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ABSTRACT. We consider a scalar conservation law with a discontinuous flux
function. The fluxes are non-convex, have multiple points of extrema and can
have arbitrary intersections. We propose an entropy formulation based on in-
terface connections and associated jump conditions at the interface. We show
that the entropy solutions with respect to each choice of interface connection
exist and form a contractive semi-group in L!. Existence is shown by proving
convergence of a Godunov type scheme by a suitable modification of the sin-
gular mapping approach. This extends the results of [3] to the general case of
non-convex flux geometries.

1. INTRODUCTION

We are interested in the following single conservation law in one space dimension,
U + (f(k(x)au))w 0
(1) uw(0,2) = uo(z)

where the flux f depends on the space variable through a coefficient k£ which may
be discontinuous. The simplest case of (1) is the so called “two flux” case given by

u + (H(z)f(u) + (1 - H(z))g(u))e = 0
(2) w0,7) = wuo(x)
where f and g are Lipschitz continuous functions and H is the Heaviside function.

The analysis of (2) serves as a building block in the analysis of (1). See [5] for
details. For the rest of this paper, we consider (2).
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The conservation law (1) occurs in several models in Physics and Engineering.
In particular, it arises in two phase flow in a heterogeneous porous medium used
in petroleum reservoir simulation (See [13]), in the modeling of the ideal Clarifier
thickener unit used in waste water treatment plants and in the paper industry (See
[7, 6]), in modeling traffic flow on highways with changing surface conditions (See
[22]) and in ion etching used in the Semiconductor industry (see [23]). For detailed
account of various applications of (1), see [25].

As is standard for conservation laws, we have to look for a suitable form of weak
solutions and augment them with extra admissibility criteria or entropy conditions
for uniqueness and stability. The development of a proper entropy framework for
equations of the type (1) is a major challenge. The equations of the type (1)
have been studied extensively over the last decade from both the analytical as well
numerical point of view.

Different entropy theories have been proposed by Gimse and Risebro in [9, 10],
Diehl in [7, 8], Karlsen, Risebro and Towers in [19] and Adimurthi and Gowda in
[1] among others. Concurrently, several existence results for the entropy solutions
have been obtained in a series of papers. They use regularization of coefficients
as in [17], by explicit formulas for the corresponding Hamilton-Jacobi equations in
[1], some are based on front tracking as in [10, 15, 16] while others used numerical
schemes of the Godunov or Enquist-Osher type as in [2, 27, 28, 18, 6, 24] and of
the Lax-Friedrichs type as in [20].

More recently, the authors have embarked on a systematic study of (1), (2) in a
series of papers namely [3, 4, 5]. In these papers, a new entropy framework for (1)
is developed. This framework is based on a two-step approach. In the first step, an
interface connection is defined and is used to characterize infinite classes of entropy
solutions. Each of these classes of solutions is shown to form a stable semi-group in
L'. The existence of solutions is shown by designing Godunov type finite volume
schemes based on exact Riemann solvers and showing that they converge to the
entropy solution. In the second step, an optimization problem is defined on the set
of connections and the optimizer is defined as the optimal entropy solution.

It is now widely accepted that there is more than one valid concept of entropy
solutions for (1) depending on the Physics of the problem. These entropy solutions
correspond to different semigroups that can be characterized by different connec-
tions. The optimal entropy solutions of [3] correspond to the physically meaningful
solutions for two-phase flows in heterogeneous porous media whereas a different
semigroup (see [6]) is valid for the clarifier-thickener unit. The physical relevance
of other semigroups is not encountered so far. Thus, the above solution concept
provides flexibility in terms of incorporating different semigroups of solutions for
different physical models. The choice of the optimal entropy solution should be
based on the physics of the problem modelling higher order small scale effects.

The analysis of [3, 4] was restricted to the case where both the fluxes have at
most one extremum in the domain of definition. It is natural to ask whether the
same program as above of showing the existence and uniqueness of infinitely many
classes of stable solutions can be carried out for more general fluxes with finitely
many points of extrema in the domain of definition. Since the analysis in [3] and [4]
relied heavily on the flux geometry, it is not a priori clear whether this can be done.
The aim of this paper is to address the above question. In this paper, we deal with
fluxes f and g where both of them can have finitely many extrema in the domain of
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definition (see section 2 for detailed hypothesis). The above hypothesis considered
is very general as regards the shape of the fluxes and their intersection but we will
concentrate on a slightly simpler class of fluxes satisfying the hypothesis that both of
them can have at most two points of extrema in the domain of definition. This case
of fluxes is termed as the infinity flux case (see detailed definition in section 2) and
is representative of the more general flux geometries. The reason for concentrating
on this case are twofold. First, this case is a prototype of the difficulties that have
to be faced while dealing with the case of general fluxes while at the same time,
the proofs are simpler and the notation is much neater while dealing with this case
as compared to the general case. Second, in most practical models where these
equations arise, the fluxes have at most two extrema. For example, in the water
flooding model from petroleum reservoir simulation, the fluxes f and g both have
at most one maximum and in the clarifier thickener model, the flux g can have at
most one maximum and no minima whereas f can have at most one maximum and
one minimum. The only exception to our notice is while considering ion etching
(see [23]) where the fluxes can have many extrema. Due to the above reasons, we
will describe the analysis for the infinity flux case in detail and only present the
results for the general case.

FIGURE 1. possible flux shapes with arbitrary intersections

In this paper, we extend the results of [3] to the more general case and show the
wellposedness of infinite classes of entropy solutions. We show uniqueness of the
entropy solutions under general assumptions on the fluxes including fluxes violating
the “crossing condition” of [19] (see section 2). Another important feature of this
paper is the development of Godunov type schemes for the general case based on
exact solutions of the Riemann problem. We provide a convergence proof based on
a intricate modification of the singular mapping technique (it is well known that
the singular mapping approach is hard to implement on non-convex fluxes). We
organize this paper as follows - In section 2, we describe the entropy framework for
the infinity flux case and show uniqueness of entropy solutions. In section 3, we
give the Godunov type scheme for the infinity flux case. The convergence proof for
the scheme is described in Section 4. In section 5, we present the corresponding
results for a model general case.
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2. ENTROPY FRAMEWORK

We start with the precise assumptions on the fluxes considered in this paper.

Definition 1. Admissible Class of fluxes: Let I = [s, S] where —oo < s < S < 00
and denote the admissible class of fluxes as
F(I) = {h € Lip(I) : h has finitely many points of extrema }.

For h € F(I), let s = O, < O11 < ... < Oy = S be the points of extrema of h.
Define the following,

E(h) =1\ {6on,01n,-..,0kn}

E (h) = { closure of components of E(h) on which & is increasing }
E_(h) = { closure of components of E(h) on which h is decreasing }
N(h) = number of components of E(h)

N4 (h) = number of components of E4 (h)

N_(h) = number of components of E_(h)

Clearly N(h) = Ny (h) + N_(h). For k > 0, let
Fi(I) = {h € F(I) : N(h) = k}

In [2],[3],[4], we have dealt with the case of fluxes being in F5(I). In this paper,
we will consider fluxes with more number of extrema.
Define the following,

Definition 2. Infinity Flux pair: For f,g € F(I), the pair of fluxes (f, g) forms an
infinity flux pair if they satisfy the following hypothesis,

(Hy): f(s) = g(s), [f(S)=9g(5).
(H2): fag € ]F3(I)

We call the above class of fluxes as the “infinity”-fluxes because in general, the
two fluxes can intersect in the interior of the domain and the graph of both fluxes
superposed on each other (see figures 2 and 3), resembles the figure of infinity. We
subdivide the infinity flux class of fluxes into the following cases,

1. under-compressive Class: In this case, (f, g) satisfies the relation the

Ni(f) +N-(g9) =2

A prototypical example of this case is shown in figure 2. In this case, it is clear
that g is decreasing and f is increasing at the point of intersection in the interior.
As a result, the characteristics at the interface divege on both sides of the line
z = 0 and hence the name undercompressive is used for this class of fluxes. 2.
over-compressive Class: In this case, (f,g) satisfies the relation that

Ny (f) +N-(9) 23

One example of these class of fluxes is shown in figure 3. In this case, the flux
f is decreasing and the flux g is increasing at the interior point of intersection
and the characteristics flow into the line z = 0 on both sides, hence the name
over-compressive for this class of fluxes.

The shape of fluxes which constitute infinity flux pairs is shown in figures 2 and
3. We define the weak solution of the (2) as
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Definition 3. Weak Solution: - u € L (R x Ry ) is said to be a weak solution of

loc

(2) if for all ¢ € C=°(R x R;), the following integral identity is satisfied,

(3)

7 7@%—": + (H(z) f(u) + (1 — H(x))g(u))g—i) dxdt + 7 wo(@)p(z,0)dz = 0
e b J

It is easy to that u satisfies (3) if and only if in the weak sense u satisfies

(1) u+9g(u),=0 <0, t>0
u+ f(u)ey=0 >0, t>0

and at = 0, u satisfies Rankine-. (RH) condition, namely for almost all ¢

(5) f*(t) = g(u™ (1)
where u™(t) = zl_i)r(r)lJru(a:,t), u™(t) = CEl_i>r(r)1_ u(z, t).

Under Compressive Case
N =N(9)=1

Connection

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

L . i
S AL A a B B S

FIGURE 2. Shape of fluxes in the Infinity Flux (Under-
Compressive) case.

Definition 4. Entropy-Entropy flux pair: For i = 1,2, (¢;,%;) are said to be en-
tropy pairs if ¢; is a convex function on [s, S] and (¢1 (), ¥5(0)) = (©1(8) f'(9), ¢5(0)9'(8))
for 6 € [s, S].

Definition 5. Interior Entropy Condition: A function v € L®(R x R, ) is said to
satisfy the interior entropy condition if it satisfies in the sense of distributions,

Go1(w) L i) < Qing >0, t>0,
(6) ’

paw) | 02w < Oing <0, ¢>0.

As in [3], we need to define a suitable concept of interface connection. This is
done below,
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Definition 6. Interface connection: Let (f,g) satisfies (H;) and (Hs). A pair of
vectors (Ao, Bo) with Ag = (A1, 42) € I xI and By = (By,Bs) € I x I is called an
interface connection vector if they satisfy the following,

1. Ay,A> € E_(g9), Bi,Bs € E{(f) and if N (f) = 2, then By, B> lie in disjoint
components of E,(f) and if N_(g) = 2, then A4;, A, lie in disjoint components of
E_(g).

2. Let N+(f) + N_(g) = 2, then A1 = A27B1 = B2 and f(Bl) = g(Al) Denote
(A1, B1) = (4, B).

3. Let Ny (f) + N_(g) > 3, then we have to consider several sub cases,

)
i No(f) = N_(g) = 2.
N =2N(g)=1 An
Over Compressive
/\ Case

\

Lo o
s BLAp B,A; S

FIGURE 3. Shape of fluxes in the Infinity Flux (Over-Compressive) case.

In this case, we assume that A; > 62y, A2 < 61y and By < 615,B> > 025 and
they satisfy

|f(B1) — g(A1)
|f(B2) — g(A2)
i, No(f) = 1,N_(g) = 2
In this case, we assume that Ay > 0y,, Ay < 014 and By, By € [014,02f] with
By < Bj such that the following holds,

|f(B1) — g(A1)| = min{|f(0) — g(¥)|; B2 < 0 < b25,1) > a5}
|f(B2) — g(A2)| = min{|f(0) — g(¥)|;0 € [61f,025],>,9 < b2}
iii. Ny (f) = 2,N_(g) = 1
In this case, we assume that By < 617,Bs > 6oy and Ay, As € [014,602,] with
Ay < As such that the following holds,

|F(B1) — 9(A1)| = min{| f(0) — g()|;60 < b1, € [629, Ao]}
|F(B2) — 9(A2)| = min{|f(0) — g()|;0 > b2, € [619,02]}

For the sake of simplicity, we make the following hypothesis on the connection
(Ao, Bo)

min{|f(0) — g(4)|;0 < 015,9 >0
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(Hs): Whenever Ny (f)+ N_(g) > 3, then fori =1,2
9(4i) = f(Bi)

The hypothesis Hs is always satisfied if f([s, 017])Ng([024,S]) # ® and g([s,014])N
f([625,85]) # ®. It may not be satisfied in some cases where this may not hold.

This concept of connection appears to complicated at first sight but is better
illustrated in the figures 2 and 3 where a connection in each case is given. . The
interface connection is now a vector pair as compared to a scalar pair that was
used in [3]. This is on account of the number of points of extrema in the flux
geometry. The under-compressive case is special as the vector pair is reduced to
a scalar pair. Next, in order to define the interface entropy condition, we need to
define the following,

Let f,g € Lip(I) and let o, 8, A, B € I, then define

I(e, B, A, B) = sign(a — A)(g(a) — g(A)) — sign(8 — B)(f(8) — f(B))

Definition 7. Interface Entropy condition: Let (f,g) satisfy H; and H,. Let
(Ao, By) : Ag = (A1, A5),By = (B1, B2) be an interface connection vector. Let
u € L (R x Ry) be such that the traces ut(t) = u(0+,¢) and v (t) = u(0—,1)
exist for a.e t > 0, then u is said to satisfy the interface entropy condition if for a.e

t>0,i=1,2, the following holds,
(7) I(u_(t)7u+(t)7AiaBi) >0

We define the framework of entropy solutions with respect to each fixed interface
connection as follows,

Definition 8. AyBj entropy solution: For a given interface connection vector
(Ao, By) defined as before, a function u € L®(R x Ry ) is defined to be an AyBy
entropy solution if the following holds,

1. u is a weak solution of (2) i.e u satisfies (3)
2. u satisfies the interior entropy solution (6)

3. u satisfies the interface entropy condition (7) relative to the connection (Ag, Bp)-

Hence a A9 By entropy solution is defined for each choice of connection (Ag, By)
and we show that each of these classes of solutions are well posed. Hence, we show
the well-posedness of infinitely many stable AgBg entropy solutions of (2) in the
infinity-flux case. We start with the stability result,

Theorem 1. For a given interface connection vector (Ag, By), Let u,v € L (R x
Ry) be two AgBy entropy solutions for (2) with initial data ug,vo respectively, then
for any M > M = max{Lip(f), Lip(g)}, a < 0,b >0, b —a > 2Mt the function,
b—Mt
tos / lu(z, 1) — v(z, 8)|dz

a+Mt
is non increasing and if ug = vo a.e ,then it follows that u =v a.e
Proof. The proof of this stability theorem follows like the proof of theorem (2.1) of

[3]. We need some lemmas below in the proof. The first step is to characterize the
interface entropy condition (7) which is done in the following lemma. O
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Lemma 1. Let (f,g) satisfy Hi, H2 and the connectwn( 0, Bo)
satisfied. Let u™ be such that f(ut) = g(u™) and I(u™,ut, A;, B;
Then (u™—,u™) satisfy the following conditions,
1. Let Ny (f) = N_(9) =1.

Let Zl S 919,22 Z 02g and El S 61f7F2 2 02f be such that

be such that Hs is
;) >0 fori=1,2.

9(A1) = g(4)
g9(4;) = min(g(5),g(4)) if g(s) <g(4)
f(B1) = f(B)
f(B2) = max(f(B),f(5)) if g(s) = g(4)

let g(s) < g(A), then the following holds,

(i). ifu~ < A, then eitheru™ = A oru™ = A,

(ii). if u= > A then either g(u™) > g(A) or ut > Oy
let g(s) > g(A), then

(iii). if ut < B, then either ut = B or ut < B;

(iv). if ut > B, then either f(ut) < f(B) or u™ > 6.

2. Let Ny (f)=N_(g9) =2
Fori=1,2, let Ai,sy,S, € [01g,024], Bi € [617,02¢] be such that f(B;) = f(Bi),
9(4;) = 9(43),9(s) = g(s4),9(S) = 9(Sy), then we have that
(i). If ut € [s, B1] either f(ut) = f(B1) or ut < By and u™ € [s,, 41]
(ii). If ut € [Ba,S], then either f(ut) = f(Bs) or ut > By and u~ € [43,S,].

3. Let Ny (f) =1,N_(g) = 2.

Let Ay, Ay € [614,024], B > 027, Bz < 015 be such that for i = 1,2, we have that
9(A)) = g(Ay), f(B;) = f(B;) then the following holds,
(i). If u™ > By, then either f(u™) = f(B1) or u* > By. Furthermore, if ut > By,
then u= > As.
(ii). Let ut € (By, By) then u™ € (A3, A;)
(ii3). Let ut > By, then either f(ut) = f(By) or ut < By. Furthermore if
ut < By and f(ut) < f(By) thenu™ < A;.

JLet No(f) =2,N_(g) = 1.
Let B1,B; € [01f,62¢], A< 01g,A2 > 024 be such that for i = 1,2, we have that

9(A)) = g(A;), f(B;) = f(B;) then the following holds,

(i). If u= < Aj, then either g(u™) = g(A1) oru™ < Ay. Furthermore, if u= < Ay,

then ut < Bs.

(ii). Let u™ € (A1, As) then ut € (By,B>)

(iii). Let u~ > As, then either g(u™) = g(As) or u~ > Ay. Furthermore if

u™ > Ay and g(u~) < g(A;) then ut > By

Proof. For i = 1,2, let I; = I(u—,u™, A4;, B;) then from the Rankine-Hugoniot

condition (5) and the interface entropy condition (7), we have that

(9(u™) — 9(4))(sign(u™ — A;) — sign(u® — By))
(f (w®) = f(Ba)) (sign(u” — Ai) — sign(u* — By))

We have to consider the following cases,
L. Ni(f) = N_(g) =1

0 < I
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Let g(s) < g(A) and u~ < A. If u= > A;, then g(u~) > g(A4) and hence I; < 0
unless u™ < B. If u™ < B, then f(ut) < f(B) = g(4) < g(u™) = f(ut) which is
a contradiction. Hence u~ < 4;.

Let u= > A, if g(u™) < g(A), then 4+ > B. By the Rankine-Hugoniot condition
(5), we have that u™ > 6,;. Similarly, if g(s) > g(A). This proves (1).

2. Let Ny(f)=N_(g) =2

Let ut < By. Thenif f(u*) > f(B;), we have that u* > B; and hence u~ > A;.
Therefore, f(B1) < f(ut) = g(u~) < g(A;) = f(B1) which is a contradiction.
Hence f(u') < f(B) and this in turn implies that u* < B;. Let ut > Bs, then
if flut) < f(B2) = g(A2) < g(u™) = f(ut) which is a contradiction. Hence
ut > By and u~ > As. Again from the Rankine-Hugoniot condition (5), we have
that u~ € [4,,S,] and this proves (2).

3. Let No(f) =1,N_(g) = 2

Let ut > Bj. Suppose f(u) > f(Bi), then from I; > 0, we have that u~ >
Aj. This implies that g(u™) < g(41) = f(B1) < f(u*) = g(u™) which is a
contradiction. Hence ut > B;. Suppose that f(ut) > f(B2), then from Iy > 0,
we get that u= > A,. If f(ut) < f(Bs), then by the Rankine-Hugoniot condition
(5) we get that u~ > Ay. This proves (i) of (3).

Let ut € (Bg, By). Then I; > 0 implies that u~ < A; and I, > 0 implies that
u~ > As. Now from the Rankine-Hugoniot condition, we get that u~ € [As, 4;].
This proves (ii) of (3.).

Let ut < Bsy. Suppose f(ut) < f(B2), then from I > 0, we have that u~ < As.
Hence g(u~) > g(As) = f(B2) > f(ut) = g(u™) which is a contradiction. Hence
ut < B,. Suppose f(ut) < f(B;). Then from I; > 0, we have u~ > A,. This
proves (iii) thus completing the proof of 3. The proof of 4 follows in a similar way
thus completing the proof of the lemma. O

The above lemma helped us to characterize the interface entropy condition. Next
we prove the crucial comparison lemma below,

Lemma 2. Let (f,g), (Ao, Bo) as in lemma (1). Let u* v* € I satisfy the Rank-
ine Hugoniot condition (g(u™),g(v™)) = (f(u™), f(v")) and the interface entropy
condition (7) relative to the connection (Ag, Bo). Then

I(u,ut,v™,vT) >0
Proof. From the Rankine-Hugoniot condition, we have

Io = (9(u”) — g(v7))(sign(u™ —v7) — sign(ut —v™))
= (f(u") = f(uh))(sign(u™ —v7) — sign(u* —v¥))
From the symmetry of u®, v* in I, without loss of generality we can assume that
g(u~™) > g(v~) and hence f(ut) > f(v'). This implies that I > 0 whenever
u™ > v~ or ut < wvt. Therefore we assume that v~ < v~ and vt > vt and show
that this case is never possible. We have to consider different cases given below,
1. Let Ny (f)=N_(g9) =1
Let g(s) < g(A). Ifu~ < A, then by lemma (1), we get that u= < A;. Ifv~ < A,
then g(u™) < g(v™) < g(u™) which is a contradiction. Since g(v™) < g(u™) < g(A)
and hence if v~ > A, then vt > 65;. Since vt < ut, therefore by the monotonicity
of fin [Bay,S5], g(v™) = f(vT) > f(uT) = g(u™) which is a contradiction.
Let u~ > A, hence we have that v~ > A. By lemma (1), if g(v™) > g(A), then
g(u™) > g(v) > g(A) and hence u~ > 65,. Since v~ < v~ and by monotonicity of
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g in [fa4, S], we get that g(u~) < g(v™) which is a contradiction. If g(v™) < g(4),
then vt > 02 and hence ut > v > 6,5, This implies that f(u™) < f(vt) < f(u™)
which is a contradiction. Similar argument follows if we assume that g(s) > g(A4).
This proves that Iy > 0 in this case.

2. Let Ny(f)=N_(9) =2

From Rankine-Hugoniot condition, f(u™) = g(u™) > g(v~™) = f(vt). Let u™ €
[s, B1]. Since v+ < ut and hence from (i of 2) of lemma (1), we have that v+ < B;
and u~,v” € [sy,A1]. By monotonicity of g in [s,, A1], it follows that g(u~) <
g(v™) < g(u™) which is a contradiction.

Let ut € [B1, Bs), then u € [By, B2). By the monotonicity of f in [By, Ba,
we get that f(vt) > f(u™) > f(vt) which is a contradiction.

If vt < By, then v~ € [sy,41] and v~ < v~. Hence g(u™) < g(v™) < g(u™)
which is a contradiction.

Let u™ > By, then u~ € [42,5,]. Hence g(v™) > g(u~) > g(v~) which is a
contradiction. This proves that Ip > 0 in this case.

3. Let Np(f)=1,N_(g9) =2

Let u™ € [s, By, then vT < By and hence f(vt) > f(u™) > f(v') which is a
contradiction. Let ut € (Bs, Bi], suppose that v* < By, then f(vt) < f(ut) <
f(Bi) and hence from lemma (1) we get that v~ < A;,u™ € (A, As). If v+ > By,
then vt € (By, By) and hence v~ € (A, As). Therefore by the monotonicity of g
in this region, we get that g(u~) < g(v~) < g(v™) which is a contradiction.

Let ut > By, then from lemma (1), we have that u™ > B; and 4y < u~ <
A;. Since vt < ut, f(vt) < f(ut) and hence from lemma (1), we have that
Ay < u” < v < A;. Since f(u™) > f(v™) and hence 4y < u” < v~ < As.
Therefore from the Rankine-Hugoniot condition, we get that v+ € (Bs, By). Hence
I(v=,vT, Ay, By) < 0 which is a contradiction. This proves Iy > 0. A similar proof
works in the case where Ny (f) = 2, N_(g) = 1. This completes the proof of the
lemma (2). O O

The proof of theorem (1) follows exactly in the same way as the proof of theorem
(2.1) of [3] and is based on the comparison lemma (2). We omit the details of the
the proof. Thus, we have shown that for each choice of connection (Ag, By), the
corresponding Ag Bo-entropy solutions are stable and and are in fact L' contractive.

Remark 1. (1). Let Ny (f) =2, N_(g) = 1, then the compatibility condition A; <
As follows from the fact that (41, By) and (A, By) are AgBg-entropy solutions.
(2) Similarly if N;(f) =1,N_(g) =2, then B; < By

Proof: As (A;1,B;) and (As,Bs) are entropy solutions, this implies that 0 <
I(A1, By, As, Bs) = (sign(A1 — As) — sign(B1 — B2))(9(A1) — g(A2). Suppose that
As < Ay, then by the flux geometry in this case, we have that (A1, By, A2, B2) < 0
which is a contradiction.

In this section, we have formulated the concept of interface connection and the
corresponding entropy solutions and showed that they are stable and hence unique.
Next, we will show in the remaining part of this paper that the entropy solutions
exist.

3. GopuNov TYPE NUMERICAL SCHEME

For a fixed interface connection vector (Ag, By), we have shown the uniqueness
and stability of the AgBg-entropy solutions. Next, we will show that the solutions
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exist. We propose a Godunov type finite volume scheme based on exact solutions of
the Riemann problem associated with (2) and show that the approximate solutions
computed by the scheme converge to an AgBg-entropy solution.

Definition 9. Godunov Numerical flux: Let h € Lipjoc(I), then the Godunov
numerical flux (see [11]) denoted by H(a,b) is given by

aginb] h(@) if a<b
a,
(8) H{a,b) = { max h(f) if a>b
0¢€(b,a]

As in [2],[3], we define an interface flux based on exact solutions of the Riemann
problem for (2). The detailed solution of the Riemann problem is similar to those
constructed in [9, 7] and is modified to take into account the new interface entropy
condition. The detailed solutions of the Riemann problem are provided in [25]. We
use them to give explicit formulas for the interface flux below,
i. Let Ny (f)+N_(9) =1

In this case we have that A; = A3 = A and B; = By = B. the interface flux is
given by,

©) Faopo(a, ) = min(G(a, 4),F(S,p)) if g(s)<g
= max(G(a, 5), F(B,f)) if g(s) > g(A)

i. Ny(f) = _( ) =2
Let A;, B;, sy be as defined before. Further define,

f®) = £B) i 0¢[Bi,BI]
= f(By) if 6€[B,Bs
= f(6) otherwise
36) = g(A) i 0€[A,A]
= g(Ag) if HE[AQ,AQ]
= g¢(0) otherwise

then the interface flux is given by,

Faono(@,8) = max(F (s, ), é( ,8)) if a<s,
= mln( (S;/B)a (a)) if CKZSQ

where G, F are the standard Godunov fluxes corresponding to the functions § and
f respectively.

(10)

iti. Ny (f)=1,N_(g) =2 _
Let A, A € [014,02,] be such that g(A4;) = g(A;) for i = 1,2 and define,

90) = g(6) if 6¢€ E%Zl]
= g(4) if 6>4
= g(A) if <A

then the interface flux is given by,
(11) FaB, (@, 8) = max(min(F (By, 8), G(a, A1), F(Bs, )

where G is the standard Godunov flux corresponding to the function §.
iv. Ny(f) = 2,N_(g) =1
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Let By, By € [017,602¢] be such that f(B;) = f(B;) for i = 1,2 and define,

[0 = f(B1) if 6¢€ [El:pl]
= f(By) if 6€[Bs,Bs]
= f(0) otherwise

then the interface flux is given by,

(12) FAOBO (aa ﬂ) = mln(max(F(Bl > ,3), G(aa Al))a G(Oé, AQ))
where F' is the standard Godunov flux corresponding to the function f.
Next, we describe the discretization in space and time and of the initial data as

follows,
Let h > 0 and define the space grid points z; as follows.

25 —1 27 +1
xj:<JT)h for j > 1, l'j:<]; )h for j < -1.

For time discretization, the time step At > 0 and let ¢, = nAt. We also introduce
A= 4t
h
For a function ug € L*®(R) we define

Ti+3/2 Tj—1/2
udyy = + [ w@de ifj>0,u =% [ wuo(z)dz ifj<0
Tjy1/2 j-3/2
N, g, (f9,{ud}) = ,;2 G (ud, udy1) — Gui_y,u?)|
2
+ ; |F(uf,udyy) — Fud_y,uf)|
K3

+|FAoBo(ug17u0) - G(u‘l2,u‘ll)| + |F('U,(1),’U,g) - FAOBO (uglau(l))l

(13) NAoBo(fagaUO) = iu%NﬁoBo(fagau?)
>

It is easy to see that if ugp € BV(R), then Na,5,(f,g,u0) < C|luo||py(w) where
C > 0 is a constant depending only on the Lipschitz constant of f and g. Now we
can define the Godunov type finite difference (finite volume) scheme as,

uZi = uZ - )\(F(ug,u%rl) - F(u?_ln, uf))l ifi>2
(14) Uh+1 = U; — AF (ul, uf) — Fa,B,(uy,ul))

u7t =l = A Fa,B, (ut g, uf) — G(uly, uly)),

uith = uf = NG ufyy) = Gupg,uf) i< =2

Observe that this is a Godunov scheme for i # +1 and that for ¢ = +1, the
scheme is not consistent, that is in general Fy4,p,(u,u) need not be equal to f(u)
or g(u). Define the following approximating functions,

(15) u(z,t) = uf for (z,t) € [wij2,Tiq1/2) X [DAL (R + 1)AL), i #0

Our aim will be to show that for each choice of interface connection vector
(A, B), the approximations u” converge to weak solution of (2) and satisfy the
interior entropy condition (6). Furthermore, for each choice of the connection, we
will show that the limit will satisfy the corresponding interface entropy condition

(7).
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4. CONVERGENCE ANALYSIS

The convergence analysis for the scheme (14) is very similar to the convergence
analysis of [2, 3]. We start with the following easy to check proposition (without
proof).
Proposition 4.1. Let Fa,B, be as given above and a,b € [s, S], then the following
holds.
(a): Fa,B, is Lipschitz in each variable with a Lipschitz constant M which is given
by M = max( lip f, lip g).
(b) : F4,B, is non decreasing in a and non increasing in b.
(c): FpoB, (s,8) = f(s) = g(s)aFAoBo(S7 S) = f(S) = g(9).
(d): Fa,B, is not consistent, i.e Fiu,p,(a,a) is not necessarily equal to either f(a)
or g(a)

Next, we have the following lemma

Lemma 3. Let 2AM <1 and a € [s, 5], we have:
1. The scheme (14) is monotone.
2. The scheme is discrete L' contractive, i.e it satisfies,

(16) D it —uf <D Juf - i

§#0 #0

8. Let ug € L™(R,[5,5]) be the initial data and {u}} be solutions, calculated by
the scheme (14) then

an s<u; <S VjandVn

Proof. Follows exactly as in the proof of Lemma (4.3) of [2] by using the CFL
condition and the hypothesis that the fluxes intersect at end-points.

The next step as in [2] and [3] is to obtain TV bounds in terms of a singular
mapping. It is well acknowledged in literature that the singular mapping is dif-
ficult to implement with sign changing coefficients and non-convex fluxes. Some
results in this direction were obtained by Towers in [28] for a staggered version of
the Enquist-Osher scheme by the use of discrete entropy inequalities. In [24], the
problem of sign-changing coefficients was tackled by using a combination of singu-
lar mappings instead of one singular mapping. The key point of this section is a
suitable modification of the singular mapping approach to handle the non convex
fluxes considered in this paper and for the Godunov type scheme (14). In order to
obtain bounds in terms of the flux variation, we cannot directly work with the sin-
gular mapping defined in terms of the fluxes f and g (see [27],[2], [3]) but we need
to split the fluxes into their concave-type and convex-type parts. Then, we show
that the total variation of these modified singular mappings can be bounded by the
discrete L' contractivity estimates. But as we are constrained to have monotone
singular mappings, we need to consider separately a residual or defect term whose
variation is then shown to be bounded by a “chain” estimate. We start by defining
the splitting of the fluxes. Note that we present the analysis in the case where the
fluxes are of the under-compressive type (see section 2 and figure 2 for definitions
and notation). We fix the interface connection vector (Ag, Bg) for the subsequent
presentation. We start with the splitting of the fluxes,



14 ADIMURTHI, S. MISHRA, G. D. V. GOWDA
Definition 10. For h € F3(I), let 61 < 625 be the interior points of extrema.
Then define,

Fy ()
F5 (1)

{h€Fs(I):601, is a local maximum}
{he€PFs3(I):60;p is a local minimum}

Let h € F3 and H be the standard Godunov flux corresponding to h. Split h
into three parts (h1, ha, h3) as follows,
Case 1: Let h € F§ (I).

Then define 3, S € [614,02,] such that

h(s) = max(h(s),h(62r))
h(S) = min(h(S),h(014))
Then define,
hi1(#) = min(H(0,s),H(S,0))
h2(0) = max(H(s,0),H(9,S))
And hs is given by,
(a.) Let h(s) > h(S)
mw)zh@y;MQ Voer
(b.) Let h(s) < h(S)
h3(8) = h(S) if <8
= h(®) if selS, 3
= h(s) if 6>3

Case 2: Let h € F5 ().
Then define 3, S € [614,62,] such that

>
~~
®|
N
|
=
=
=
~~
>
~~
®»
S—r
>
~—~
D
no
>
SN—
A

Then define,

And hj3 is given by,
(a.) Let h(s) < h(S)

(b.) Let h(s) > h(S)

h3(8) = h(S) if <8
ho) if se€l[S,3]
= h(s) if 8>3

Observe that the split fluxes g1, f1 are of the concave type (i.e have at most one
maximum and no minima) and g, and f> are of the convex type (i.e have atmost
one minimum and no maxima). In this case where g(s) < g(S), we end up with a
non-constant defect term g3 in g.

TV bounds: For a,b € R and k € Lip(I) be such that k£ has at most one strict
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interior minimum or maximum 6. Then define a; = max(a,0),a— = min(a,0),a =
ay +a_,lal =ay —a_ and
1 ifa<bd

18 ,b) = -
(18) x(@h) {0 ifa > b,
(i). Let 8 be the strict local maximum, then

1 iff <6 0 if6 < 6y
19 k) = _(K'(9) =
19  x(K6) {0 ey -(O) {1 oo
(ii.) Let 6, be the strict local minimum, then

1 if6 > 6, 1 if6 <6
20 K@) = (k') =
(20) X (K(6) {0 oo O {0 N

We also recall the following lemma from ([3],lemma (5.4)) below,

Lemma 4. Let {ui,u2,u3} € I, k € Lip(I) having at most one interior extremum
0. Let K be the Godunov flux corresponding to k. Then we have that
Case 1 Let 0y be a maximum. then,

21) ) [ RO < i) (¥ o)) (K (1, 02) — ()
and if uz < Oy, then k(u2) > K(uz2,u3).
(22) ~x(uzw) [ K (68 < () (x— (K (1)) (K (1, z) — ()

and if uy > Oy, then k(u1) > K(u,u3) for all u € I.
Case 2. Let 8y, be a point of minimum, then

(23) x(us,us) / KL (0)d0 < x(un uz) e (K (us)) (k(us) — K (us, us)
and if uz > Oy, then k(us) < K(us,u) V wue€l.
(24) —x (s, us) / " K (0)d6 < (s uz) (x— (K (u2)) ((uz) — K (us, us)

and if uz < O, then k(u1) < K(ui,us).

Next, we define the singular mappings in this case. Let h € Fsz and (hq, he, hs)
be the above defined splitting of the fluxes. For a € I fixed, k = 1,2, 3, define the
singular mappings ¥, by

viha,n) = [ 14(6)1d8
Let {v;}icz C I be a sequence and define the new sequences {zj,;}icz with
k=1,2,3 as
Rk = ¢k(h7047vi)

then we have the following,
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Lemma 5. Let h € F5(I), {v;} C I be a sequence and {zx;} be defined as above,
then
Case 1. If h € T4 (I), then the following holds

_a —2
% Z |21, — 21,541 < %(21,71 - lliLn_ig)f z1,) + Z |H (vi,vit1) — H(vi—1,0;)]
= .
(25) + x(v-1,v-2)x+(hy (v-1))(Hi(v-2,v-1) = h1(v-1))
%im,i —z,i41| < %(liﬁilipzu —21,1) +§|H(vi,vi+1) — H(vi—1,v;)|
(26) + x(v2,v1)x— (hy(v1)) (Hi(vi,v2) — ha(v1))
_a 2
% Z |22,i — 22,i41] < %(I}Iilfip Zag — 22,-1) + Z |H (vi,vig1) — H(vi—1,0;)]
= T
(27) + xX(v—2,v-1)x+(h3(v-1))(ha(v-1) — H2(v_2,v-1))
% i |22,; — 22,41 < %(22,1 - lilrgglf Z24) + 2 |H (vi, vi41) — H(viz1,0;)]
(28) + xX(v—2,v-1)x+(h3(v1)) (ha(v1) — H2(v1,v2))

Case 2. Let h € F; (I), then the following holds

—2

2
% Z |21, — 21,01 < %(I}Iilfip 210 —21,-1) + Z |H (vi, viq1) — H(vi—1,v;)]
(29) + x(v—2,v-1)x+(hi(v-1))(h1(v-1) — H1(v_2,v-1))
% f: |21,: — 21,i41] < %(21,1 — lilrgglf z10) + f: |H (vi,vi41) — H(vie1,0i)]
1 2
(30) + X(v1,02)x— (hy(v1)) (ha (v1) = Hi(va,v2))
_a —2
% Z |22,i — 22,i41] < %(22,71 - lziinjg z91) + Z |H (vi,viq1) — H(vi—1,v;)]
(31) + x(v—1,v-2)x+(hy(v-1))(H2(v-2,v-1) — ha(v_1))
% ilo: |22, — 22,41 < %(li?_l)sogp zo — 22,1)) + f; |H (vi,vig1) — H(wi—1,:)]
(32) + X(v_2,v-1) x4 (hy(v1)) (Hz (01, 02) — ha(v1))

Proof. We will prove (25) and (28) and the rest of the estimates can be proved in
a similar way. Let h € Ff (I), then

—2 2 —2

Do(21i = zip)+ + 2o (21 — 2uik) - = Do(21i — 21,i41)
1=l 1=l 1=l
= 21— ?1,-1

hence,
-2

_2
— Z(Zl,i — 21,i41)= = 21,1 — 210 + Z(zl,i — 21,i+1)+
i=l

=l
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Therefore,
—2 —2 —2
Z |21,z’ - 21,i+1| = Z(le - Zl,i+1)+ - Z(zl,i - zl,i+1)7
i=l i=l i=l
2
= zi1—2,+2) (z1,0 — 21,i41)+
i=l
Hence
2 —2
Z |21, — 21,i41] < 21,-1 — liminf 2y ; + 2Z(z1,i — 21,i+1)+
i=—oo I= o0 =1

Since ’s are non-decreasing functions and hence (z1,; — #1,i+1)+ # 0 implies
that v;41 < v; and from (21) and (22), we get that

X (Vit1,vi) (21, — 21,i41)

= X(vipr, ) / 11 (6)]d6

(21,0 — 21,i41)+

Vig1
= X(ig,v) [ W@do— [ B _(6)d8
Vi1 Vi41
< x(Wig1,v3) (X4 (B (Viga) (H1 (05, vi41) = ha(vig1))
(33) +  x—(hy (vi) (H1(vi, vig1) — ha(vi))

Let § (S [01}“02]1] be such that h(g) = min(h(ﬁlh), h(S)) If Vi+1 S 01h, then by
the definition of hy, we get that
Hi(vi,viy1) = H(vi,vi1)
P (vig1) = h(vit1) 2 H(vit1,vi42)
Therefore, we have that Hi(vi,vit1) — b1 (vit1) < [H(vi,vi41) — H(Vig1, vig2)|-
If v; G_[@lh,ezh] and v;41 > S, then H(v;,vi41) — h1(viy1) = 0. Therefore let
vi+1 < S, then

Hy(vi,vi1) = hi(max(0ip,vit1)) = h(max(bin,vit1)) = H (v, vit1)
hy(vs) > H(vi1,v;) if v <S
hl(’l}i) = hl(S) > H('Uifl,’l)i) if v >

Hence
Hi (vi,vit1) — ha(vit1) < |[H (03, 0i41) — H(vi—1,03)|
and we have the following,
—2
D (eri—2i)r < x(o1,v-2)x4 (B (v-1)) (Hi(v_2,v_1) — b1 (v_1)
i=1
-3
+ ) x4 (B (i) H (03, vi41) — H(vigr,vigs)|
—0oQ
2
+ ) x- (B (i) [H (vi, vig1) — H(vio1,03))|
—0oQ

= x(v_1,v 92)x4(hy(v1))(Hi(v 2,0 1) = hi(v_1)

—2
+ D H(vi,vit1) — H(vio1,0:)]
—o0
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Combining the above with (33) leads to a proof of (25). Next we will prove (28).

We have that
-1 i—1 -1

Zl(zz,i — 22i+1)+ + z:l(zz,i — Z2i41)- = 2(22,i — 22,i4+1)
= 1= =
= 22,1 — 22
hence,
-1 -1
Z(zZ,i - 22,i+1)+ =221 — R2,l-1 — Z(zu - Z2,i+1)—
i=1 i=1
Therefore,
-1 -1 -1
E |Z2,i —R2i41| = 2(22,1' - Z2,i+1)+ - 2(22,1' - Z2,z'+1)—
=1 1 =1
= 291 —220—2 (22 — 22,i41)—
i=1
Hence
o0
Z |22,; — 22,i41| < 221 — lilfgcigf 22,1 — 2 Z(zu — 21,i41)—
i=1 i=1

Now (22,; — 22,i4+1)+ 7 0 implies that v;11 > v; and from (23) and (24), we get
that

X(Ui; Uz’+1)(22i — 22 i+1)

Vit+1
= X(u) [ (@8

i

—(Zz,i - 22,i+1)—

< X(Wig1,08) Ot (RS (1) (ha (vig1r — Ha(vi, vig1))
(34) +  x—(hy(vi)(ha(v;) — Ha(vi,vi11))

H,
Let 3 € [01h,621] be such that h(3) = max(h(621), h(s)). If viy1 > 625, then by
the definition of hs, we get that

Hs(vi,vip1) = H(vi,vign) if  h(s) > h(62n)
Z H(’U vz+1) if h(S) S h(agh)
ha(vit1) < H(vig1,vi42)

Therefore, we have that ha(viy1) — Ha2 (v, vi41) < [H(0i, vi41) — H(Vig1, vig2)]|-
Let v; < Oap. If vy <3, then ho(v;) — Ha(vi,vi41) = 0. Therefore let v;41 > 8,
then

Hy(vi,vit1) = min _hy = min h= H(v;,vit1)
[vi,vi41] [vi,vi41]
ha(vi) H(vi—1,v;) if wvi—1 <3

ha(vi) = ha(s) < H(vi-1,v;) if vi-1 <3
Hence
ha(vi) — Ha(vi, viq1) < |H (i, vi41) — H(vie1,v5)]
This above estimate together with (34) implies that
=2 (22— 22,i41) - < x(v1,v2)x-(hy(v1))(h2(v1) — Ha(v1,v2))
i=1
+ X2 [H(vi,vip1) — H(vi1,v;)|
i=2

This together with (34) proves (28) thus completing the proof of this crucial
variation lemma. d |
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Next we estimate the variation of the defect terms below,

Lemma 6. Let h € F3(I) and {v;};cz C I be a sequence then the following holds,

—2 —2
1
(35) 5 > lmi—zmisal <Y [H(i,vign) — H(vioa, )| + |h(s) — h(S)|
1 oo oo
(36) 3 > lzsi—zsiral <D [H(vi,viga) — H(vier, 03)| + |h(s) = h(S)]
1 2

Proof. Let h € Ff (I) and let 5,5 € [f14,621] and S < 61,5 > 621, be such that,

h
e

o=l
)

= h(3) = max(h(s), h(62n))
) = h(S) = min(h(S),h(611))

If h(s) > h(S), then h3 is constant and hence the estimates (35),(36) hold
trivially in this case. Hence we assume that h(s) < h(S) and hence S < 3§ and
hs is a non-increasing function. Define the following sequences,

w - Juoii<-1 o fo >
(37) T Yoy ifj> -1 A P |
zj = ¢3(h’aaawj) Zji = 3 (haaawj)
then the following holds,
—2 +c0 +oo
(38) Dol —zagnl = D -z — Y (25— z4)-
j=—00 j=—00 j=—00
sl +o0 400
(39) Dlsi—zinl = Y G—Zir)s— Y (& —Zip)-
j=1 j=-—o00 j=-00

Let w41 < w; and associated with this, define a non-increasing chain as follows.
Let k < j 41,k > j such that ¢ = {w;}z,, satisfies,
(i). wp <wp—y ... <wp_r, S <wp—gy1 <o S Wy <5< W1
(’LZ) Wg—1y—2,. .., W € (§, S]
(#4). wrp < Wpy1,.-..,W5_q <38

By construction, we have for any two chains ¢; and ¢, defined by ki, k; and
EQ, ko respectively with either [El, kl] = [EQ, k2] or [El, kl] n [Eg, kg] = ¢ Since hs

is constant on [s,S] and [3, S] and hence if v;; < S or v}, > 3, we have that

k—1
D1z =zl =0
=k

k-1
Hence we define a chain to be non-trivial if we have that )" |2z; — z;41] # 0.
i=k
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Let ¢ = {w; }f:E be a non-trivial chain. Then we have

k-1 k—l1—1
dDi—zm)r = Y, -z
s j=h—lp—1
= Zk_lp—1 — Zk—1,
(40) = hy(wg—1,) — ha(wr_1,1)
(41) = hg(wg_y,) — hs (wg)

Since hs(wg—i,—1) = hg(wg) = h(s). As the chain is non-trivial, if wy_;, > S or
wr_1, <8 < wg_g,41, from (iii) and (i), we have
hg(wk,ll) = max h3
[Wh—17 s Whk—17 +1]

h

[Wh—1y s Wh—11 +1]
= H(Wk—t,,Wr—1,41)
k=l
(42) = > (H(wj,wj1) — H(wj1,w;)) + H(wg_y, wg)
j=k

IN

Let k > —oo. If wy < 3, since wy_; < wy and hence we have

h3(wg) > min  hg > min h= H(w;_ ,,wy)
[wg_1,wg] [wr_1,wgl

If wg > 3, then since wy_; <3,

h3(wg) =h(s) > min h > H(wy_,wy)

[wr_1,wg]

Let k = —oo, since the chain is non-trivial and hence 3wy, in the chain such
that w;, > S. Now suppose w; < 3 for [ large implies that S < wj, < wj,—1 <
. <wp <& V> jo. Hence for I > jo + 1, we have

(43) H(w; 1, w;) < hg(wy)
If w; > 5 for [ large, then H(w;_1,w;) < h(S) and
(44) 0 < H(wj—1,w;) — ha(w;) < h(S) = h(s)

Hence from the above estimates, we have that

k—1 k—11
Sz —zip)s <D I H(wj,wi) — Hwjo,wy)| + H(wg_y,wg) — h(wy)
% j=F
k—11
> H(wj i) — H(wj1,wy)| if k> —o0
i=k
k—11
(45) D H(wj wi) — H(wjr,wy)| + H(S) — h(s) if k=—o0
=k

IN
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Therefore, we have that

o0 oo

di—zi)s = D D (5 zw)e
oo =1 jelki ki—1]
+oo
(46) < ) H(wj,wip) — H(wj1,w))| + [A(S) = h(s)]
j=—o00

Similarly by looking at decreasing chains we get the estimate,

o0 400
@N=Y (z—zip)- < D [H(wj,wipr) — H(wjr,ws)| + |h(S) — h(s)]
—0o0 j=—00
Hence from (46) and (47), we have that
) —+oo
2 lmg—agal =0 X 12—zl
J= ]100 oo
= X (F—zv)s— X (25— 241)-
j=—o0 j=—o0
+oo
< 2 ¥ [H(wj,wjs1) — Hwj1,w;)| + [h(S) — h(s)]|
j=—o0

= 2 5 |H@u1) - Hwj1,05)] + h(S) - h(s)|

j=—o0

This proves (35). Similar arguments for Z gives (36) and completes the proof of
the lemma.

Next ,we will combine the above inequalities in lemma 5 and lemma 6 to obtain
a single estimate on the left and the right. Let h € F5(I),{v;}icz be a sequence in
I and let {zk,;}icz, k = 1,2,3 be as defined above, define

(21,1 — 22,-1) ifh € F5 (1)
(48) Ly(h,u_1) = {%(327_1 1) ifhe R (D)
(49)
X (v—1,v—2)x+ (P (v_1)(H1(v-2,v-1) — h1(v-1))
+x(V-2,v-1)x+ (hb)(v-1)(ha2(v_1) — Ha(v_2,0-1)) ifh € Ff ()
X(v—2,v-1)X+(hy(v_1)(h1(v_1) — Hi(v-2,v-1))
+X(V-1,v-2) x4 (hy(v_1)(H2(v-2,v-1) = ha(v-1)) ifh € F5 (I)

Li(h,v_g,v_1) =

(50) P_(h,{v:}) = %(max(lim sup z1 g, limsup 22 ;) — min(liminf 27 4, llim inf z27))
——00

l——00 l—»—00 l——o0
_ %(22,1 - 21,1) ifh € ]F+([)
(51) Ry (h,v1) = {%(21,1 —29,1) ifh€ ]F; (I)
(52)
X2, 00)x— (W (00))(H (01, 02) = ha (01)
Ry(h,v1,v3) = +x(v1,02)X— (hy(v1)) (ha(v1) = Ha(v1,v2))  ifh € Fy (1)

x(v1,v2)x - (hi (v1)(h1(v1) — Hi(v1,v2))
+x(v2, v1)x— (hy(v1)) (Ha(v1,v2) = ha(v1)) ifh € Fy (I)
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1
(63) Py(h,{vi}) = z(max(limsup 2, limsup 22 ;) — min(liminf z; ;, liminf 25 ;))
2 =00 =00 l—o00 =00

Then by adding (25),(27) and (35) if h € Ff (I) and (29),(31) and (35) if h €
F5 (I) to obtain

(54)
L 22 —2
302 lai—zanl + 0 X 220 — 22,041
i=—00 i=—00
2
+ X lmi—2si4]) = Li(h,v-1) + La(h,v-2,v-1) + P-(h, {vi})
i=—o0

-2
+ |h(s) = h(S)[+3 X [H(vi1,v:) — H(vi, viy1)]
Similarly, adding (26),(32) and (35) if h € Fj (I) and (30),(32) and (5.3.19) if
h € F; (I) to obtain
(55)

5(X i — 2]+ X 22 — 22,041
i=1 =1
+ Y lmi— il = Ri(h,v-1) + Ra(h,v_2,v-1) + Py (h, {vi})
=1

+ |h(s) = h(S)+3 i \H (03 1,05) — H(vg, vi1)]

k3

d O

Now we will use these estimates in order to obtain the 7'V bounds for a pair
of fluxes. Let (f, g) be an infinity flux pair and (Ag, By) be a interface connection
vector. Let f = (f1, f2, f3),9 = (91,92,93) be the associated flux splittings. For
a,f € 1,j=1{1,2,3},define the singular mappings by

(56) Yi(u) = ¥;(g,,u)
(57) ¢j(u) = ;(f,B,u)
For a sequence {u;}iz0 C I, j € {1,2,3}, define the sequence {z;;}iz0 by
Zi]' = ¢](u,) lf 7 S -1
zi = zi+zi2+ 213

Then we have the following,

Lemma 7. Let F4,p, be the interface fluz associated with the connection (Ag, By),
then we have

1) < 3Nan(f,g (uid) + Ban(as frus, us,ur,us) + Co

where Eap = |21 — 21|+ Li(g,u—1) + La(g,u—2,u_1) + Ri(f,u1) + Ra(f,u1,u2)
(60) 3|G(u—2,u—1) = Faop,(u—1,u1)| — 3|F(u1,u2) — Faon,(u-1,u1)]
(61) Co |f(8) = F(S)] + |g9(s) — g(S)| + P—(g, {ui}) + P (f,{us})

Proof: The proof follows immediately by adding (53) and (54).
We will also need the functions defined below,

Zh(m,t) = z; V(Z',t) S [Z’i_l/g,mi+1/2) X [tn,tn+1)

We have the following lemma giving a TV bound for z
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Lemma 8. Let zp, be defined as above, then for all t > 0, we have that
1
(62) §TV(Zh(-7t)) < 3Nas(f,g,uw) +C

Proof: The proof follows in a straight forward way from lemma (7) and by observing
that E4p and Cy are bounded in terms of M, s, S and we express the bound as a
single constant C'. We also state another lemma

Lemma 9. let ug,vo € L®(R,[s,S]) be such that Na,B,(f,g,u0) < oo be the
initial data for (2) and let u",v" be the corresponding approxzimate solutions, then
the following holds

(63) s<ul(z,t) <8, V (2,t) e RxRy
(64) / lun(@,£) — o (2, £))de < Nap(f,g,10)@A¢ + [t — 7).
R
Va<band T <t, we
b b+ (t—7)

(65) / lup(z,t) —vp(z, t)|de < / [uh(z,7) — 0" (x,7)|dz + 4(S — s)h

@ a—x(t—)
Proof: Follows exactly as in [2] (lemma 4.7). As in [2], we need to construct a test
function for showing consistency with the interface entropy condition which we do

in the following lemma,
Let vg be defined as

vo(z,,8) = a if <0
= pg if >0

Lemma 10. Fiz a connection (Ao, Bo) Let f,g be of the under-compressive type
(i.e Ny (f) = N_(g) =1) and let (o, 8) € [s,5], be such that the following holds,

1) A<aq, B<Bor
2) Ai<a<A B<B<B;.

(for notation refer to section 1). Let v"(x,t,a, 3) be the solution of (2) given by
the scheme (14) when the initial data is vo(z, o, §). Assume that for a subsequence
(again denoted by h). Ash — 0, v"(z,t,a,B) = v(z,t,a,B) in L. (R, L}, . (R)).
Then

lim v(z,t,a,8) = A
z—0~
lim v(z,t,a,8) = B
z—0t

where (Ao, By) = (A, B) is the interface connection vector.

Proof. The proof is similar to one presented in Lemma 4.8 of [2]. For simplicity,
we also assume that g(s) < g(A4) (see figure (2))). Fix h > 0. First we make the
following claim regarding the behavior of the approximations V" at the first time
level i.e n = 1.

Claim. We have assumed that case (1) holds, then

(66) A<v', <aand B<v <B
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Proof. By the scheme (14), we have that

vl = a—AN(Fayn, (@, ) — G(a, a))
= a— AMFa,B,(a,f) — g(a))

now by the definition of the interface Godunov flux, it follows that Fa,p,(a, 8) =
g(A4) = f(B)) (as data is under-compressive).

(67) vl =a—Xg(4) - g(@)

It is easy to see that g(A) > g(a) therefore it follows from the above relation
that v}, < a. Now by using the Lipschitz continuity of the flux, and the CFL
condition, we have that

l9(A) —g(a)] < AM|A-a|<|A-qf
vy > a-|A-a|>a—-a+A=A

thus proving the first part of the claim. For second part, from the definition of
flux, we have F(8,8) = f(8), therefore

(68) v =B —a(f(B) - f(B))

As 8 < B, therefore f(B) > f(B),v1 > B. Again by using the Lipschitz continuity
and the CFL condition, we get that v} = 8+ A(f(B) — f(8)) < B+ AM|B - 8| <
B+|B—pB| < B. thus proving the claim. At the nt® time level, we have the following
claim:

Claim. Vn, {v]} satisfies,

(69) A < v, <. <0 <a
(70) B < v<vy...<ul<B

Proof. We prove the above estimates by induction. We have shown that they are
true for n = 1 . Assume that above is true is for n — 1.

We have that A < Ufjl <a pB< v?‘l < B Therefore by the arguments in
the first claim, we get A < v?; < o, 8 < v} < B Use the fact that the scheme is
monotone and consistent for (§) > 2 to prove the claim.

Letting h — 0, along a subsequence which we still denote by h, we can use the
point wise convergence to get that as h — 0, v*(z,t,a, §) satisfies

A < vi(thap) = lim ol tap)<a
z—0—

g < vt(t,a,f) = lim o*(z,t,0,8) < B.
z—0+

from the shape of f and g, we get that, V 3 such that 61y < 8 < 025,0"(z,t,0,8) =
v (z,t,0,055) = v"(z,t,a,0: 1) by the above claim, we have that,
A < Uﬁ(taaaﬂ) <a, and B < U+(taaa/8) < 62f

therefore by Rankine Hugoniot condition and the monotonicity of the fluxes, we
get that V~(t,a, 8) = Ag and VT (t,a,8) = By and thus prove the lemma. O O

In the other over-compressive cases, a similar comparison function can be con-
structed. Now we state and prove the main convergence theorem of this paper,

Theorem 2. Assume that the fluzes (f,g) are an infinity - fluz pair and fix an in-
terface connection vector (Ag, By). Assume that A\, M = max{Lipf, Lipg} satisfies
the CFL condition 2AM < 1. Let ug € L*(R) such that s < ug(z) < S for all x €
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R and Na,s, (f,g,u0) < 00. For h > 0, let uy, be the corresponding calculated solu-
tion given by (14), Then there exists a subsequence hy — 0 such that up, converges
a.e. to a weak solution u of (2) satisfying interior entropy condition (6). Suppose
the discontinuities of every limit function u of {up} is a discrete set of Lipschitz
curves; then up — u in L (R, L}, (R)) as h — 0, and u satisfies the interface

loc
entropy condition (7) relative to the connection (Ao, Bo).

Proof: Follows exactly as in [2] (proof of theorem 3.1).

Thus we have shown that if the fluxes (f, g) are a infinity flux pair, then for every
choice of the interface connection vector (Ag, By), the corresponding A Bg-entropy
solutions exist and are unique. We remark that the above stability result is only
valid under the assumptions that the the discontinuities of the limit function form
a discrete set of Lipshitz curves. In general, we maynot expect such regularity of
the solution but we still expect the above result to be true.

5. THE GENERAL CASE

So far, we have considered the infinity flux case i.e fluxes satisfying the hypothe-
sis (H1, Ha) as most practical applications involve fluxes with at most two extrema
as well as the expressions and proofs are much simpler. Also the difficulties en-
countered in this case are prototypical of the more general case. In this section, we
consider fluxes f and g having more than two points of extrema. The configurations
of the fluxes can be extremely complicated and their intersections arbitrary. Most
of the concepts developed in the infinity flux case can be extended to this case but
at the expense of more complicated notation and lengthier arguments. Hence, we
consider this case without giving much detail and emphasizing the points where the
analysis is different from that of the infinity flux case.

For simplicity in the presentation, we will consider the following model fluxes f
and g (with intersections, the non-intersecting case is much easier) such that they
satisfy the following simplifying hypothesis,

Hy: f(s) =g(s), f(S)=g(S)

H,: Both f and g have exactly N (N > 2) extrema denoted by 615,6a2f,...,0n7
and 01,02, - .., 0N, respectively.

H,: f and g intersect at exactly IV 4 1 points given by s = ap,1,...,ay+1=S
and the following hold, V «;,i=1,..., N,

max(ﬁig,ﬂif) <o; < min(H(,»H)g, 0(i+1)f)

H,:f is increasing (decreasing) and g is decreasing (increasing) at s and at S. Thus
implying that the fluxes have opposite behavior at the endpoints.

The above hypothesis imply that the interior points of intersection are between
the extrema of the fluxes. This is a model example for the general case. Note
that the flux geometry is quite complicated and the furthermore, the flux crossings
strongly violate the crossing condition of [19] with the points of intersection being of
both the under-compressive as well as over-compressive type and hence we expect
a combination of effects of both the cases of section 2. We can further classify the
fluxes with the above hypothesis into the following types,

Case 5.1: f is increasing and g is decreasing at s and f is decreasing and g is
increasing at S.
Case 5.2: f is decreasing and g is increasing at s and f is increasing and g is
decreasing at S.
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Case 5.3: f is increasing and g is decreasing at both s and S.
Case 5.4: f is decreasing and ¢ is increasing at both s and S.

The shape of the fluxes is given in figure (4). Observe that the above hypothesis
imply that we have odd number of extrema N = 2k + 1 in Cases (5.1) and (5.2)
and even number of intersections 2k + 2 and we have even number of extrema
N = 2k in Cases (5.3) and (5.4) with odd number of intersections 2k + 1. We will
present most of the analysis for this model case. First,we need some definitions-
let {a;},i=0,...,N +1 be the set of points of intersection of the fluxes, then we
define

Definition 11. A point of intersection «; is said to be of an over-compressive type
if f is decreasing and g is increasing at «;.

Definition 12. A point of intersection «; is said to be of an under-compressive
type if f is increasing and g is decreasing at «;.

Note that points of intersection of the over-compressive and undercompressive
types alternate in case of fluxes satisfying the above hypothesis. Check that there
are k + 1 points of intersection each of the undercompressive as well as the over-
compressive type in cases (5.1) and (5.2), k overcompressive and k + 1 under-
compressive points of intersection in case (5.3) and k + 1 overcompressive and k
undercompressive points of intersection in case (5.4). We remark that for each «;
overcompressive, in the region [y, a;y2], the flux geometry is of the infinity flux
type with undercompressive flux crossings and these intervals divide the domain
[s,S] into undercompressive pieces that are connected by overcompressive points
of intersection. This observation will play an important role in the analysis of this
section. We start with the entropy framework for fluxes of the general case and
as in section 1, we have to define a proper concept of interface connection vector
which we define below as,

Definition 13. Interface connection Vector:- The vector pair (Ag, By) with

Ap = (A1, A,...,4;), By = (B1,Bs,...,B;),(j to be specified later) is said to be
an interface connection vector provided that the following holds

2. Let a; be a overcompressive point of intersection, then

A,’, B; € (O[i, ai+2)
3. f is increasing at B; and g is decreasing at A;.

The number of components varies in each case - for example in cases 5.1 and 5.2,
the connection vector has k components and in cases 5.3, the connection vector has
k—1 components and it has k+ 1 components in case 5.4. The interface connection
vector is the basis for the definition of the interface entropy condition as in the
infinity flux case but in this case, it is not enough to obtain stability and we need
another concept - the interface comparison vector

which is defined below,

Definition 14. Interface comparison vector: The vector pair (C,D) with C' =
(C1,Cs,...,C1), D = (Dy,Ds,...,Dj),(l to be specified later) is said to be an
interface comparison vector provided that the following holds
Va; such that «; is overcompressive and «; # {s, S}, then

C; = 01'9 D; = 0,~f

Cit1 = Oty Div1 = Oty
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Cased.2

casE4l

FIGURE 4. Some examples of flux shapes in the general case

We have different number of components in different cases i.e I = 2k in cases
5.1 and 5.2, I = 2(k + 1) components in case 5.3 and | = 2(k — 1) components in
case 5.4. The interface comparison vector is necessary in order to patch up the
different undercompressive components. First we need some more notations- let
a,b,c,d € R., then let

Iap(c,d) = sign(c — a)(g(c) — g(a)) — sign(d — b)(g(d) — g(b))
Also denote for given vectors, @ = (a1, a2, ...,a,),b = (b1,ba,...,b,) € R?,

Iaz(ca d) = (Ial b1 (C, d)a Ia2b2 (C, d)7 LR Ianbn (C7 d))
We propose the following interface entropy entropy condition,

Definition 15. Interface entropy condition: Let u € L{Y (Rx R ) is said to satisfy
the interface entropy condition if the following holds,

1. u(0—,t) = u (t) and u(0+,t) = u™(t) exists for all t.

2. For any interface connection connection vector AgBy and for the fixed interface
comparison vector CD (defined above), we have that

Laopo(u™(t),u*(¥)) > 0 ae t
(71) Iop(u™(t),u™(t) > 0 ae t

As in the infinity flux case, we allow the interface connection vector to be arbi-
trary. The main differences lie in the definition of the interface connection vector
that is now more complicated as well as in the fact that we force the solution to
be compared with the interface comparison vector which is new to this case and is
essential in the proof of stability. The concept of AgBg-entropy solution is similar
to one defined in section 2.

Next, we show that for every admissible choice of the interface connection vector
Ao By, the corresponding Ay By entropy solutions are stable, we have the following
theorem,

Theorem 3. For a given interface connection vector AgBy, Let u,v € L°(Rx Ry )
be two Ao By entropy solutions for (2) with initial data ug, vo_respectively, then for
any M > M = max{Lip(f), Lip(g)}, a <0,b >0, b — a > 2Mt the function,

b—DMt
t / |u(z,t) — v(z, t)|dz

a+Mt



28 ADIMURTHI, S. MISHRA, G. D. V. GOWDA

s non increasing and if ug = v a.e ,then it follows that u = v a.e

Sketch of the proof: Just as in section 2 (proof of theorem (1)), we have to prove
the crucial comparison lemma (lemma (2)). In order to do so, we have to show that

(72) I(u,v)(t) 20
where

I(u,v)(t) = sign (u™(t) — v~ () (g(u"(t)) — g(v™ ()
— sign (u*(t) — v (1) (f(u™ (1) — f(v" (1))
We drop t for notational convenience. Observe that there are two possible ways in
which I < 0 i.e,
either v~ <v~ and ut >vt with f(ut)> f(v)
or u~ >v  and ut <vt with f(u) < f(v')

We have to show that both cases don’t occur and by symmetry, it is enough to
rule out the first case. As in the proof of lemma (2), we proceed by contradiction.
We provide a sketch of the proof. First, it is easy to check that the above case
can occur only when g is decreasing at both v~ and v* and f is increasing at u™
and v*. Thus, u™ € (0iy, 6(i+1)g) With g decreasing in this interval. Consequently,
ut € (8j4,0(j+1)y) With f increasing. There are the following possible cases given
by,

Case 1: j =1

In this case, we compare the solution (u~,u") with the interface connection
components (A;, B;). Therefore by (71), we get that in this case if 4~ > A;, then
uT < B; and since g is decreasing and f is increasing at these points, we will get a
contradiction to the interface entropy condition. The same holds if u~ < A;,ut >
B; leading to a violation of (71). Therefore, u~ = A; and u* = B;.

Case 2: j > 1

In this case, there 0;; < u* < (4 1)y with f increasing in this interval. Now we
can compare the traces of the solution u~,u™ with the interface comparison vector
component (6;4,60(j41)y)- Asu™ < ;5 and ut > 0;¢, we get that Iy, g (v, ut) <
0 thus leading to a violation of the interface entropy condition (71) and ruling out
this case.

Case 8: j < i

As in this case 2, we can rule this case out by using the interface entropy con-
dition (71) and comparing with the component (6(;11yy,,0(;+1)7) of the interface
comparison vector where B; € (0;7,0(j41)r)-

In view of the above, we have shown that if 4~ is such that g is decreasing at
u~ and u™ such that f is increasing at u*, then 4~ = A; and u+ = B; for some i.
Same also holds for v, v and by arguments similar to that of lemma(2), it can be
shown that I > 0 and we can use that to prove the theorem. We skip the remaining
details.

Next ,we can solve the Riemann problem associated with (2) with the fluxes
satisfying the above hypothesis and use them to define the interface numerical flux
and the Godunov scheme (14). As in section 4, we perform the convergence analysis
of our scheme (14). The only difference from the analysis in the infinity flux case
is in the definition of the singular mappings. As in the infinity flux case, we need
to split the fluxes in this case as follows
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Let g1, 92 : [s,5] — R be such that for
91(0) = min(G(6,s),G(S,0)), ¥V 0¢€]s,S].
92(0) = max(G(s,0),G(6,5)), V 6e€]sS].
similarly we split f as follows, let fi, f2 : [s, S] = R be such that
f1(0) = min(F(9,s)),F(S,0)),V 6e€]lsS]
f2(0) = max(F(s,0),F(0,S)),V 6€]sS].
where G and F' are Godunov fluxes corresponding to the fluxes g and f respec-
tively. Note that g1, fi represent the “concave-type” parts of the fluxes and g, fo
represent the “convex-type” part of the fluxes. The expressions are exactly the

same as in the infinity-flux case. Naturally, we define the singular mappings in
terms of these split fluxes as in section 4 . We define

biw) = [140)d8  di(w) =
o) = §|f1(0)|do bo(u) =

|92(6)df

|72(0)|d6

W 2R g

Clearly, neither 11 + 12 nor ¢, are not invertible and we need to consider defect
terms like in section 4. In general, we may require up to N — 1 defect terms for N
extrema. Each defect term consists of a monotone part of the fluxes with constants
in other parts (as in h3 term of section 4) and its variation can be estimated by chain
estimates of section 4 (6). We can show that the total variation of the transformed
scheme can be controlled in terms of the flux variations (see section 4). This is the
key estimate for showing convergence and we just give one part of it below

Lemma 11. Let 27 = 41 (u}), V j < -3, then we have
(73) (27 — zj41)+ < |G(uf,ufyy) — Gufy, i)l + |G(uf_q,uf) — G(uf, ufiy)|

Proof. This estimate (73) is the equivalent of (25) in this case. We drop n for nota-
tional convenience and consider 4 points of extrema. First we need some notation
- from the flux geometry in this case, denote s, € [614,62,4] such that g(s) = g(s,).
Similarly we have 8 € [f3,, 04,] such that g(62,) = g(f). It is easy to check that in
this case g; is defined as follows,

g(s) ifs <8 <s,
0 ifs, <6 <0;
(74) p(0) =90 1o S0 < 0
9(fag) if6ay <6 <0
g®) ife<o<S

As in the proof of (25), check that (2; — zj41)+ > 0 iff u; > u; + 1. We have to
consider the following cases,
Case 1: ujpq < 4.

In this case, we have the following sub cases,
Case 1.1: u; < 8y

In this case, it is easy to check that u; > s, for (z; — zj41)+ > 0.and then
G(uj,u;jy1) = g(u;). Similarly we have that,

(27 — zj11) = g(u;) — max(g(ujt1), 9(s))

. for any u; o € [s,5], the properties of the Godunov flux and the location of w1
gives us that G(u;41,u;42) < max(g(u;11),9(s)) and combining the above, we get
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(73) in this case.
Case 1.2: 025 < uj < 4y

We have to consider a few sub cases given by,
Case 1.2.1: ujy1 <0y

In this case, we get that

(2 = 2j41) = max(g(u;), 9(02) — max(g(ujy1), 9(s))
Similarly, we get that G(u;,u;t1) = max(g(u;), g(024
we get that Yujia, G(ujt1,uj42) < max(g (u]+1) 9(
gives us the required estimate (73).
Case 1.2.2: 025 <ujp1 < Oy
In this case, we have that

)) and arguing as in case 1.1,
s)) and combining the above

(2j — zj+1) = max(g(u;), 9(024) — max(g(uj41), 9(02)

and G(uj,ujt1) = max(g(u;),g(f2,). Similarly, we can check that ujio € [s,5],
G(ujy1,ujy2) < max(g(ujy1),9(624) and combine the above to get the desired
estimate.
Case 1.3: uj > 4

In this case, we have to again consider some sub cases given by,
Case 1.3.1: ujy1 < 0y

In this case, we get that

(2j = zj41) = g(01g) — max(g(ujy1),9(s)) + 9(01g) — 9(u;)
Similarly, we get that G(uj,uj+1) = 04y and arguing as in case 1.1, we get that
Vujyo, G(ujt1,uj42) < max(g(ujt1),9(s)). Similarly, we get that Yu; ¢ € [s, 5],
G(uj—1,u;) < g(u_1) and combining the above gives us the required estimate (73).
Case 1.8.2: O35 <ujiq <Oy
In this case, we have that

(2j = Zj41) = 9(01g) — max(g(ujy1), 9(f2g) + 9(0ag) — g(u;)
and G(uj,ujt1) = b4y. Similarly, we can check that u;is € [s,S], G(ujt1,ujq2) <
max(g(ujt1),9(624) and as in the previous case, we get that Vu;_1 € [s,S], G(u;_1,u;) <
g(u_1) and combining the above gives us the required estimate (73).
Cose 2: ujiq1 > Oy
In this case, we get that,

(25 — zj+1) = 9(uj1) — 9(u;)
We can check that G(uj,uj41) = g(uj+1). By repeating the arguments of case 1.3,
we get that we get that Vu; 1 € [s,5], G(u;j—1,u;) < g(u_1) and combining the
above gives us the required estimate (73) in all cases and we prove the lemma. O

Similarly we can get estimates on the Total variation of the singular mappings
in terms of the flux variation as in lemma (7). This enables us to repeat the steps
in section 4 and prove the key convergence theorem,

As we had stated in the beginning of this section, we just provided a sketch of
the analysis in this more general case. The aim was to illustrate the fact that the
results for the infinity flux case can be extended to the more general case and we
have indicated the points where the analysis has differed.

Hence, we have established under very general assumptions about the shape of
the fluxes f and g that we can extend the notion of AB-entropy solutions of [3] to
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this case and characterize infinitely many L!-stable solutions in terms of interface
connections. The second step of choosing a particular interface connection and its
corresponding semi-group has to be based on the physics of the problem.
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