

IeT,, jeI JeT (1)
1<m<n
will satisfy the commuting relation dESu = E}du.
To see that the operator E}, defined by (3.2), is an extension, we have to show
that trps, Elu = u. This follows by essentially the same argument as for zero-
forms, (cf. also the proof of Theorem 6.1 below). As in the case of zero-forms, we

will have ) N
try,=o o Z (7]_)m+1 Z )\—JIPI*’J-U = try,=o u.

Iel, jel
1<m<n

To complete the argument, it will therefore be enough to show that

(3.3) tr,\ozo[ Z (—1)m+t Z %A}Ju} =0.

Iel,, Jery(n 1

If 0 € J, then try,—0 ¢y = 0. On the other hand, if 0 ¢ J, then we can conclude
from (3.1) that for any I € T" such that 0 ¢ I and J € T'y (1),

trag—o(Af ju— Ap yu) =0, I'={0,I}.

Therefore, the terms corresponding to I and I’ on the left hand side of (3.3) cancel.
We can therefore conclude that the identity (3.3) holds, and as a consequence, E}
is an extension.

The fact that the operator E} maps single-valued, piecewise smooth one-forms
defined on 9S8, i.e., elements of A'(dS,,), to smooth one-forms defined on S,, and
also preserves the polynomial structure is not at all obvious, since the operator R’f’ J
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and hence the operator A’i s has one factor of A7, but not two. However, we will
show in Section 6, using an alternative representation of the operator E!, that E}
does, in fact, have these properties.

4. THE OPERATORS R¥ ; AND THEIR PROPERTIES

We have seen above that to define the extensions E} for one-forms, such that
dES = E}d, we had to rely on the operators R}J for index sets J with |.J| = 2. Fur-
thermore, to make sure that the operator E} was well-defined for functions defined
on the boundary 0S,,, we needed to use special combinations of these operators,
referred to as A} ;, cf. (3.1). To develop a formula for E} of the form (2.2), in the
general case, we will first consider how to generalize the operators R’K 7, introduced
above, to the case when k > 1 and J is a more general index set. If |J| = s+1, then
the operators R’f’ s are order reduction operators in the sense that they map A*(S,)
to AF=%(S,,). The special linear combinations that we need for the definition of the
extensions E¥ are then given in the next section, cf. formula (5.1) below.

We recall that when J is an index set, the set [z;] is the simplex generated
by the vertices {z;};cs. For any x € S, and index set I € I, the corresponding
simplex [Pr jx] is the convex combinations of the points {Pr;x}jcs. In general,
the simplex [Py jz] will not be a subset of 8S,,, cf. Figure 2.1. However, if I N J¢
is nonempty, where we recall that J¢ is the complement of J, we will indeed have
[Pr,yx] C 0S,, since any \;, with ¢ € I N J°, will be identically zero on [Py jz].

Key tools for the construction of the operators R’f s are the maps Fy : S, x9S, —

S, given by
Fi(my) =2+ Ni(x)(y — =),
iel

where I € I'. ' We observe that Fr(x,x;) = Pr z, cf. Figure 2.1, and that Fi(-,y)
is linear in y. Therefore, if y € 0S5, is a convex combination of some of the
vertices {z;}, then F(z,y) is the corresponding convex combination of {Pr jx}.
Furthermore, if we restrict the domain of the map Fy to S,, x [z ], where I N J€ is
nonempty, then the range is a subset of 9S,,. The pullback F}, is a map

F7:AR(S,) — AR (S, x 8S,).

In the discussion below, we will be interested in operators of the form trg, y(,) oF7,
mapping A*(S,,) to A¥(S,, x [z ]). In particular, it follows from the discussion above
that if I N J¢ is nonempty, then this operator maps A¥(9S,,) to A*(S, x [z,]).

A space of k-forms on a product space can be expressed using the tensor product
X as

k
AR(S, x 08,) =D AF3(S,) @ A (DS,).
s=0

In other words, elements U € A¥=%(S,,) ® A*(0S,,) can be written as a sum of terms
of the form

a(z,y)dz*~* @ dy*,
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where dzF~* and dy® run over bases in Alt*~%(S,) and Alt*(dS,,), respectively, and
where a is a scalar function on S, x dS,. Here Alt® is the corresponding space of

algebraic k-forms. Furthermore, for each s, 0 < s < k, there is a canonical map
I, : A¥(S, x 3S,,) — AF=5(S,) ® A*(8S,,) such that

k
U=Y LU, UecA*S,xaS,).

s=0
The functions I, Fyu € A¥=5(S,)) ® A*(dS,,) can be identified as

(I Fru)py(vi, ..oy Vk—s, b1, .., ts)
= uFI(z,y)(DwFIUIa PR 7DIFIUI€—87 DyFItla ey DyFIts)a
where the tangent vectors v; € T(S,,) and t; € T,,(0S,,). For the special function
Fr in our case, we have Dy Fr = Ar(x)I, while
DwFI = Dwx + Z(y - xz)d;r)\z = Z (xé - y)dw)\b
il tere

where D, x is the identity matrix.

The basic commuting property for pull-backs, namely dF* = F*d, can be ex-
pressed in the present setting as
(4.1)  ILFfdu=IdFfu=dsII,F} ju— (—1)" *dasll_1 Ffu, ue€ A*(S,),
where 0 < s < k + 1, and where ds and dys denote the exterior derivative with

respect to the spaces S,, and 0S5, respectively.

Let T € T and J an index set with |[J| = s+ 1, 0 < s < k < n. We introduce a
family of operators R’f’J, mapping A¥(S,,) to AF~5(S,,), defined by

(4.2) (R} ju)e = / (I Ffu),.

[zJ]
For s > k, we define RIIQJ to be zero. If vy,...,vx_, are vectors in R"*! and
t1,...,ts is any orthonormal basis for the tangent space T'[x ;] = T[Py, jz|, then

(R’f’Ju)w(vl, . ,Uk—s) = )\1(1‘)8 / uFI(x,y)JDijvlJ .. -JDa:FI'kas

[z
= )\I(x)s / (UFI(z,y)JDzFIUI—‘ . ._JDxF[’Uk,S)(tl, ce ,ts) dy.
[z /]

Note that since u is a k-form, up, (p . yaDzFrvia... 0D Frog_g is an s-form with
respect to y, which we can then integrate over the s-dimensional space [z ;]. In the
final formula, we see that the integral to be evaluated is an integral over [z ;] for a
fixed x and vectors vy,...,Vp_s.

In the special case when s = 0, i.e., when the simplex [z ;] degenerates to a
vertex x;, the operator R} ; is interpreted as Py ;. When s = 1 and J = {i,j},
we can utilize the parameterization y = (1 — 7)z; + 7z, 7 € [0,1] of [z;] to verify
that the definition of R; ; given in Section 3 corresponds exactly to the defini-
tion given by (4.2). If I and J are related such that I N J¢ is nonempty, then
R’f’ su will only depend on trps, w. Furthermore, if i € I N J, then all the vectors
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D, Fvy,...,D Frvg_s and tq,...,ts will belong to the tangent space of the bound-
ary simplex {x € S,, : A\;(z) = 0}, a space of dimension < n. Hence, for k = n, it
follows that all operators of the form R} ; are identically zero in this case.

We will summarize the key properties of the operator R’}, 7 in the three lemmas
given below.

Lemma 4.1. Let I € T' and assume that j € {0,...,n} is such that j ¢ I. Then
for all index sets J,

tra; =0 le’_]u = try;=0 R’},,Ju,
where I' € T is equal to {j, I} up to a reordering. Moreover, if I N J¢ is nonempty,
then R’},Ju only depends on tros u, and the operators R} ; are all identically zero.

Proof. The properties obtained when INJ€ is nonempty are already observed above.
Furthermore, we have for all y € 9S,,

Fr(z,y) = Fr(z,y), {z €S8, : \j(xz)=0}.
As a consequence,
tra,—o F1(-,y) u = tra,—o Fru (-, y) u, y € 0S,.
The desired result follows directly from the definition of the operators Rf ;. O

It follows directly from the definition of the operators R’f’ ; and the smoothness
of the functions Fi(-,y) on S, for any fixed y € 8S,, that the operator A} *R} ;

maps A*(S,,) to A*%(S,,). The corresponding result in the polynomial case is given
below.

Lemma 4.2. Let I €T and J an index set with |J| = s+ 1.

i) IfueP.AXS,), then /\I_SR’I“’Ju € P.AN3(S,);
ii) If ue PrAF(S,) then A\T°RY ju € PrAF5(S,,).

Furthermore, if I N J¢ is nonempty, then the assumptions in the two cases can be
reduced to the trace conditions u € P,A*(9S,) and u € P;A*(3S,,), respectively.

Proof. Recall that
)‘I(aj)is(RI}:,Ju)z(vla B 7Uk—s)
= / (uFl(w,y)JDacFlvl—l .. .JDxF]vk_s)(tl, .. ,ts) dy,
[zJ]

where t1,...,ts is any orthonormal basis for the tangent space T[z;]|. Since Fj
is linear in x, the integrand preserves the polynomial degree of u for each fixed
y € [xs]. Since the same will be true for the integral with respect to y, the first
part of the lemma follows.

To show the P, spaces are also preserved, we look at )\I_SR’I“JUJ(x —x;), where
j € J. In fact, we choose j € I N J if this set is nonempty. It then follows that

DF:c(m - xj) = Z(xé - y))\g(l’) = Ff(xvy) - Y,
lele
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which gives

(43) (B oo =)o = [ (LFfu),

[z]
where for each fixed y, we have v}, = ui(z — y). In other words, R’}JuJ(x — ;)
satisfies the same definition as R’f’ su, but with u replaced by «'. However, if

u € PTA*(S,), then u' € P.AF(S,) for each y, and hence the same argument as
above shows that A\; *R} jui(x — x;) € P,A*(S,). Alternatively, if I N.J is empty,
we obtain

DFL(J: - Z’j) =T —T; + Z(y - xz))‘l(x) = Ff(x7y) - Zyj.
el

Also in this case, we obtain an expression of the form (4.3), but now with v’ =
ua(x — ;). As above, we again can conclude that A7 °R} jus(z — x;) € PAM(S,)
if u € P A¥(S,). Hence, the second part of lemma has been established. The final
conclusion, related to the assumption I N J¢ nonempty, again follows from the fact
that R} ;u only depends on tras, u in this case. O

For I € T and index sets J with |J| = s 4+ 1, we define

S

(0Rju); =Y (-1} ;-

=0

The following relation will be a key tool to show that the extensions E¥ are cochain
maps.

Proposition 4.3. Let I € T and J an index set with |J| = s+ 1, where 0 < s <
k+ 1. The operators R’}”J satisfy the relations

d(Rf ju) = Ry du+ (—1)F*(6Rfu);, ue AF(S).

Proof. By applying (4.1), we get

denyu: /[ ]dSHsF[*U: / [HSFI*du+ (71)k75d[mJ]Hs_1FI*u]
g

[xs]

:R’;j,ldu+(—1)k—5/ M, 1 Fju,
Olz,]

where we have used Stokes theorem for the last equality. The proof of the propo-
sition is completed by observing that

/ M, Ffu= (0Rku) ;.
Oz ]
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5. THE OPERATORS A¥ ; AND THEIR PROPERTIES

In this section, we define the coefficient operators A’;J for7el,,, 1 <m<n,
and J € T4(I), 0 < s < k < n— 1, as operators mapping A¥(9S,,) to A¥=%(S,,). As
we saw already in Section 3, the simplices [Py, yx], defined as all convex combinations
of the points P jx, j € J, will in general not be a subset of 9S,,, unless I N J¢ is
nonempty. As a consequence, the operators R’f, s are not well defined for functions
in A*(8S,,) unless this condition holds. We will therefore define the operators A’ﬁ J
as linear combinations of these order reduction operators in such a way that they
are well defined for functions in A*(8S,,). We have already defined the operators
Al ; for J = {j} € To(I) by A} ju = R} ju = Pf,u, and in the case J € I'y(I)
by (3.1). The general definition given below will generalize the definitions given in
these special cases.

In the general case, we define the operators A’i s of the form

(5.1) Af g =cEalin—s)RE ;= > (ORD)p.nls
peJe
k

S,

where c; ,, are constants to be specified below. Here

S

(5R]I€){p,J} = R];,J - Z(_l)iR?{%J(;)},
=0

and the index set {p, J(1)} is given by
{pa J(’Z)} = {pvj()v .. ~ji71aji+1, e ajs} if J = {j()vjlv cee 7js}~

Alternatively, we can express the operator A? j as

k. _ k i pk
(5.2) Af =k DY CURE ey

peJe i=0

The constants cﬁ’ are given by

&~ (=1) e (st)?
S (p—1)---(n—s)’

In fact, the key relations we will use below are that these constants satisfy

1<s<n-1, andcg’n:—l.

k+1 k 2

C C S
5.3 20— (—1)8 d =20 = —1)k
(5.3) o (=1)° an o (nis)( )"

which can be easily checked. Note that when s = k = 1 and n > 1, we have
¢l, =1/(n—1), and as consequence, we see that (5.2) generalizes the definition
given in (3.1). Furthermore, A’}’J =0for JeTs(I), s> k.

We next establish three key properties of the operator AIIC,.N using analogous
properties established for the operator R’Ii g

Lemma 5.1. The operators A’}’Ju only depend on the boundary traces of u and
satisfy for any J € I'(I) and j € I€,

(5.4) try; =0 A’I“/Ju =1try,=0 A?Ju,
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where I' € T is equal to {j,I} up to a possible reordering. Furthermore, the opera-
tors A7 ; are all identically zero.

Proof. For each i € J C T',(I), we have that i € I N {p, J(1)}°. As a consequence,
A’;y su only depends on trps, u. The rest of the results follow directly from the

corresponding properties of the operators R’i s given in Lemma 4.1. ([

Lemma 5.2. Let I € T and J € T'x(I). Then the operator /\I_SAIIC’JU maps the
spaces AF(9S,) — AF=5(S,), P.A*(0S,) — P.AF5(S,), and P-AF(0S,) —
PoAF3(S,).

Proof. Since A’;yJu is a linear combination of operators of the form R, (I ()} for

which I N {p, J(2)}¢ is nonempty, the lemma follows directly from corresponding
properties of the operators R?J, cf. Lemma 4.2. ]

Proposition 5.3. Let I € T and J € T's(I). The operators A’},Ju satisfy the
relations

(5.5)  Ajftdu= (=1)°d(A} ju) + s(6ATu);,0<s<k+1,0<k<n-—L

Proof. For s = 0, the relation dA¥ ju = A’i sdu follows from the corresponding
property of the pullbacks Py ;. Next we show that for for s > 1 we have

(5.6) (5A]}u)J = —sc’;fl,n((SR’fu)J.
From (5.1), it follows that

(6ATu) 5 = co_y pl(n — s+ 1)(6R}u) s — (6W),],
where W; = 3" ;. (6R%u)(p sy for I and k fixed. However,

S

W)y =D (=D [ORu)(a,sayy + Y (ORFU)(p.(a))]
a=0 peJe

= (s+ D@ERju) s+ Y > (1R} jayu— > _ (60 0)Rfu),
peJc a=0 peJe©

— (n+ 1)(0R}u),,

where we have used the fact that for each fixed p,

s a—1 s
(50 6)RE ju)y = ZH)“[Z(—lyRL{p,Jm)} -y (-1)%3,’{%,(&7%)}} —0.
a=0 1=0 i=a+1

This implies (5.6). For s > 1, it follows from Proposition 4.3, (5.3), (5.6), and the
property d o § = 0 that

d(A’;,J“) = C];n[(n - S)de;,JU - Z (6dRII€u){p,J}]
peJe
=, [(n—s)RyH du— > (6Ry du) 53] + b, (n = 5)(—=1)F*(5Rfu)

peJ©
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CI;: n C]sC n\ =S5
= 25 A du+ #(71);@75“(&4%)}
CS,n scsfl,n
= (—1)* A du + s(—1)*T1 (0 Afu) .
This completes the proof. O

6. THE OPERATOR EF

In this final section, we prove that the operators E¥, defined by (2.2), are poly-
nomial preserving cochain extensions.

Theorem 6.1. The operators EX, defined by (2.2), are extension operators.

Proof. We first note since the coefficients A’ﬁ su only depend on the boundary traces
of u, the same is true of E¥u. To establish the extension property, we will, without
loss of generality, show that try,—o E¥u = try,—ou. In fact, the primal operator

Eﬁ’o, given by
1 Aj
k _ —+1 ] px*
En,Ou - g E : (_1)m E YIPI,jua

Ier,, jel
1<m<n

is already an extension. To see this, we can argue as we have done above for scalar-
valued functions and one-forms. The maps Pr ;, where I € I'y with 0,5 € I and
j # 0 are projections onto {x : A\g(z) = 0}. As a consequence,

1 Ao
SN S BET A T

Iel'y jel
oel

while the rest of the terms of E’;you give no additional contribution to the trace due
to the cancellation of terms corresponding to I and I’ = {0, I}, where 0 ¢ I. So to
complete the proof, we need to show that

trag—o [% Z (—1)m+! Z ;fil /\A’},Ju =0.

I€T,, Jer, (1) “1
1<m<n 1<s<k

However, for terms corresponding to pairs (I, J), with 0 € J, we have try,—o ¢.; = 0,
while if 0 ¢ J, the trace of the terms corresponding to the pairs (I, J) and ({0, 1}, J)
will cancel due to the trace property (5.4) of the coefficients. [

Theorem 6.2. The extensions EX are cochain maps, i.e., they satisfy dEF =

EF1d for 0 <k <n—2. In addition, dE" 1u = 0.

Proof. We first observe that for I € I" and J € I';(I), we have
oy} bgig
(6.1) d( ):(s+1) Yot

s+1 s+2
AT ieI\J AT

In particular, the right hand side is zero if J = I. By the Leibniz rule, we have
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1 - é
dBfu=— > (<" Y d[}\iil/\A,Ju}

Ier,, Jer,(I)
1<'rn<n 0<s<k
Sl S Y (2 A A+ )2t ],
T )\e+1 1,Ju )\e+1 1,Ju
11<eF2L s=0 Jels(I)

However, by using (6.1), we obtain for each fixed I € T,

k
DI IIRCSRPIVIMES SIS RS OE AT

s=0 Jel,(I) s=0 JCT(I)ieI\J AL
k s+1
=36+ ¥ EAd
s=0 JETs41(1) AT
k+1

_Z Z s+1 k (OFF

s=0  Jel'y(

Combining these results, noting that AI,JU =0 for J € Ty 41(I), and using (5.5),
we get that
dE*u = E*ldu, 0<k<n—-2, anddE"!=0.

This completes the proof.

O

The final result we need to prove is that the extensions E¥ preserve smoothness
and polynomial properties. The operator E¥ can be expressed as

Efu=— % (-)""'Ei(I)u,
Iel'y,
1<m<n

where each operator E¥(I) is given by

Z 9+1 I g

Jer, (I)

0<s<k
We will show below that each operator EF(I) preserves smoothness and polynomial
properties. It is worth noting that it follows from Lemma 5.2 that the operators
E¥(I) map A*(8S,,) to A;'AF(S,,), and also

(6.2)  PoAR0S,) = AT P AR(S,),  and PrAR0S,) = AT TP AR(S,).

In fact, to obtain the result for the trimmed spaces, we also need to use the wedge
product property for these spaces, for example expressed by formula (3.16) of [3].
To obtain preservation of smoothness and polynomial properties, we need to remove
the singular factor )\I_l. The analysis below will lead to the following fundamental
result.

Theorem 6.3. The extension operator EX maps the spaces A¥(0S,) — A*(S,),
PA*(DS,) — P.A*(S,), and P A*(8S,) — P A*(S,).
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The proof of this result will utilize the following alternative representation of the
operators EX(I).

Lemma 6.4. The operators EX(I) admit the representation
1

(6.3) Ef(IDu = e

[Z P} ju+ dQbu+ Q¥ dul,

jerI
where the operator QF = QF (I) is given by
1(6
QFu = Z f( 0)s /\AIICJU.

s A}
Jers(I)
1<s<k

Since the derivation of the alternative representation of the operators EF is
slightly technical, we will first use the representation (6.3) to prove Theorem 6.3.

Proof. (of Theorem 6.3) It is enough to show the desired mapping properties for
each operator E¥(I). From the result of Lemma 5.2, it easily follows that the op-
erator QF(I) maps A*(9S,) to A¥=1(S,) and P,.A*(9S,) to Py 1A*1(S,). By
combining this with the fact that the operators Pr; are linear, the desired re-
sult in the smooth case and the full polynomial case follows. Furthermore, since
P-A*(0S,) is a subspace of P.A¥(0S,), it follows from (6.2) that EF(I) maps
P-A*(0S,) into

(6.4) PrAR(S,) N AL P AR(S,).
However, this space is identical to P A¥(S,,). To see this, let u € P, ; A*(S,) such

that A\, 'u € P.A*(S,,). It follows from the definition of the trimmed spaces that
for any x; € Ao(Sn)

us(z — x;) € Pry  AFTH(S,).
But since A;lu is also in P,.A*(S,) we have
M (ua(z —x5)) = A\ ) a(z — ) € Prpi APH(S,).

In other words, the polynomial form wi(x — x;) has A; as a linear factor, and as
a consequence, A\; ' (ui(z — x;)) is also a polynomial form, which then must be in
P, A*=1(S,,). This implies that A\; 'u € P;-A*(S,,). This shows that the space given
by (6.4) is included in P~ A¥(S,,), and the opposite inclusion is straightforward to
check. ]

It remains to establish the alternative representation (6.3) for the operators
E¥(I). Throughout the discussion below, the index set I € T',,, 1 < m < n, will be
considered fixed. We first study the primal operator Elrf,o = Elﬁ,o(—r ) given by

b A .
Eﬁ)ou = Z v A A’f”,u = Z X N Pru.
Jero(n) 1 el M

In particular, for k = 0 we have E} ; = EJ(I).
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Lemma 6.5. For I € I, the operator Eﬁo = Eﬁo([) has a representation of the
form

(6.5) Bfgu=— [ZPIJu AT YD (66)s A (5A4%)
jel JeT(I)
Proof.
— * 1 * - * *
A Z AiPru = mrl Z[Pl,ju + 7! Z Ai(Pfju— Pf ju)]
i€l jerl el
= Pyt A7 (P u— Pi ju)]
m+1[2 1,54+ ZEZI; 1w = Prju)
7<i
_ - k
- m+1[ZPIJu+)\ > (86)s A (5A) ]
jerI JET1(I)
The representation for E,’j’o follows immediately. O

To establish an analogous result more generally, we will also need the following
preliminary result.

Lemma 6.6. For I € I',, and 0 < s < m, the following identity holds.

) N AT Ju+ )\s+1 Z (66)5 A (6ATu);
Jels(I) Jelsp1(1)

(m+1)s
Jer,(I)

Proof. It J € Ts_1(I), we get from (6.1) that

i(5) =2 3

peI\J

As a further consequence, we obtain that if J € I';(I), then

d(@i ) WZ Y bk

pGI\J(%)
s(s+1)
= )\s-‘rl bs + /\5+1 Z Z Pp,aG)-
i=0 peEINJ

If we wedge the second term with A’f)Ju and sum over J € T's(I), we obtain

s s+1
Z Z(—l)’ Z R TORA Af ju=— Z Z (=10 ) AN Arsayu
Jers(I) i=0 peI\J Jels1a1(I) a,i;O
== > (68)sA(GATu) + (m—s) > b AAf u.
Jelsy1(I) JeT (1)

The desired result follows by collecting terms. [
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To establish Lemma 6.4, we will make use of the following operators,

En ¢ =By, (I Z QHAA,Ju 0<l<k.

Jels(
0<s<€

In particular, we note that Eﬁ’k(I) = EX(I).

Proof. (of Lemma 6.4) We will prove by induction that the operator Eﬁ ¢, admits a
representation of the form

)
(6.6) EF,u= T [ZP”H > (Af% A (6A%)
Jelpr1 (1)
+ dQn Zu + Qi;ldu} )

where,

Z 1 (60)s

]’rcb,f = g )\3 A AIIC,J’UH
Jers(I)
1<s<¢

such that Q]flk = QF and QF ; = 0. Note that when ¢ = 0, (6.6) is exactly the
identity (6.5), while for I = Fk, A’}ngdu = (k+1)(6A%u);, ;. This gives

Qb du + Z ,m A (6Afu); = QEdu.

JET k41 I

Therefore, the representation formula (6.3) follows from (6.6) for [ = k.

It remains to carry out the induction argument to establish (6.6). If we assume
that (6.6) holds for ¢ — 1, then

(m+ DBy ju =Y~ Pfyu=dQp o yu+Qiht du

Jel
0
Jel (I I

:dan 1“"‘@5:21‘1“

1(6
+ > [m+1 (,HAA,, u+ (1) 1)€(¢) AdAY }
Jel,(I) A1

where we have used the relation (5.5). Now from Lemma 6.6, we get that

1 1(6¢
d(Qﬁ,z - QZ,Efl) = Z *d{( g)J A AI;,JU:|
Y
JET(I)
1 1 (69)s o
= Z *{(_1)2 ! z) /\dAIJ + (m+1)¢ zil A Af JU}
JET(I) ¢ AT AT
B £

-y SR e,

JeTpy1(I)
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Combining these results, we get

(m+ 1B} u— > Pfu=dQ u+ Qi du+ (99); A (6A%) 5,

1
jeI JET 1 (I) 71
which completes the induction argument, and the proof of the lemma. ([
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