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1. Introduction

This paper along with its antecedent [2] grew out of a desire to understand the cases of equality in the
most basic norm estimates for Hankel operators in the classical setting of the unit circle T of the complex
plane. We equip as usual T with normalized Lebesgue arc length measure and define the Hardy space H?
for 1 < p < oo as the subspace of LP = LP(T) consisting of the functions whose Fourier coefficients are
supported on {0,1,2,...}. To define Hankel operators, we let H? denote the subspace of L? consisting of
the complex conjugates of functions in H2, and we let P and P stand for the orthogonal projections from
L? to respectively H2 and H2. Every symbol ¢ in H? induces a (densely defined) Hankel operator

H,f = P(3f) (1)
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from H? to H2. We have plainly
lelle < [Hell < llelloo, (2)

and our problem is to identify, in terms of function theoretic properties of ¢, the cases of equality in either
of these norm estimates. The Hankel operator Hy, is said to have minimal norm if the lower bound in (2)
is attained and mazimal norm if the upper bound in (2) is attained.

A function I in H? is inner if |I| = 1 almost everywhere on T. It is plain that H, has both minimal
and maximal norm if and only if ||¢||2 = ||¢]|co. The latter equality is equivalent to the assertion that |p]| is
constant almost everywhere on T or, equivalently, that ¢ = C1 for a constant C' and an inner function I.
Minimal norm Hankel operators were recently investigated by the first-named author who established the

following result.
Theorem 1 (/2, Thm. 1]). If H, has minimal norm, then H, has mazimal norm.

We will say that the Hankel operator Hy, is norm-attaining if there is a function g in the unit sphere of
H? such that |H,| = ||Hyg||2- To place our results in context, we begin with the following observation.
The proof is similar to that of a result of Adamjan, Arov, and Krein (see [1] or e.g. [7, Thm. 1.4]).

Theorem 2. If H,, is norm-attaining and has mazximal norm, then H, has minimal norm.

Since compact operators are norm-attaining, it follows from Hartman’s theorem [4] and a result of Sarason
[8, Thm. 1 (iv)] that if the symbol ¢ has vanishing mean oscillation, then H, is norm-attaining. In particular,
if ¢ is continuous on T and H, has maximal norm, then ¢ = CB for a constant C' and a finite Blaschke
product B. If ¢ = C1I for a constant C' and an inner function I, then H,, is plainly norm-attaining with
g = I. We refer to [9] for a description of the symbols generating norm-attaining Hankel operators.

In view of this preliminary discussion, it remains to identify those maximal norm Hankel operators that
are not minimal norm Hankel operators. The main purpose of this paper is to initiate the study of such
operators.

We begin by recasting our problem in function-theoretic terms via Nehari’s theorem [6], which states
that

IHll = nf {llle : PY =} 3)

for every symbol ¢ in H2. Let H$® denote the subspace of H of functions vanishing at the origin. It follows
from (3) that H, has maximal norm if and only if

= inf ||¢— fllso. 4
llolloo (inf I = Flloo (4)
We will say that ¢ is saturated if (4) holds. Some terminology is required to state our results. The super-level
sets and sub-level sets of a bounded function ¢ are defined, respectively, as
LE©G) = {e” €T : |p(e”)] > ¢llob} »

Lo (8):={e” €T : |p(e”)] < |lollocd}

where 0 < § < 1. As usual, we factor ¢ as ¢ = @I, where [ is an inner function and ® is an outer function
determined by || on T (see (13) below). Note that Li = L3, since |I| = 1 almost everywhere on T. Recall
that an inner function I may be written as I = BS, where B is a Blaschke product and S is a singular
inner function. The spectrum of I, denoted by o(I) in what follows, is the subset of T defined as the union
of the accumulation points of the zeros of B and the support of the singular measure associated to S.
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So far, we have seen that functions in H*® of constant modulus are always saturated and that functions
in H* that have vanishing mean oscillation on T, are saturated if and only if they have constant modulus.
By a theorem of Sarason [8, Thm. 3], a simple criterion for ¢ to have vanishing mean oscillation is that
|| be continuous on the closed unit disc. Note in particular that in this case o(I) = ). Our second result
is the following complete description of saturated functions in H°° that have continuous but not constant
modulus on T.

Theorem 3. Suppose ¢ = ®I is a function in H>® such that || is continuous but not constant on T. Then
¢ is saturated if and only if L5 (1) Na(I) # 0.

It is not difficult to construct examples of saturated functions in H* that are not of the form ¢ = C1I
from Theorem 3. One of the simplest possibilities is ¢ = @I, for

O(z)=1+=% and I(z)exp<z+1>.
- —

Here it is plain that L (1) N o(I) = {1}, so it follows from Theorem 3 that |H,|| = |||l = [|®]lec = 2.
Theorem 3 is a consequence of two general results, the first of which reads as follows.

Theorem 4. Suppose that ¢ = ®I is in H>®. If for every 0 < § < 1 the interior of Lg(é) has nonempty
intersection with o(I), then ¢ is saturated.

Before stating our next result, which is a partial converse to Theorem 4, we recall that a positive function
won T is a Helson-Szegd weight if

w = exp(u + D), (5)

where u and v are in L™ and ||v]|e < 7/2. In (5) and in what follows ¢ denotes the conjugate function of v.
In our problem, we only need the bound on v at points where || is close to ||¢|/c. We therefore make the
following definition: A bounded function w is an apical Helson—Szegd weight if there exists some 0 < § < 1
such that

w = exp(u +v), (6)
where u is in L, v is in L', and
esssup |9] < us (7)
L(6) 2

Note that we have changed @ to v when going from (5) and (6), because the global condition on w is now just
that log w be integrable. Clearly, an ordinary bounded Helson—Szegd weight is also an apical Helson—Szeg6
weight, but the converse is far from true. When w is an apical Helson—-Szegd weight, logw may for example
fail to have bounded mean variation. When we wish to specify for which 0 < é < 1 the estimate (7) holds,
we will say that w is an apical Helson—-Szegd weight at level 6.

Theorem 5. Suppose that p = ®I is in H>® and that there exists some 0 < § < 1 such that

(i) |¢| is an apical Helson—Szegd weight at level §;
(ii) the interior of Lg(0) is nonempty and includes o(I).

Then ¢ is not saturated.
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Condition (i) of Theorem 5 requires || to be, in an essential way, bounded away from 0 close to the
points at which it is near its maximum. The precise degree of nonvanishing, however, may be rather less
severe than that of an ordinary Helson—Szegd weight, as we will exemplify below.

Our final theorem exhibits a type of vanishing near a maximum point of || that does indeed guarantee
that ¢ be saturated. In this result, we use the notation T'(¢J) for the arc I'(9) := {e? : |§] < ¥} with
0<9 <.

Theorem 6. Suppose that ¢ is a function in H* such that

lim esssup |p|=0 (8)
9=0% r9)nL; (1)

and that there exists a sequence (Up)n>1 with ¥, — 0% such that
ICWn) N Ly ()] 2 al0(Wn)]  and  [T(95) N LE(1)] = DT (3,)] (9)
for positive constants a and b. Then ¢ is saturated.

One may think of Theorem 6 as a counterpart to Theorem 4, with the discontinuity in the argument
(represented by a point in o(I)) replaced by a particular kind of discontinuity in log |p|. Unfortunately,
however, this counterpart is only of a rudimentary nature, and we are for example far from having a full
description of saturated outer functions that are discontinuous at only one point.

The next section contains the proofs of the results stated above, while the third and final section of the
paper presents a brief discussion of possible next steps in the investigation of saturated functions in H*°.

2. Proofs

In preparation for the proof of Theorem 2, we record the following consequence of the Cauchy—Schwarz
inequality and the upper bound in (2). If ¢ is a nontrivial function in H*® and ¢ is in the closed unit ball
of H?, then the function

f= el gHyg
is in the closed unit ball of H!.

Proof of Theorem 2. We may assume without loss of generality that ||¢|le # 0. If H,, is norm-attaining
and has maximal norm, then there is some ¢ in the unit sphere of H? such that

ol = IHy|? = |Hygl3 = (Hpg,Hyg) = (89, Hyg) = (gHyg,¢), (10)

where we used the definition of H,, from (1). Since g is a nontrivial function in H? and H,yg is a nontrivial
function in H?, we find that f = [|¢|!gH,g is a nontrivial function in the closed unit ball of H'. We
deduce from this and (10) that

Ielloo = (s 0) < N fll1llelloc < lllloos

which implies that (f,¢) = ||fll1]|¢lls- Since f is a nontrivial function in H!, it can only vanish on a
subset of T of measure 0. This means that ¢ = ||¢|sf|f| ™ almost everywhere on T and consequently that
¢ = CI for a constant C' # 0 and an inner function I. It follows that |¢|l2 = ||¢|lec, and hence H,, has
minimal norm. O
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As Theorem 3 relies on both Theorem 4 and Theorem 5, we will establish the latter two results first.
Before we proceed with the proof of Theorem 4, we will recall a few results (which can be found e.g. in [3,
Sec. I1.6]) on analytic continuation of functions in Hardy spaces across T. Suppose that f is a function in
H' and that T is an open arc on T. If f is analytic across I', then both its inner factor I and its outer factor
F are analytic across I'. Moreover, an inner function I is analytic across each open arc I' on T which does
not intersect the spectrum o (7).

Proof of Theorem 4. We will argue by contradiction and assume that there is some f in HG® such that
llo — flloo < ll¢]loo- The left-hand side of this inequality is plainly nonzero, so there is some 0 < € < 1 such
that

lp = Flloo = ellelloo- (11)

We will choose & := (1 + €)/2. Since the interior of L} (J) is assumed to have nonempty intersection with
o(I), there is an open arc I in L} () that has nonempty intersection with o(I). We know that || > 6[/¢||c
on I' by definition, so it follows from (11) that |f| > (1 —€)/2||¢||co almost everywhere on I'. It is also plain
that || f]leo < (1 +¢)|¢llee. Expanding |¢ — f|? and using these estimates, we deduce from (11) that

| Arg o f| < arccos < g (12)

almost everywhere on I'. Let v be the harmonic function in the unit disc defined by the boundary values

- Argof, onlj
0, on T\T.

The function g := exp(—v +iv) is analytic in the unit disc and maps the unit disc to a cone in the right-half
plane due to (12). Consequently, g is in H'. By construction, the H! function h := ¢fg is positive on T,
whence it is analytic across this arc (see e.g. [3, Lem. IV.1.10]). In particular, the inner factor of h is analytic
across I'. This means that I (the inner factor of ¢) is also analytic across T', since o(I) is a subset of the
spectrum of the inner factor of h. We have arrived at a contradiction since o(I) has nonempty intersection
with I'. O

Recall (from e.g. [3, Sec. I1.5]) that the outer factor of ¢ = ®I can be recovered from the modulus of ¢
on T by the formula

ﬂeie—i—z 0~ A0
v2) =exp | [ G loglete 5] | (13

N—TT

In particular, if |®| = |¢| is a Helson-Szegé weight, then it follows from (5) and (13) that
® =exp(u +ia+ 0 — i),

where v and v are in L™ with ||v||s < 7/2. Similarly, if |®| = |¢| is an apical Helson-Szegé weight at level
0, then it follows from (6) and (13) that

® = exp(u + it + v + D),

where u is in L™ and o satisfies (7).
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Proof of Theorem 5. Our task is to construct a function f in H§® such that

le = Fllso < lllloo- (14)

To satisfy the requirement that f be in H§®, we consider functions of the form f(z) = zg(z) for g in H®°.
The function g will consist of two factors arising from, respectively, the inner and outer factors of ¢ = ®1I.
We begin with I. By assumption, there is some 0 < ¢ < 1 such that o () is a subset of the interior of Lg (6).
Being a nonempty open set, the latter set can be written as a union of open arcs. By compactness of o(I),
we may pick a finite collection of such arcs that covers o([I). Letting I" denote the union of these arcs, we
may define the argument of h(z) := zI(z) as a C*° function on T \ I". Consequently, since I is a finite union
of open arcs, we may find a C* function v on T such that

v=—argh

on T \T'. Since v is smooth, the function g1 := exp(—# +iv) is in H* and |g1| is bounded below on T. For
the outer part of ¢, we use the assumption that |®| be an apical Helson—Szeg8 weight at level § and choose
g2 := exp(—u —i@). Since w is in L, it follows that gy is in H*® and that |g2| is bounded below on T. Set

fi=¢z9192,

for some € > 0. If ¢ < (1 — 8)[|¢]loo/(2]91llo0 [l g2]l00)s then | — f| < (1 +6)/2]¢llee on Lg(5). Conversely,
since L} (0) is contained in T \ T we have

lo = f| = |lel — e |g1llg2]

on L} (8) by construction. Using (7) and the fact that both |g;| and |ga| are bounded below on T, it follows
that there is some sufficiently small ¢ > 0 such that | — f| < ||¢||oc almost everywhere on Lj (§). Combining
the estimates on Ly (8) and on L (), we see that (14) holds. O

The following sufficient condition for being an apical Helson—Szegd weight may be of some independent
interest. We will primarily apply it in the proof of Theorem 3.

Lemma 7. Suppose w is a bounded positive function on T such that logw is integrable and fir 0 < 6 < 1. If
there is an € in (0,0) such that

dist (L5(0), L, (€)) > 0, (15)
then w is an apical Helson—Szegd weight at level o.
Proof. We may assume without loss of generality that ||w||. = 1. We set
ug := max(logw, —R) and vg := R+ min(log w, —R)

for R > 0. Note that ug is in L> for each fixed R. Since logw is integrable, we have plainly that vy is in
L' for each fixed R and that ||vg|/; — 0 when R — oc. Let Er := {0 € [-7m,7] : € € L (e F)}. We see

from the definition of v that
) t—0 . do
p(e") = p.v./cot — ) wp(e?) —=.
2 2w

Er
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We pick R so large that e < . It now follows that there is a constant C' > 0, which only depends on the
distance in (15), such that |og| < C||vrl|ls on L} (8). Writing w = exp(ur + vg) for R sufficiently large, we
see that w is an apical Helson—Szegd weight at level §. O

Proof of Theorem 3. We first note that if L (1) No(I) # 0, then Theorem 4 applies so that ¢ is saturated.
On the other hand, if L (1) No(I) = (), then we use that |®| = || is continuous and that o(I) is closed
to infer that there exists a 0 < § < 1 such that we also have L () No(I) = . Since |®| is assumed to be
nonconstant, we may also assume that Lg () is nonempty. By the continuity of |®|, we find that Lg(0) is
itself an open set that includes o (7). In order to apply Theorem 5, it therefore remains to check that |®|
is an apical Helson—Szeg6 weight at level 6. However, this follows at once from the continuity of |®| and
Lemma 7. O

We require two preliminary results for the proof of Theorem 6. The first is the following direct consequence

of (4).
Lemma 8. If ¢ is saturated, then so is I for any inner function I.

Proof. Suppose that Iy is not saturated. Then there is a function f in H§® such that [|[1p — flee < |[1]lc-
However, this is equivalent to ||¢ — I flco < [|¢]leo, S0 ¢ is not saturated. 0O

The second preliminary result follows from Muckenhoupt’s theorem [5].
Lemma 9. Let w be a Helson—Szegd weight. Then there exists a positive constant C' and 1 < p < 2 such that

|F|”/
<
/w_C|EP w,

r E

for every arc T and every measurable set E C T.

Proof. Since w is a Helson-Szegd weight, or equivalently an (As) weight, we know that w satisfies the (A,)
condition for some 1 < p < 2 (see e.g. [3, Cor. VI.6.10 (b)]). The stated result then follows by an application
of Muckenhoupt’s theorem (see [5] or e.g. [3, Thm. VI.6.1]) to the function xg. O

We will appeal to Lemma 9 several times in the proof of Theorem 6. However, it is only in its final
application that it matters that we use the (A4,) condition for some 1 < p < 2 and not simply the (A42)
condition. In the proof of Theorem 6 we will locally adopt the notation f < g, which means that there is a
positive constant B such that |f(z)| < Bg(z) for all relevant x. The constant B will be allowed to depend
on .

Proof of Theorem 6. By Lemma 8, it is sufficient to consider the case that ¢ is outer. We argue by contra-
diction and assume that there is some f in H§® and some 0 < € < 1 such that

lle = Flloo = ellplloo-

As in the proof of Theorem 4, it follows that

1—¢ ™
> (1-— < >
f1= (0 -2l and |Arg<sof>|arccos(1+5) <3

hold almost everywhere on L (1). Moreover, if
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—Arg(pf), on LE(1);
v o= ®

0, on L;(l)7

then g := exp(—v +iv) is in H!. Clearly, |g| is a Helson-Szeg6 weight by (5), and the H! function h := ¢ fg
is positive on L (1). Since f is in H§°, we know that h(0) = 0. We may therefore write h = u + iv with
u=—70.

We next set

and claim that

/|u| <<esssup|<p|/|u\. (16)
E‘n’ E'Vl Fn

To verify this, we first use the trivial estimate || f|lcc < (14 €)|¢llco < 2||¢]|oo to see that

lul <[] = lpfol < (eﬁsup|w[)2nw|a4g| (a7)

n

on E,,. We next use that F,, is a subset of I'(9),,) and then apply Lemma 9 with respect to the subset F), of

I'(9,) to infer that
Jisl< [ o< [0 5 [ (19
9= g gl = ul.
(1 =9)llell2
En ) F, F,

TV

Here we used the assumption that |F,| > b|T'(¥,)| from (9) and, in the final estimate, that

Al > (1 = o)l gl

almost everywhere on L7 (1) and that i = u on L¥(1). Now (16) follows from (17) and (18).
We next claim that if n is sufficiently large, then

/|u| <</\u|. (19)
P, B,

If we can establish (19), then we would be done since (16) and (19) together contradict the assumption (8).
(Note that the left-hand side of (19) is nonzero for each fixed n > 1 since u is positive on F,, and |F,| > 0.)

To prove (19), we start by writing u = ug + u1, where ug is the conjugate function of —vxrp(ay,). By the
weak-type L' bound for the conjugate function, we find for A > 0 that

1 1
[{luol > A} < S lloxron < S 1xr@s,)acz ol (20)

where we first used that v = 0 on L} (1) and then that |v| < |h]. By the same argument as used to establish
(16) above, we obtain next that

W%mm%mm<(emw m)ﬂw (21)
I'(29,)NL5 (1) E
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By (8), we can choose n so large that the essential supremum in (21) is as small as we wish. In particular,
we will let n be so large that (20) and (21) together give

{Juo] > A} < 2in@:0) /\u| (22)

We set A, := c0;;! fF |u| for a constant ¢ > 0 to be chosen later and apply (22) in combination with the
estimate |F,| > 0¥ /7r from (9) to infer that

[En 0 {Juol < An}| = b0/ (27). (23)

Using that |u| > (1 — ¢)|l¢llZ,]g| almost everywhere on L7 (1), then Lemma 9 and (23), and finally that

[ [z > [l (24)
Fy Fy

Fn{|uol<An} NI

lullse < 2lll3,]g], we obtain

Let C denote the total implied constant in the chain of inequalities (24), which we stress does not depend
on our upcoming choice of ¢. By the estimate u; > u — |ug|, the fact that u = [u| on L} (1), and (24), we

find that
<
w > / (|u|>m)2<éCFnﬂ{|zi|)\n}|)/u|.
Fy,

Frnn{luo|<An} Frn{luo|<An}

Since |F,| < |T'(Yn)| = Un/m, we can choose ¢ < w/(2C) to ensure that
w> o / i (25)
F,Lﬂ{|u0|§)\”}

for all sufficiently large n. The next step is to estimate the difference uq(e®) — uy(1) for [t| < 9,,. Setting

I, := {29, < |0] < 7}, we have
ui(e?) = —p.v. /cot (t_29> v(e'?) %

In

We decompose I,, into the dyadic intervals I,, , := {2%9,, < || < 2FF19,} for k =1,2,..., K and note that
if [t| < ¥, and 0 is in I,, i, then

Consequently,

=

ui (") —ua (1

—
=

k=1 r(2k+wn)

To estimate this integral, we use first that v is supported on L (0) and then that [v| < |h| to see that



10 O.F. Brevig, K. Seip / J. Math. Anal. Appl. 529 (2024) 127221

|v|s2||so||oc< ess sup |<P> / gl
F(2’“+119")QL;(1)

r(2k+19,,) r(26+19,,)

We appeal to Lemma 9 and obtain that

|<<(”k+“9 ) /|| (W) = [
i ol

Combining these estimates, we find that

T(2k+19,)

K

; 1
lui(e™) —ui(1)] < - / ul ZQk(”_2) ess sup lo].
LT R =i P(@+H19,)NL; (1)

The sum goes to 0 as n — o0, as can be seen by using (8) for, say, 2¥*149,, < 1/J,,. We can therefore assume
that

i T
() ()] < g7 [ I
Fp

for |t| < ¥, and all sufficiently large n, where C' is the constant in (25). Inserting this estimate in (25) and
using that |F,,| < ¥, 7, we find that

ity > T
= SCﬂn / ful - and () > 100,

for |t| < ¥, and all sufficiently large n. We finally choose ¢ = 7/(8C) in the definition of A, to ensure that

u| > / [u| > / ey )
2 16C
E, F,

Enn{luo|<An} Enn{luo|<An}

In the final estimate we also used that |E, N {|ug| < An}| > a¥¥,/(27) which follows from (9) and (22),
similarly to how we established (23) above. This completes the proof of (19). O

3. Concluding remarks

Falling short of giving a full description of the saturated functions in H*°, we would like to conclude the
paper by proposing two problems that may be more manageable.

Problem 1. Describe the outer functions in H°° that are saturated.

By Theorem 4, an outer function ¢ fails to be saturated if there is a 0 < § < 1 such that |¢| is an apical
Helson—Szegd weight at level 6 and the interior of L (d) is nonempty. It is natural to ask which, if any, of
these two conditions may also be necessary for ¢ not to be saturated.

At any rate, it would be desirable to get a better understanding of apical Helson—Szegé weights. We will
motivate our second problem, which deals with such weights, by presenting the example alluded to below
Theorem 4. To this end, let U be an open subset of T with 0 < |U| < 1. Then U is a finite or countable
union of pairwise disjoint open arcs
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For 0 < € < 1, we let eI, denote the open arc concentric to I, with [e[',,| = €|T',,|. We will say that U is
thin if

[l
sup — < 0. (26)
e eT\U 53] dist (6“9, %Fn)

The set Un21 {em 2T <27 + ab"} for 0 <a<1and0<b<1/2is for example thin if and only

ifb<1/2.
Let €% be the midpoint of I',,. For a positive number &, we define the weight

10—6.1\" i )
(—ﬂll“nl , e ely;

wn(em) = _
1, e? e T\U.

We make two observations. First, in the most interesting case, when there are infinitely many arcs J,,, we
have
dist (L;(6), L, (€)) =0

forall 0 < 0 < e < 1, so Lemma 7 is of no help. Second, it is clear that w, is a Helson—Szeg6 weight if and
only if 0 < k < 1. In contrast, however, we will now prove the following.

Claim. If U is thin, then wy is an apical Helson—Szegé weight at level 1/2 for every k > 0.

Proof of Claim. There is a number ¢,, > 0 such that if 0 < ¢ < g, then eI, is a subset of L, (1/4) for all
n>1. Set U, := Un21 el'y,

0, on Ug;
Ug =
logw, on T\ U,

and ve := logw — ue. A computation shows that

/ lve] < Crelloge|[Tl,
ely,

with C independent of x and €. By the definition of ¥ and the assumption that (26) holds, we therefore
find that there is a constant C' independent of x and ¢ such that

|| < Crelloge|
on J, (1/2). Hence w = exp(u. + v.) is the required representation of w for all e sufficiently small. O
The above proof along with that of Lemma 7 suggests the following problem.

Problem 2. Is it true that w is an apical Helson—Szegd weight if and only if w” is an apical Helson—Szegd
weight for all positive numbers k7
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In other words, we ask if (7) could be replaced simply by

esssup |7 < 0. (27)
L (9)

This would, in particular, imply that w is an apical Helson—-Szeg6 weight whenever log w has bounded mean
oscillation.

One could object that we may construct more sophisticated examples for which it would be less straight-
forward to find v such that the left-hand side of (27) is arbitrarily small. However, one should also take into
account that our construction of v is rather simple-minded in either of the cases treated above.
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