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ARTICLE INFO ABSTRACT

Keywords: We deal with the problem of constructing, representing, and manipulating C* quartic splines on a
C? quartic splines given arbitrary triangulation 7, where every triangle of 7 is equipped with the quartic Wang—Shi
B-splines

macro-structure. The resulting C? quartic spline space has a stable dimension and any function in
the space can be locally built via Hermite interpolation on each of the macro-triangles separately,
without any geometrical restriction on 7. We provide a simplex spline basis for the space of C?
quartics defined on a single macro-triangle which behaves like a B-spline basis within the triangle
and like a Bernstein basis for imposing smoothness across the edges of the triangle. The basis
functions form a nonnegative partition of unity, inherit recurrence relations and differentiation
formulas from the simplex spline construction, and enjoy a Marsden-like identity.

Simplex splines
Wang-Shi macro-structure
Triangulations

1. Introduction

Splines, in the classical sense of the term, are piecewise functions consisting of polynomial pieces glued together in a certain
smooth way, usually by imposing equality of derivatives up to a given order. Besides their theoretical interest, splines find application
in a wide range of contexts such as geometric modeling, signal processing, data analysis, visualization, and numerical simulation,
just to mention a few. For many of these applications, a high smooth join between the different pieces is beneficial or even required
[6,13].

In the univariate case, splines of maximal smoothness, i.e., piecewise polynomials of degree d with C?~! joins, are the most
popular splines. In fact, smoother splines give the same approximation order as less smooth splines of the same degree but involve
fewer degrees of freedom and have less tendency to oscillate [14,24].

When moving to the bivariate setting and considering polygonal partitions, e.g., triangulations, maximal smoothness is still very
appealing but becomes an arduous task to achieve. Bivariate spline spaces with too low degree compared to the smoothness are
exposed to several shortcomings: they may lack a stable dimension, optimal approximation power, and stable locally supported
bases. In addition, the practical wish of constructing any function of the spline space locally on each of the elements of the partition
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(7)) may require a significant gap between the degree (d) and the smoothness (r). For instance, on a triangulation a degree d > 4r+ 1
is necessary to admit such a local construction [3,13,33].

The above drawbacks can be mitigated by considering a so-called macro-structure, where the partition 7 is further refined in a
specific manner (often referred to as splits). In case 7 is a triangulation, the most famous examples are the Clough-Tocher (CT) split
[3,4,13,23] and the Powell-Sabin (PS) 6 and 12 splits [1,13,21,23,25]. They subdivide each triangle of 7 into 3, 6, and 12 subtri-
angles, respectively. Nevertheless, no spline spaces of maximal smoothness r =d — 1 can be constructed over general triangulations
with the above mentioned splits for degree d > 2; see, e.g., [13].

In [32], Wang and Shi introduced a family of degree-dependent splitting schemes to refine any triangle A of a given triangulation.
The split of degree d is obtained by uniformly distributing d + 1 points on each edge of A and by taking the complete graph connecting
these boundary points. For d = 1 we have no split and for d =2 the Wang-Shi (WS) split reduces to the PS-12 split. Contrarily to the
well-known splits mentioned above, when d increases, the family of WS splits generates a very large number of polygonal pieces in
each A. For cubics we get a set of 75 polygons which includes triangles, quadrilaterals, and pentagons, while for quartics the split
consists of 250 polygonal regions. Thanks to this very articulated geometry, the cubic/quartic WS splits allow us to locally construct
C? cubic/C? quartic spline spaces on general triangulations. Unfortunately, in practice, the complexity of the geometry hampers
a piecewise treatment — in terms of a local polynomial basis — of spline functions on WS splits and discourages the use of such
interesting spaces.

To overcome this issue, a simplex spline basis for the local space of C? cubics on the cubic WS split of any A in 7 has been
presented in [15]. Such a basis behaves like a B-spline basis within each triangle of 7" and like a Bernstein basis for imposing
smoothness across the edges of 7. More precisely, the basis functions form a nonnegative partition of unity, inherit recurrence
relations and differentiation formulas from the simplex spline structure, and enjoy a Marsden-like identity for the representation of
cubic polynomials. Moreover, they admit simple conditions for C? joins to neighboring triangles in 7 and a control net can be set
up that mimics the shape of the spline function. Other simplex spline bases for local spline spaces over a macro-triangle have been
considered for the PS-12 split in [5,19] and for the CT split in [16,18]. The multivariate Alfeld split has been addressed in [17].

In this paper, we consider the quartic WS split for constructing C? quartic splines on a general triangulation 7. Given the complex
geometry of the split, it is imperative to produce a basis for the local spline space over each (refined) triangle A in 7 that intrinsically
avoids in its construction to deal with separate polynomial representations on each of the 250 polygonal subelements of A. Taking
into account the complete graph structure of the WS split, a basis formed by (scaled) simplex splines emerges again as the natural
solution to the problem. We construct such a basis for the local space of C? quartics on the quartic WS split of A and attain properties
similar to the cubic case. The local representation in terms of the simplex spline basis makes that the complex geometry of the WS
split is transparent to the user, offering a pathway for effective use of the related spline space.

We remark that for all the above mentioned splits, neither the Bernstein basis nor the simplex spline basis provides a global
basis for the full spline space on (the refinement of) 7. Global B-spline bases have been developed for C! PS spline spaces on
triangulations [7,10,11,30], for PS spline spaces with higher smoothness [8,27,29], and for C! CT spline spaces [9,28]. A general
framework to obtain a global basis is the technique of minimal determining sets described for the local Bernstein basis in [13]. The
latter technique has been exploited in [15] to produce a global basis starting from local simplex spline bases for C? cubic splines
over triangulations refined according to the cubic WS split. Although a similar approach could be used in the quartic case as well, it
seems more convenient to work directly with the local representations provided by the local simplex spline basis, rather than with
the global basis for the full spline space.

The remainder of this paper is divided into four sections. In Section 2, we describe the family of WS splits and we summarize
the definition and some properties of simplex splines. In Section 3, we present a local simplex spline basis for the refinement of a
single triangle and discuss some of its properties. An interesting subspace containing the polynomials of degree four is also provided.
The full space of C? quartic splines is discussed in Section 4 paying special attention to smoothness conditions across the edges of
the given triangulation. We end with some concluding remarks in Section 5. Finally, the appendix aggregates data related to the
presented simplex spline bases that were used in the proofs and might be useful for practical purposes as well.

Throughout the paper, we use small boldface letters for vectors. Function spaces are denoted by symbols like S. In particular, P,
stands for the space of bivariate polynomials with real coefficients of total degree < d. The partial derivatives in x and y are denoted
by D, and D, respectively. Given a vector u, the associated directional derivative is denoted by D,. The directional derivative in
the direction of the vector from point p; to p, is denoted by D, ,,.

2. Preliminaries

In this section, we collect some preliminary material about the Wang—Shi splits and simplex splines of interest in the rest of the
paper.

2.1. The Wang-Shi splits

Given three noncollinear points p;,p,,p; in R2, the triangle A := (p,,p,,p;) with vertices p,, p,, p; will serve as our macro-
triangle. Given a degree d € N, we divide each edge of A into d equal segments, respectively, resulting into 3d boundary points.
Then, we refine A into a number of subelements delineated by the complete graph connecting those boundary points which consists
of the three edges of the triangle and of 3d(d — 1) interior lines. The resulting partition is called the WS, split of A as it was originally
proposed by Wang and Shi [32]. We denote the obtained mesh structure by Ayg,, and the set of polygons in Ayg, by P,. Note
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Fig. 1. WS, splits for d =2,3,4.

that we are dealing with a cross-cut partition of A because we are drawing only lines connecting boundary points. All the possible
intersections of these lines are called vertices of Ay, . The cases d =2,3,4 are shown in Fig. 1. For d = 1 we have P = {A}, while
for d =2 we obtain the well-known PS-12 split [21]. For d > 2 not all elements of P, are triangles and the complexity of the mesh
grows quickly. For d =3 we have 58 vertices and 75 regions, while for d =4 the number of vertices increases up to 178 and we get
250 regions; see Figs. 2 and 3.

We consider the space

Si N (Ays,) i={s€C? () 1 5, Py, VT EP ). €))]

The dimension of SZ‘I(AWSd) can be computed using the general dimension formula for spline spaces over cross-cut partitions from
[2, Theorem 3.1]. In particular, under the assumption that at most d + 1 cross-cuts intersect at an interior vertex of Ayg,, we have

dim(S§ ™ (Aws,)) = dim P, +3d(d - 1);

see [15, Theorem 2]. Thus, for d =4, we get

dim(S;(Ays,)) = dimP, + 36 = 51, 2

because it can be directly checked that at most 4 cross-cuts intersect at any interior vertex of Ayg,; see Fig. 2.
2.2. Simplex splines

Simplex splines are a very elegant extension of univariate B-splines to the multivariate setting. Like B-splines, they are defined in
terms of knots whose number and position completely determine their properties. In this section, we define simplex splines and we
shortly summarize some properties of interest for the paper. For further properties and proofs, we refer the reader to, e.g., [20,22].

ForeeN, deNy, let n:=d+e and let 2 :={&,...,&,,,} be a sequence of possibly repeated points in R¢ called knots. The
multiplicity of a knot is the number of times it occurs in the sequence. For the sake of simplicity, we assume vol,((Z)) > 0, where
(-) denotes the convex hull of a sequence of points. Let ¢ = (£, ..., &, +1) be any simplex in R" with vol,(¢) > 0, whose projection
7 : R" = R¢ onto the first e coordinates satisfies n(Ei) =¢ fori=1,....,n+1.

The simplex spline Mz can be defined geometrically by
vol,_, (O‘ Nzl (x))

Mz : R >R, Mz(x):=
= - =) vol, (o)

For d =0 we have

Mo (x) = 1/vol,({(E)), x € interior of (Z),
=7 o, if x & (2),

and the value of Mz on the boundary of (E) has to be dealt with separately. We refer the reader to [26] for a convention to decide
in which region each edge and vertex belongs.

The simplex spline M is a nonnegative piecewise polynomial of total degree d, supported on (E) and has unit integral. Moreover,
Mz enjoys the following fundamental recurrence formulas, sometimes referred to as the ABC of simplex splines, which generalize
the well-known analogs for B-splines.

« Differentiation formula (A-recurrence): For any u € R° and any ay, ... a4, such that 3. a,&; =u, ), a; =0, we have

d+e+1
DMz=(d+e) Y a;Mpg,-

i=1
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Fig. 4. Labeling of the knots on the boundary of the triangle A.

* Recurrence relation (B-recurrence): For any x € R and any by, ...,b,,.,; such that ), b;¢; =x, ), b; =1, we have

d+ d+e+1

e

Me@) == 3 b Mz ().
i=1

* Knot insertion formula (C-recurrence): For any y € R® and any ¢y, ...,c .4 such that 3, ¢;&; =y, Y, ¢; =1, we have

d+e+1
Mz= ) ¢;Mizupe,.

i=1

If e = 1 then My is the univariate B-spline of degree d with knots E, normalized to have its integral equal to one.

In the bivariate case, e = 2, the lines in the complete graph of = are called knot lines and provide a partition of (E) into polygonal
elements. Denoting by #E the cardinality of =, the simplex spline Mz is a polynomial of degree d = #E — 3 in each region of this
partition. Across a knot line we have Mz € C?+1=# where u is the number of knots on that knot line, including multiplicities.

3. A simplex spline basis for Si(Aws4)

In this section, we focus on the space Si(AWS4); see (1) with d =4. We provide a basis for the space consisting of scaled simplex
splines and consider some properties of such a basis. With a slight abuse of notation we also refer to the basis functions as simplex
splines. The simplex spline basis intrinsically takes care of the complex geometry of the WS, split by construction. Therefore, it
provides a tool to practically deal with this quartic space.

3.1. A simplex spline basis
For a given triangle A = (p,, p,,p3), the WS, split is shown in the right plot of Fig. 1. From (2) we know that the dimension of
Si(AWS4) is 51. In order to construct a basis for this space, we first specify 12 points along the boundary of the triangle (see Fig. 4):

the three vertices p,. p,, p;, the points

3 1 1 3
9,2 =5 P>+ 5P3» 4913 =Dt 7P3»

4727 g 4727 g
3 1 1 3
q9) = Zpl + ZPZ” 93 = Zpl + ZP3’ 3
3 1 1 3
931 = 7P + 3P B2 =P + 7P
and the midpoints of the edges
~—l +l -—l +l -—l +l (4)
q, = 21’2 2P3’ 9 = 2Pl 2P3’ q3 = 2P1 2P2-

Note that these points are part of the WS, split. We then consider the quartic simplex splines M|, ..., M5, as schematically illustrated
in Fig. 5, where each simplex spline has seven (including multiplicity) knots chosen among the 12 points above. For instance, M, is
defined by the sequence

{&1.---.&={pP1,P1-P1-P1:93.1-93: 92,1 }-

The B-recurrence relation may be used to compute each of them. We define the following set of 51 (scaled) simplex splines:

B:={B;:=w;M;, i=1,...,51}, 5)
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Fig. 5. Sequences of knots for a set of simplex spline basis functions for S:(AWSJ). Each black disc shows the position of a knot and the number inside indicates its

multiplicity.

with the scaling factors given by

w: '=ﬂ
' 480

>

2
4
6
8,
12,
14,
18,
8,

9,

15,

i=1,2,3,
i=4,...,9,
i=10,...,15,
i=16,...,24,
i=25,...,30,
i=31,32,33,
i=34,...,39,
i=40,...,45,
i=46,47,48,

i=49,50,51.

(6)
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Here |A| stands for the area of A. Note that the scaling factors sum up to |A].

There are eleven different types of simplex splines in /3. For each type, a representative B; is depicted in Figs. 11-21 in the
appendix; the remaining ones can be obtained by symmetry. On any edge of A, there are eight nonzero basis functions. Their
restrictions to that edge are nothing but the set of univariate C3 quartic B-splines defined on a uniform open-knot sequence with
three interior knots. For instance, for the edge p, p,, they correspond to the univariate quartic B-splines on the knot sequence specified

by {p1.P1,P1-P1>P1>95,1-93- 932> P25 P2 P25 P25 P2 -

Theorem 1. The simplex splines { B, ..., Bs; } in (5) form a nonnegative partition of unity basis for the space SZ(AWS4 ).

Proof. Let B be one of the functions B;. We first prove that B belongs to the space §i(AWS ,)- Since B has seven knots, it is a
piecewise quartic polynomial. Moreover, since the knots of B are a subset of the knots shown in Fig. 4, the knot lines of B are a
subset of the knot lines in the complete graph; see Fig. 1 (right). We also see that each interior knot line contains at most two knots,
so B has C3 smoothness according to the smoothness property of simplex splines; see Section 2.2. It follows that B € Si(AWS4).

We now focus on the property of linear independence. Using the ABC formulas for simplex splines and the scaling factors in (6),

we compute values and derivatives of B corresponding to the following 51 operators: p, ..., p3, are related to the vertices,
p1() = fpy), () 1= f(p2)s () 1= f(p3),
p4(f) 1= Dp p, f(P)), ps(f) i=Dp p. f(P1)s p6(f) :=Dp,p. f(P2),
p7(f) :=Dp,p f(P2), ps(f) :=Dp,p f(P3), po(f) :=Dp,p, [(P3),
po() :=D; , f(py), () :=D;  f(py). pia(f) 1=D; [ (po).
p1i3(f) 1= Dzzm f(p), pia(f) = Df,ﬂ,lf(Pg), ris(f) = Dlz,spzf(m), -
P16(f) =Dy p, Dp p, (P, p17(f) :=Dp,p. Dy f(P2), p18(f) :=Dp,p Dy p, f(P3),
Po(f) =D, f(py). Pa(f) :=D; [ (py). pu(f) =D, f(py).
() =D, f(p)). p23(f) =D, [(p3). p2u() =D, f(p3).
P25(f) 1= D}, Dy o fP1). p26(f) 1= Dy Dy [(P1). p(f):= Dy, Dy f(D),
as() i= Dy Dy f(P2). p20(f) 1= D, Dy f(P3). p3o(f) := Dy, Dy f(P3):
p31»---» pag are related to the edges,
p31() Z=Dq3pzf(q3), p32() 1=Dqlplf(q1), p33(f) :=Dg,p, f(q2),
pu(f) = D,, ]mf(tb D> p3s(f) 1= D, ]pzf(qz D> p3ef) 1= Dgl o F(@12)
p37(f) 1= qup}f(qsg), p3g(f) 1= qzw,f(lhﬁ, p3o(f) 1= qmp]f(‘hs), )
Pao() =Dy b F@50). pa(£) =Dy, F@1). paa(f) =Dy £(@).
pa3(f) 1= qnp}f(%z) pas(f) 1= qzwzf(q“) pas(f) 1= qmp]f(1113)
Pas(f) 1= 113P3f(q3) py(f) =D qlPl flay), pag(f) 1= (m,z f(42);
and the final p,q, psy, and ps; are related to the triangle,
pao(f) 1= f(3),  pso(f) 1= fw), p51(f) 1= [f(vy), )
where
v, =§p1+%p2+%p3, v, :=%p2+§p3+%pl, v2:=%p3+§pl+ip2. (10)
The computed values are shown in Tables 3-5 in the appendix. The matrix [p;(B,)] € R33! is block triangular with nonsingular
diagonal blocks, so linear independence of the set of functions {B;,..., Bs;} follows. As a consequence, due to (2), these functions
form a basis of the space Si(AW54). At the same time, we may conclude linear independence of the set of operators {p;,...,ps;}

defined on SZ(AWS4).
Simplex splines are nonnegative, so it only remains to prove that the functions in (5) sum up to one on A. A direct inspection of
Tables 3-5 shows that

51

51
p,(ZB,-) =2 p(By=p;(), j=1,....51,
i=1 i=1

Since the operators p; are linearly independent, Ef =l | B; must be equal to the unity function which belongs to Si(AWS4). O

7
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Fig. 6. Hermite degrees of freedom on the WS, split. Left: (11), (12), (13), and (16). Right: (14) and (15).

The proof of Theorem 1 implies that we can formulate a Hermite interpolation problem to characterize any spline in Si(AWS4);
see also [31, Theorem 7.28].

Corollary 2. For given data f , 5, &> &k &k> 8k> ANd hy there exists a unique spline s € Si(AWS4) such that

DIDUs(p) = frap OSa+P<3, k=123, an
Dy, s(q) =g, k=123, (12)
D,Zlks(qul):gk’,, k=123, k#I, (13)
D, s(q)=g. k=123, (14)
Diks(qk’,)zgk’,, ki=1,2,3, k#l, (15)
s =he,  k=1,23, (16)

where n,, is the normal (or any nonparallel) direction of the edge opposite to vertex p,, and the points q,;, q;, and v, are defined in (3),
(4), and (10), respectively.

A schematic visualization of the Hermite degrees of freedom specified in Corollary 2 is shown in Fig. 6 using graphical symbols
that are common in finite element literature; see, e.g., [3].

3.2. Domain points

For the scaled simplex spline basis (5), we now compute special points in A that are often used in geometric modeling to give a
geometric interpretation to the representation of any element of Si(AW54) in terms of the considered spline basis. To this end, we
solve the system

51
0 <2 b;‘(f)B,) =p,(f)
i=1

for the two functions f;(x,y) :=x and f,(x,y) :=y. The points

b 1= (bF(f).bE(f) =150, an

are called the domain points of the basis (5). Together with the partition of unity, the domain points provide an explicit representation
of any affine function with respect to the basis (5). The barycentric coordinates with respect to the triangle A of the domain points
(17), multiplied by the common factor 336, are given by

b* : (336,0,0), b; : (0,336,0). b% 2 (0,0,336).
bi:(315,2,0),  bi:(3150,21), b} :(0,31521),
b :(21,315,0),  bi:(21,0,315), b} :(0,21,315),
bt (273,63,0),  bi 1 (273,0,63),  bY,:(0,273,63),
bY, 1 (63,273,0), b}, :(63,0,273), bl :(0,63,273),
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Fig. 7. The domain points given by (18) for Sj(AWS). Only 48 distinct points are depicted; there are three pairs of coincident points, namely {b}, b, }, {b},,b};}, and

(B, b5).

b 1 (294,21,21),  bY 1 (21,294,21),  bYg:(21,21,294),
bY, 1 (210,126,0), b, :(210,0,126), b5, : (0,210,126),

b, : (126,210,0), b}, 1 (126,0,210), b}

%, 1 (0,126,210),

bl 1(252,63,21), b 1 (252,21,63),  bi, @ (21,252,63),

bi 1 (63,252,21),  bi 1 (63,21,252),  b% :(21,63,252),

30
by, 1 (162,162,12), b3, @ (12,162,162), b3, @ (162,12,162),

b%, : (196,105,35), b%, :(196,35,105), bi, 1 (35,195,105), e

b%, :(105,196,35), bY@ (105,35,196), b, @ (35,105,196),

bl :(210,63,63),  bY, :(210,63,63), b, : (63,210,63),

bl ¢ (63,210,63),  bf, :(63,63,210), bl : (63,63,210),

bl :(84,84,168), bl @ (168,84,84), bl : (84,168,84),

bi, 1 (140,140,56), b, : (56,140,140),  b%, : (140,56, 140).

These points are depicted in Fig. 7. When representing a spline s € Si(Aws ,) in the basis (5),

51

s=Y bB, (19)
i=1

the corresponding control points are defined as (bi*, b)), i=1,...,51 which are usually connected into a control net. Unfortunately, the
domain points in (18) are not all distinct; there are three pairs of coincident points, namely {b},,b},}, {b},,b},}, and {b,, b}, }. This
makes their use of limited interest in geometric modeling.

3.3. A Marsden-like identity

We now provide a Marsden-like identity to represent any quartic polynomial with respect to the scaled simplex spline basis (5).
The results are obtained by direct computation.

Theorem 3. Given the triangle A = (p,, p,, p3), we first introduce the points

1 3 3 3 1 3 3 3 1
W i=oPhitoprtops, W i=oPit ot ops, WISt ot ops

1 1 1 1 1 1 1 1 1
Wy =3Pt Pt Py, Wy i=spit et ops, Wii=epitaptops
1 1 1 1 1 1 1 1 1
Wy =sPit 3Pt eps, Wsi=sPitePrt 3P, We'=ePitoPtaps

9
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Table 1

The dual points r, ;, i=1,...,48, j=1,...,4 used in the Marsden-like identity (20).
i 1 2 3 4 5 6 7 8 9 10 11 12
Ti Py P> ps3 P Py P> P> p3 P3 Py P P>
Tip P P> pP3 P P P> P> pP3 pP3 P P P>
T3 14 P ) 2) Py P P ) 2] 1 &) D3 43, 9,1 q:2
Tig Py Py pP3 q3.1 421 412 32 23 d13 qs a2 q:
i 13 14 15 16 17 18 19 20 21 22 23 24
Tia P> ps3 ps3 Py P> P P Py P> P> p3 p3
Tip P> p; ps Py P> p; q3 9 q, q3 9, q,
i3 q32 923 913 qs.1 432 413 a3, 923 qi2 93,1 23 q12
Tig a3 9 q: q2.1 qdi2 923 32 q2.1 q13 932 2.1 d13
i 25 26 27 28 29 30 31 32 33 34 35 36
it Py Py P> Py P3 Ps3 a3 q, 9> g3 a q
Tin q3 q q, q3 9 q, g3, 9.2 93 qs3, g3, 932
i3 g3 93,1 q32 q32 913 913 q32 q13 921 92,1 q2, q12
Tia 9.1 9.1 q12 %) 923 923 u3 u u, w, w, w;

i 37 38 39 40 41 42 43 44 45 46 47 48

i q3 9 q, 9 9, q, q, q, q, p; P p;
Tip q32 913 q.3 qs.1 g3, 432 932 q13 q13 q: q: 9,
i3 912 923 23 q2.1 921 912 qd12 q23 923 9 9> 9>
Tig Wy ws We q; 93 93 a3 9 9 93 a3 q;

and recall the points q; ; and q; defined in (3) and (4), respectively. We have the identity

51
(1+y" 0" =Y wi»B(x), yeR’ xe€A, (20)
i=1

where the functions y; are called dual polynomials. The first 48 dual polynomials can be written in the form

i) =0+ DA +yTr DA +yTr )0 +yTr ), i=1,...,48

in terms of the dual points r; ; specified in Table 1, and
32 11
Vi) =4y (= S+ a0+ 5 +y a5 00 +y g1+ 5)
29 T T T 59 T T T
+ ?(1 +y @)A1 +y q3)0+y q,5) - E(l +y @)A1 +y q)0+y qp)
11 11
+ ?(1 +y g0 +y g0 +y"q,3) - E(l +y"qp+y" g0 +y" q53)
11 29
Y a0+ a0 +y g+ T +y a0 +y )0 +y a)
59 11
- R +y g )Y )+ ¥ @)+ S+ )+ @)1+ ).
32 11
) =1+ qu1)< -<a +y7q) + <a +y a3 D +y g1 +y" q3,)
59 T T T 29 T T T
- B(l +y @)A1 +y g3)0+y q5)+ ?(1 +y @)1 +y q)0+y qp)
11 29
+ U +Y a0 +y gD +y a3+ TA+y g +y a0 +y 423)
59 11
Y @0+ y a0 +y g = =1 +y 00 +y )0+ 2
11 11
-0 +y g3 A +y g +y g ) + S +y g1 +y g1 +qu2,1)),
32 11
W) =4y @)= SU+y 00 + S0+ 0300 +y a1 +3q5)
11 11
0y @y a0 +y a1 - U +y a3 ) +y a0 +y )
11 59
+ 5 U+y a0 +y gD +y a3 - 2A+y a1 +y a0 +y 423)
29 T T T 59 T T T
+ ?(1 +y qi3)0+y g3)0+y q))— E(l +y g3 )0 +y q)(1+y qy,)
29 T T T 11 T T T
+ ?(1 +y g3 )1 +y g)(1+y q3,)+ E(l +y q3)(1+y q)1+y ‘12,1))~

10
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Fig. 8. Sequences of knots for a set of simplex spline basis functions for a subspace of Si(Aw54)~ Each black disc shows the position of a knot and the number inside
indicates its multiplicity.

3.4. A proper subspace

As observed in Section 3.2, the domain points for the basis functions in (5) are not all distinct and this makes their use of limited
interest in geometric modeling. We now provide a proper subspace of the space Si(AWS ,)» still containing P,, which can be equipped
with a simplex spline basis whose elements enjoy distinct domain points.

We consider the subspace spanned by the simplex splines identified by the knot sequences in Fig. 8 and scaled to form a partition
of unity. We denote these functions by

f§1={§1,...,§43}. (21

It can be directly checked that

B,=B, i=1,...,39,

Byy=Byy+ By, By =By + Byz, By = Byy+ Bys, (22)

Bi=Bi; i=43,..,48.

11
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Fig. 9. Left: The domain points for the subspace §3(AWS4 ). Right: A possible control net configuration.

From (22) we easily deduce that the domain points 137 associated with the new set of functions in (21) are

b, =b", i=1,..39

A~k Ak « 2k g _ px
by =byy=by, by =by,=by;, by=by, =b, (23)
b, =b;,,. i=43..48.

These points are depicted in Fig. 9 (left) and a possible control net with triangular and hexagonal connectivity in Fig. 9 (right). Note
that, contrarily to the domain points associated with the basis (5), the points in (23) are all distinct and therefore allow us to define
a proper control net.

The distribution of the domain points in (23) makes the considered subspace particularly attractive from the geometric mod-
eling point of view. The following result ensures that the subspace also contains all quartic polynomials and so can provide full
approximation power.

Proposition 4. Let §3(Aws4) be the subspace of Si(Aws4) spanned by the functions in (21). Then,
Py CS3(Ays,).

Proof. The result follows from (22) and from the expressions of the dual polynomials given in Theorem 3 for i = 40,41,42,43,44,
45. 1

4. C3 quartic splines on general triangulations

In the previous section, we have provided a simplex spline basis for the space Si(AWS4) of C3 quartic splines on the WS, split of
a given triangle A. In this section, we discuss how the WS, split can be used as refinement strategy to locally construct C3 quartic
splines on general triangulations. Let 7 be a triangulation of a polygonal domain € and let 7yg, denote its refinement obtained by
taking the WS, split of each triangle in 7.

4.1. C? quartic splines on Ty,

Let us consider the space of C? quartic splines on Tys,» 1.,

Si(Tws,) :={s €C*(Q) : 5, € Py, 7 is polygon in Ty, }.

The unisolvency of the local Hermite interpolation problem stated in Corollary 2 implies that the dimension of the global space
Si(TWS4) only depends on combinatorial properties of the triangulation. Indeed, for a given triangle A and any of its edges, say
P1P,, the interpolation data (11)-(16) associated with points on the considered edge (namely p;, q;, 93, 43,, and p,) completely
characterize the values of the spline and its derivatives up to order three along the entire edge. More precisely, along this edge,
any element of Si(Aws4) is a univariate C* quartic spline with break points at p, g3, g3, g3, and p,. Therefore, it is uniquely
determined by its values and derivatives (in the direction of the edge) up to order three at the two vertices p; and p,. Similarly,

12
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along the edge, the first, second, and third derivatives (in any direction) of the spline are univariate C? cubic, C' quadratic, and C°
linear splines, respectively, with the same break points. The considered Hermite data also uniquely specify their values. Hence, we
directly deduce that

dim(S}(Tys, ) = 10n, +6ny +3nr, (24

where ny,, ng, ny are the number of vertices, edges, and triangles of 7, respectively; see also [31, Theorem 7.28].

Any spline function of §2(7W54) can be locally constructed on each (macro-)triangle A of 7 via the Hermite data (used in
Corollary 2), and the corresponding spline piece on A can be represented in the form (19). Conversely, any function, which is
represented locally in the form (19) on each A of 7, is C? smooth over each A of 7 but not necessary C> smooth across the edges
of 7. For this reason we refer to the basis in (5) as local simplex spline basis for the space Si(Tws ,)- Such a local basis plays the same
role as Bernstein polynomials for spline spaces on triangulations that are not refined.

A global basis for the space §i(7ws ,) can be constructed by using the technique of minimal determining sets [13], following the
same line of arguments as in [15, Section 4.2]. However, paraphrasing [13, Section 5.8], such a global basis has mainly a theoretical
interest. For computation in SZ(TWS4), it is more convenient to work directly with the local representations provided by the basis in
(5), rather than with the global basis for the full spline space. The smoothness relations between the local representations across the
edges of the triangulation 7 are a crucial ingredient in the construction of minimal determining sets. In the next two sections, we
will derive conditions on the local spline coefficients in (19) that ensure global smoothness across the edges of 7.

4.2. Global C? smoothness conditions

In this section, we seek conditions on the local spline coefficients in (19) to guarantee C°, C!, and C? smoothness across a
common edge of two adjacent triangles of 7. In Section 4.3, we will address C3 smoothness. To this end, we start by defining specific
operators, similar to the ones in (7)-(9): ¢, ..., ¢y are related to first derivatives at points on the edge p,p,,

G() =Dy FP). &) 1= Dy F(PV). G5(f) =D,y . [(@3).

(25)
Ga(f) =Dy p, f(g3), ¢5(f) :=Dp p. f(P2), G6(f) :=Dp p, f(P2);
¢7....,G1g are related to second derivatives at points on the edge p,p,,
() =D, , fP). () =Dy Dy f(P). 6o(f):=D5 o f(py),
() =D} , f@31). 611(f) =Dy Dy, f(@s1) S12(f):=D; , f(@31). 6
s13(/) :=D12,]p3f(q3,2), 614(f) :=Dp p. Dy p, f(g32),  G15(f) Z=D‘2,1p2f(q3,z),
ci6(f) 1= Dlz,]I,}f(Pz)’ 617(f) :=Dp p. Dy p, f[(P2),  S18(f) := Df,]pzf(Pz);
and ¢y, ..., ¢3g are related to third derivatives at points on the edge p, p,,
c1o(f) :=D, , f(P1), 60(f) := Dy, Dpp, f(PD. () :=Dpp Dy f(P1):
() =D, , f(p)), () =D, , f(@3)): €u(f) 1= Dy , Dy f@30);
&s5(f)i=Dy Dy o f@31),  626(f) =D}, f(@s1): (/) =D, , f(q3).
() =D, , Dpp f@3).  60(f) =Dy . D; , f(@3).  S30(f) =D, £(q3), @7
1) =D, , f(@32), () =D, , Dpp, f@32). 633(f) =Dy D) f(d32),
() =D, , f(@32). Gs(f) =D, , f(py). S36(f) =Dy, Dy, f(P).
() 1=Dpp, Dy, [P, Gxs(f) =D, , f(y).
We apply them to all the basis functions in (5); the resulting values are collected in Tables 6-8 in the appendix.
Theorem 5. Suppose the triangles A" :=(p,,p,,p;) and AR :=(p,, p,, p,) share the common edge with vertices p,, p,, and let
Py=mP1+mpy+1m3p3, m+m+n=1 (28)

Let {BF, i=1,...,51} and {BR, i=1,...,51} be the scaled simplex spline basis defined by the knot sequences in Fig. 5 on AL and AR,
respectively. We assume the numbering of the basis functions in agreement with Fig. 5. Let us consider the spline functions

51 51
o= S hBE o= Y hRBE
i=1 i=1
We have

13
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« sk, sR join C° across the common edge if and only if

bR =0bF, i=1,2,4,7,10,13,19,22; (29)

« sk, sR join C' across the common edge if and only if they join C° and in addition

b;2 = nlbIL + r]zbf +I13b5L,

bR = (;11 + %)bf + %bfo + 3,

b = (m + %nz)bﬁ) + %bfg + 3k,

by, _(;'71+%”2)b1Lg+(%'114'%'12)17524"1317;’ (30)
by = (’72 + %’71 )blLs * %11%2 + 3y,

b = (n+ 2 )k + Lok 4 o,

bg = '11b7L + 'lzbZL +'13bé;
« sk, sR join C? across the common edge if and only if they join C' and in addition
bﬁ =nQ2ny - l)blL +n,(3ny — '13)175 + 1330, — ﬂz)bsL + ﬂ%blLo + n§bﬁ +4'13’12b]L6,
R = 3@+ 1)1y = 3B+ 2Oy + Ay = 35 by + 13y + )bl + T3, + 2yl + 2L
DR, = 2L + 310 + 3y = 3%y + < (12102 + 3+ m(1 Ty +21)) bl
+ %(3:1] +4ny)(ny — 3n3)b3, + %3(9'11 +5m)bis + 17—8'13(3’11 +5m)bsy +mabl,, o
bR = L0y + 300, + 3y = 3l + 2 (12092, +3)+m (1T +21) bk,
Gy 4 )y = 3300, + Oy + 50, + Loy Gy + SmbE, + 2L,
8 = 2+ )0 = 1500 + Oy iy = 3Bl + 15 s + bl + S0, + 2y by + 020,

3
2pL

2L L
by +n3by, +4n3m by

bR =ny@ny — DbE + 1y (Bny — )b +m3 By — nbE + 177

Proof. First, we show that the conditions of (29) lead to C° smoothness across the common edge p,p,. The restrictions onto this
edge of the two functions s* and s® are univariate C* quartic splines with (interior) knots at the points g5 ;, g3, and g3 ,. In particular,

considering the corresponding basis functions {BI.L, i=1,...,51} and {BI.R, i=1,...,51}, the only elements that are nonzero along the
edge are
(BiR)|p]p2=(BiL)‘p1p2, i=1,2,4,7,10,13,19,22,

and these are nothing but the univariate quartic B-splines on the knot sequence specified by {p;.p;.p1.p1.P1.931-93-932:P2-P2- P2+
P>, P>} They are linearly independent and so C° smoothness is equivalent to agreement of the corresponding coefficients. This proves
(29).

Next, we consider C! smoothness across the common edge. It suffices to prove that along the edge p,p, the functions Dy, pgsL

and D, p;sR agree. These functions are univariate C? cubic splines with (interior) knots at the points g5, g3, and g3 ,. Therefore,
each of them is uniquely determined by its value and its first and second derivative at the two endpoints of the edge and by the value

at the midpoint g;. From (28) we know that

pp _LPP —H—ZPP
1P3 '13 1P4 ”3 1P2,

so that

1 m
DP1P3 - ,1_3DP1P4 - %DP]PZ'

By employing the values in Table 6 we get

D, p,s5(p) = —16bF + 16bL,

P1p3”

1 m
D, 5 sR(py) = %(—mbf +16b%) - g(—161;{e +1665).

With the aid of the C° smoothness conditions, equating the above expressions results in the first condition of (30). With a similar
line of arguments, we can show the remaining six conditions of (30).

14
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Finally, we outline the proof for C? smoothness. Assume s’ and s® join C' across the common edge p, p,. To prove C? smoothness
across the same edge, it suffices to prove that along p, p, the functions DzznmsL and DIZ,1 p}sR agree. Along the edge p,p,, the above

functions are univariate C! quadratic splines with (interior) knots at the poirits a1 93, and qs . Therefore, each of them is uniquely
determined by its value and its first derivative at the two endpoints of the edge and by the value at the points g5, and q;,. From
(28) we know that

> _(Lp _m )2
DP1P3 - (,13 DP1P4 s Dplpz :

By employing the values in Table 6 in the appendix, a direct computation gives

D> s“(p;)=192b] —288bL +96b,

pip3 11°
2
2 R 1 R R Ry _ 2m R R R Ry, R R R
D} 3"(B1) = (1925 = 28855 + 96— 21928 — 1926 — 19254+ 1926, + -2 (1926 - 2880 + 960(} )
3 3 3

By equating these expressions and taking into account the C' smoothness conditions, we get the first equation in (31). With a similar
line of arguments, we can show the remaining five relations in (31). [

Some remarks are in order.

Remark 6. The Cartesian coordinates of the domain points b;*L and b;*R, i=1,...,51 in two adjacent triangles AL and AR satisfy
conditions (29)-(31) across the common edge because they are the coefficients related to the two local simplex spline bases of
the smooth functions f;(x,y) :=x and f,(x,y) :=y. This allows us to give a nice geometric interpretation to the above mentioned
smoothness conditions in terms of control points in a full analogy with the interpretation of smoothness conditions for the Bernstein—
Bézier representation. For C° smoothness, only the eight pairs of control points associated with the common edge are involved and
the elements of each pair must coincide, i.e.,

bR, bRy =", bh),  i1=1,2,4,7,10,13,19,22.
For C! smoothness, there are seven sets of four control points along the common edge that must be all pairwise coplanar, i.e.,

B b5) = ny (B35, b1) + my(b3" b)) + n3 (B3, bY),

5 °75 1 °71 575
M M )
(iR.8) = (m + 2 ) b3 b5 + Z (b bl + my B ).

2 m .
(B32.55%) = (my + 311 ) b}8 . bly) + 2 (518 )+ my(b3E L),

" 4 3 " 3 4 " .
b3R8 = (Zm+ 5m ) Bk bly) + (31 + 2 ) B35 5L) + (b3 55,

2 m
(635 55%) = (s + 511 )} bE) + - (B3t )+ my (b3t b,

n
(bR bR ) = (nz + 7

(bR, bg) = my (B35 b7) + 1y (b3 E. b7) + m (b bg):

‘ n
)b+ Bt 4 b,

see Fig. 10 for an illustration. Finally, also the C? smoothness conditions show a similarity with the C? join of two adjacent triangular
Bernstein-Bézier patches; see [12, Example 2]. There are six sets of seven control points that must belong (separately) to a quadratic
surface. For the sake of brevity we omit the equations that can be immediately obtained from (31).

Remark 7. Since the smoothness conditions provided in Theorem 5 do not involve the functions { B;, i =40,...,51}, the same relations
also hold true for the subspace Si(AWS4) defined in Section 3.4.

4.3. Global C3 smoothness conditions

The basis functions B;, i =40,...,48 and i =49,50,51, can be associated with the degrees of freedom corresponding to third
derivatives related to the edges of A (i.e., those used by the linear operators p;, i =40, ...,48) and to function values at interior points
(i.e., those used by the linear operators p;, i =49,50,51), however, they do not allow for a complete separation of these degrees
of freedom. This can be understood by looking at the structure of the Hermite collocation matrix which is block triangular but not
triangular in the part containing the last 11 rows/columns; see Tables 3-5 in the appendix. Unfortunately, this prevents the possibility
of obtaining elegant localized conditions on the local spline coefficients in (19) for C?> smoothness across the edges of 7.

Inspired by the approach in [15, Section 3.4], we consider an alternative local basis for Si(AWS4) to achieve more practical C3
smoothness conditions. We denote this basis by

B:={B,,....Bs}. (32)
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Fig. 10. A C! spline surface on two adjacent domain triangles. The 7 pairs of triangles in the control nets that must be coplanar according to the smoothness conditions
are colored.

The functions in (32) are computed as

B;=B;, i=1,..,33,

and

(Bsys.... Bs))T =C(Bsy..... Bs))' .

where C is the conversion matrix specified in Table 2.

Theorem 8. The functions {El, s §51} in (32) form a partition of unity basis for the space §i(Aws4)' Moreover, for any given direction,
the third derivative in that direction vanishes

a) along the edge p, p, for Ess: 3136! 3141, 1342) 1349:’
b) along the edge p,p; for By;, Bsg, Byz, By, Bsos
¢) along the edge p,ps for Bsy, Bsg, By, Bys, Bs).

Proof. Since the conversion matrix in Table 2 is nonsingular and each of its columns sum up to one, the functions in (32) inherit the
properties of linear independence and partition of unity from the basis elements in (5); see Theorem 1.

Regarding the property of vanishing third derivatives, let us focus on the first case a). From the smoothness property of simplex
splines it follows that the functions Bss, Bsg, Bugs Bai> Buzs Bass Bug, Buo are C? smooth across the edge p,p, (see Fig. 5), thus they
vanish with all their derivatives up to order two along the edge. By construction, this property carries over to the functions 1335, 536,
By, By, §49. Moreover, along the same edge, the third derivative in any direction of these functions is a univariate C° linear spline
with break points at p;, g3, 43, 435, P,- Now, let us consider the function Bjs. Taking into account the supports of Bss, By, and
By, a direct inspection of the values in Table 2 and Tables 4,5 in the appendix shows that

D} Bi(p)=D’

93.1P3 93,1P3 Bys(g3) = D B35(932) = D3, p; Bas(p2) =0.

53 —_n3
Bss(q3)=D 93.1P3 93.1P3

q3,1P3

Therefore, D>
4q3,1P3 -
this implies that all third derivatives (in any direction) of B;s also vanish along p,p,. With the same line of arguments, the stated

results for the other functions and the other derivative cases can be obtained as well. []

B;5 vanishes along p, p,. Since we already know that all the derivatives of Bys vanish up to order two along p, p,,

When representing spline functions on two adjacent macro-triangles sharing a common edge, say p, p,, in terms of the new basis
(32), the C? smoothness conditions remain the same as given in Theorem 5. Indeed, any derivative up to the second order in any
direction along p, p, agrees for B; and B,, i =1,...,51. On the other hand, the representation in the basis (32) allows us to derive
simpler C3 smoothness conditions.
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Table 2
Conversion matrix between {B,,,...,Bs,} and {Bs,, ..., Bs, }.
B34 BSS BS() BS7 BSS BSQ B4O B41 B42 B43 B44 B45 B46 B47 B48 B49 BiO BS]
1334 1 0 0 0 0 0 -3 —é 0 0 0 0 0 0 0 0 0 0
Bis 0 1 0 0 0 0 -1 -2 0 0 0 0 0 0 0 0 0 0
By 0 0 1 0 0 0 0 0 -3 -1 0 0 0 0 0 0 0 0
By, 0 0 0 1 0 0 0 0 73 73 0 0 0 0 0 0 0 0
By | © 0 0 0 1 0 0 0 0 0 -2 -1 0 0 0 0 0 0
By, 0 0 0 0 0 1 0 0 0 0 -2 -2 0 0 0 0 0 0
By | O 0 0 0 0 0 3 -1 0 0 0 0 0 0 0 0 0 0
By, 0 0 0 0 0 0 -1 3 0 0 0 0 0 0 0 0 0 0
By, | 0 0 0 0 0 0 0 0 3 -1 0 0 0 0 0 0 0 0
By 0 0 0 0 0 0 0 0 -1 3 0 0 0 0 0 0 0 0
By | 0 0 0 0 0 0 0 0 0 0 3 -1 0 0 0 0 0 0
Bys 0 0 0 0 0 0 0 0 0 0 -1 3 0 0 0 0 0 0
Bg | O 0 0 0 0 0 0 0 0 0 0 0 16 0 0 0 0 0
By, 0 0 0 0 0 0 0 0 0 0 0 0 0 16 0 0 0 0
By | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 0 0 0
By | O 0 0 0 0 0 0 0 0 0 0 0 -15 0 0 1 0 0
By | 0 0 0 0 0 0 0 0 0 0 0 0 0 -15 0 0 1 0
By, 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -15 0 0 1

Theorem 9. Consider the same assumptions as in Theorem 5. Let {Ef, i=1,...,51} and {EI.R, i=1,...,51} be the spline bases as in (32)
on AL and AR, respectively. Then, the spline functions

ZbLBL Z bLBE + Z bl B-

i=34

and

ZbRBR ZbRBR + z bRBR

i=34

join C3 across the common edge if and only if they join C? and in addition

n n
R =m@n — 130, —2)bE + —3(21nf = 121y, + 313 = 9y + )bk + 52(36;112 + 187, + 303 — 281, — Ty + 4)bE

(33)
1
+ Sn3(Ly = Tnbry + LR (1, = Tng)bk, + nyns 2T, — S)bE +n3bL, + 2B + OnnZbL + 9n2nsbk,
and
n n
bR =ny(2n, — )3, — 2)bE + —3(21n§ = 120y + 37 = 9y + )b + = (3683 + 181y, + 30} = 28, —Tny +4)by
(34)
1
+§11§(11r]2 7111)b12+ 711(11'12 Tn3)bE, + mns @7y — S)bE + mibk, + i bE, + 9y nibl + 9y bk,
and
sk _ 1 L 23 71 21 65 9 op 4 2 4 37,3\t
by = —(2711 +my)(ny — n3)(6m; + 31, — 4)b, +(—7—2n2+ @ﬂz + 16'11112 7y + 8n1n2+ 3M T 3Mt g )b
19,209 3 8 5 L2
203+ 15m 1y + 302 = 9ny = 4np)by + (= ocomy + T2 + Sy + = )bL
( 1y + 1501y + 3y = 9ny — 4n)bi 28 T aza ™ T gt g + 36 35
+ ﬁoﬂl +4n,)(n, —3n3)(36m, + 271, — 22)b2L2 144’(108;12 +243n,m, + 1151, + 288n, )b
1
+1—6n§(11n1+2n2)b§6 288;13(81;11+243:11;12+189;12 661, — 83n,)bl, + n3(32n1+59n2)b34+n3bj0,
and
sk 1 L 23 71 21 65 9 4o 2, 037 5\
by = 5(2'124"71)('12 —n3)(6m; + 3n; —4)b; +< 72M + 864"1 + 16’I2'11 73 + 8'12’11 + 3~ 5'72"‘ %" )b
M. ) L (19 209 , 8 5, ,2 )L
—21 +15 +3n] = 9m —4nby, + (—soom + + + + b
(21my My + 31y — 9y, —4ny by 2xs T 30" 8711'12 oMM+ gm+ gen 36
+ ﬁ(% +4n))(my — 3n3)(36m, +27n, —22)bk + —(108n1 +243n,1, + 1150, +2887,)bk
+En3(11n2+2;11)b2L7 288n3(81n2+243n2n1+189;1] 6617, — 8317,)by, + n3(22n2+59m)b37+n3b53,
and
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1 1
bis = 3¢ (212 + 31012 +313)n3 = 2my = Dby + 22 2y + 3m)(my + 313)(4n3 = 21, = Dby

2 7 5 3 17
+(3'I%—§7113 3t 1+ 30y +mym; — )bL

8 36
2 7 5 3 17
+(3'1§—§'1§—§VI1+§'712+3’12'11+'12’7%— Mt 3en )bL 37)

n
+ —3(21r,f +24n, 1y + Ty — 150; — 9my)bs + —‘(21n2 +24myn, + 77 = 15m, — 9n,)byy

+ = ;13(2111 +6n,1, + 2112 +3n + 3'12)b31 + = 113 (3111 + ’12)1734 + = 713 (3112 + ’11)1737 + 136y bL

Proof. Assume s’ and s® join C2 across the common edge p,p,. To prove C> smoothness across the same edge, it suffices to prove
that along p, p, the functions D3 L and D; s R agree. Along the edge p; p,, the above functions are univariate C° linear splines
with (interior) knots at the pomts q3 1 43> and 43 - Therefore, each of them is uniquely determined by its value at the two endpoints

of the edge and by its value at the points g5 ;, g3, and g3 ,. From (28) we know that

s (L _n )3
DP|P3 - (,73 Dy, p, s Dpip, ) -

By using the values in Tables 6-8 in the appendix together with those in Table 2, a direct computation provides the expressions of

D, st ). D, , s"(p). PE(PI.431.93.032.P2)-

By equating these expressions and taking into account the C? smoothness conditions, we obtain the conditions (33)-(37). [

Remark 10. Using the conversion between the bases (5) and (32), see Table 2, we can immediately rewrite the C? smoothness
conditions provided in Theorem 9 solely in terms of coefficients of the basis (5).

Remark 11. A global basis for the space SZ(TWS4) can be constructed by using the technique of minimal determining sets [13],
following the same line of arguments as in [15, Section 4.2]. Even though both the local bases (5) and (32) may be used to this aim,
the second one is preferable. Indeed, when using the basis (32), the locality of the smoothness conditions provided in Theorems 5
and 9 implies the local support of the global basis functions.

5. Conclusion

We have addressed the 51 dimensional space of C3 quartic splines on the WS, split of a given triangle. For this space we have
constructed a (scaled) simplex spline basis and we have provided a unisolvent Hermite interpolation problem which allows us to
locally characterize any function belonging to the space of C3 quartic splines on the WS, refinement of a given triangulation. These
results are a quartic extension of those obtained in [5] and [15] for the PS-12 split and the WS; split, respectively, i.e., for the
quadratic and the cubic members of the Wang-Shi split family.

As in the quadratic and cubic cases, the basis is a B-spline basis within a single macro-triangle but globally it behaves like a
Bernstein basis across macro-triangles. We have proved that the basis has many desirable B-spline properties including that it forms
a nonnegative partition of unity and enjoys a Marsden-like identity. The restriction of each basis function onto a boundary edge of
the macro-triangle reduces to a classical univariate C> quartic B-spline.

The basis can be equipped with control points and a control net. The control net is unusual in the sense that it incorporates three
pairs of coincident domain points. A proper 48 dimensional subspace containing quartic polynomials has been identified for which
a classical control net (based on different domain points) with triangular and hexagonal connectivity can be naturally constructed.
Furthermore, explicit conditions for smoothness up to the third order across a common edge of two macro-triangles have been
derived in terms of the respective control points. We have also proposed an alternative basis for the space Si(AWS4) that simplifies
the imposition of C? smoothness conditions across edges.

The technique of minimal determining sets can be used to build (stable) locally supported global basis functions for the space
§i(7ws4); see Remark 11. In addition, the availability of such a global basis allows us to show the optimal approximation power of
the space using a similar line of arguments as in [15, Section 4.2].

For computation with splines belonging to Si(TWS4), it is convenient to work directly with the local representations provided by
the simplex spline basis (5) or the alternative basis (32). The evaluation of the simplex spline basis functions can be achieved by
applying the recurrence relation (B-recurrence) of simplex splines; see Section 2.2. However, it might be more convenient to use a
lookup-table approach as proposed in [15, Section 5.1] for the C? cubic case. The explicit expressions of the simplex spline basis
elements can be stored in a suitable table and then accessed by a search algorithm based on boolean vectors. The alternative basis
functions in (32) can be immediately deduced from the previous ones by means of the conversion matrix in Table 2.

The local simplex spline basis makes the treatment of the complex geometry of the WS, split more affordable because it intrinsi-
cally avoids to consider separate polynomial representations on each of the 250 polygonal subelements of the split. This transparency
of the WS, split to the user offers a pathway for effective use of the interesting space of C* quartic splines on the WS, refinement of
a given triangulation.
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Fig. 12. The simplex spline basis function B, and its support.

Generalizations of the presented construction to higher degrees d > 5 would be desirable. Extensions to splines in three or more
variables would be of great interest as well. However, neither appears straightforward.
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Appendix A

In this appendix, we collect data related to the simplex spline basis functions By, ..., Bs; in (5) that were used in the proofs and
might be useful for practical purposes as well. The different types of basis functions are depicted in Figs. 11-21. The values of the
operators p; in (7)-(9) applied to the B ] ’s are collected in Tables 3-5. The values of the operators ¢; in (25)-(27) applied to the B ] ’s
are collected in Tables 6-8.

References

[1] P. Alfeld, L.L. Schumaker, Smooth macro-elements based on Powell-Sabin triangle splits, Adv. Comput. Math. 16 (2002) 29-46.

[2] C.K. Chui, R.-H. Wang, Multivariate spline spaces, J. Math. Anal. Appl. 94 (1983) 197-221.

[3]1 P.G. Ciarlet, The Finite Element Method for Elliptic Problems, Classics in Applied Mathematics, vol. 40, SIAM, Philadelphia, 2002.

[4] R.W. Clough, J.L. Tocher, Finite element stiffness matrices for analysis of plates in bending, in: Proceedings of the Conference on Matrix Methods in Structural
Mechanics, Wright-Patterson Air Force Base, 1965, pp. 515-545.

[5] E. Cohen, T. Lyche, R.F. Riesenfeld, A B-spline-like basis for the Powell-Sabin 12-split based on simplex splines, Math. Comput. 82 (2013) 1667-1707.

[6] J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis: Toward Integration of CAD and FEA, Wiley Publishing, 2009.

[7]1 P. Dierckx, On calculating normalized Powell-Sabin B-splines, Comput. Aided Geom. Des. 15 (1997) 61-78.

[8] J. Groselj, A normalized representation of super splines of arbitrary degree on Powell-Sabin triangulations, BIT Numer. Math. 56 (2016) 1257-1280.

[9] J. Groselj, M. Knez, Generalized Clough-Tocher splines for CAGD and FEM, Comput. Methods Appl. Mech. Eng. 395 (2022) 114983.

19


http://refhub.elsevier.com/S0096-3003(23)00499-X/bib540682D7F1943B4F9D24A8493983D439s1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bib9F78949E735C3A247595730835EAB42Ds1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bibBA7B08A36767D9E4997F249BB5F10FC1s1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bibFEBAFCC7C0DA1495AD6CAE6F177EBD9Cs1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bibFEBAFCC7C0DA1495AD6CAE6F177EBD9Cs1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bibD848B9E2F8167FFCCFC8E18A3AAEAAC8s1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bibE7A3C7530A4EDE6FEDF8169CAAAEB3D8s1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bib8479476FEF402576ABE6DD38D6480F8Bs1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bib925386CECB3D07A0502F0489CD1D63EEs1
http://refhub.elsevier.com/S0096-3003(23)00499-X/bib5C33BDEC785B19CD89D84B435B92C161s1

T. Lyche, C. Manni and H. Speleers Applied Mathematics and Computation 462 (2024) 128330

A
Q

R e
~ 0.0
1.0

Fig. 15. The simplex spline basis function B,, and its support.

Fig. 16. The simplex spline basis function B,s and its support.
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Fig. 18. The simplex spline basis function B, and its support.
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Fig. 20. The simplex spline basis function B, and its support.
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Fig. 21. The simplex spline basis function B, and its support.

Table 5

.,51, where p; is defined in (7), (8), and (9).
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Table 8
Values of ¢;(B)) fori=1,...,38, j=40,...,51, where ¢; is defined in (25), (26), and (27).
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