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PRICING OF SPREAD OPTIONS ON A BIVARIATE JUMP MARKET
AND STABILITY TO MODEL RISK

FRED ESPEN BENTH, GIULIA DI NUNNO, ASMA KHEDHER, AND MAREN DIANE SCHMECK

ABSTRACT. We study the pricing of spread options. We consider a bivariate jump-
diffusion model for the price process and we obtain a Margrabe type formula for the
evaluation of the spread option. Moreover, we consider models in which we approximate
the small jumps of the bivariate jump-diffusion by a two-dimensional Brownian motion
scaled with the standard deviation of the small jumps. We prove the robustness of the
spread option to such model risk. We illustrate our computations by several examples.

1. INTRODUCTION

Recent considerations in finance have led to an increasing interest in multidimensional
models with jumps taking the dependence between components into account (see for in-
stance Cont and Tankov [10]). In this context one is interested in finding closed-form
formulas for option prices written in such models such as the spread options. A spread
option is an option written on the difference of two underlying assets S (t)—S®M(¢), ¢ > 0.

In this paper we analyse the pricing and stability to model risk of spread options of
European call type written in a bivariate jump-diffusion market. Thus, the pay-off function
at maturity date T and with strike 0 takes the form

max(S®(T) — SY(T),0),

where (SM(t), S®)(t));s0 is a bivariate jump-diffusion model for the price processes. We
prove a Margrabe type formula for this spread option. The Margrabe formula is based on an
appropriate change of measure which allows to move from pricing the spread option written
on a bivariate process to pricing a European option written on a one-dimensional process
(see Margrabe [20] and Carmona and Durrleman [11] for spread options in continuous
models). In our computations we use the Girsanov theorem to derive formulas for the
spread option price. Moreover, we effectively apply our approach to study robustness of
the price towards model risk in the sense of small-jump approximations. We illustrate our
findings with several examples. We first compute spread option prices written in models
with stochastic volatility. Moreover, we derive formulas for the spread option prices in the
case the bivariate Lévy process has a NIG distribution and in the case of Merton dynamics.
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Eberlein, Papapantoleon and Shiryaev [16] studied the problem of valuation of options
depending on several assets using a duality approach. In particular, they derived a formula
for the valuation of spread option written on exponential semimartingales in terms of the
triplet of predictable characteristics of a one-dimensional semimartingale under the dual
measure. In this paper we present a different approach for the valuation of spread option.
Our approach is more direct and generalises their work to exponential jump diffusions with
stochastic factors including stochastic volatility models.

From the modeling point of view, one can approximate the small jumps of the jump-
diffusion by a continuous martingale appropriately scaled. This was introduced by As-
mussen and Rosinski [1] in the case of Lévy processes. Benth, Di Nunno, and Khedher [6]
[8] studied convergence results of option prices written in one-dimensional jump-diffusion
models. They also studied the robustness of the option prices after a change of measure
where the measure depends on the model choice. The main contribution of this paper is
to apply our Margrabe type formula to prove the robustness of the spread option prices
towards model risk using one dimensional Fourier techniques. By approximating the small
jumps by a two-dimensional Brownian motion appropriately scaled, we prove the rate of
convergence of the spread option prices to the correct. This rate turns out to be propor-
tional to the variance of the small jumps. Gaussian approximations of multivariate Lévy
processes are studied in Cohen and Rosinski [13].

The paper is organised as follows: in Section 2 we make a short introduction to Lévy
processes and state a Margrabe type formula for the spread option written on a bivariate
jump-diffusion. Moreover we present several examples to illustrate our findings on the
pricing of spread options. In Section 3 we prove the robustness of the spread option prices
and compute the convergence rate in the case the price process is driven by a bivariate
Lévy process.

2. PRICING OF SPREAD OPTIONS IN A JUMP-DIFFUSION FRAMEWORK

Before we derive a formula of Margrabe type in order to price a European spread call op-
tion written on assets driven by a bivariate jump-diffusion, we first recall some basic results
on Lévy processes and introduce the necessary notation. Let (€2, F,P) be a complete prob-
ability space equipped with a filtration {F;}icpm (T > 0) satisfying the usual conditions
(see Karatzas and Shreve [19]). We introduce the generic notation L = (L™ (¢), ..., L@ (t))*,
0 <t <T,for an Ré%valued Lévy process on the given probability space. Here .* denotes
the transpose of a given vector or a given matrix. We work with the right continuous
version with left limits of the Lévy process and we let AL(t) := L(t) — L(t—). Denote the
Lévy measure of L by v(dz), satisfying

min(1, |z|*) v(dz) < oo,
R§
where |z] = /327, 22 is the canonical norm in R%. Recall that v(dz) is a o-finite Borel

measure on RS := (R — {0})%. From the Lévy-Itd6 decomposition of a Lévy process (see



Sato [23]), L can be written as
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(2.1) L(t) —at—|—02B / / 2z N(ds,dz) —|—hm/ / = N(ds, dz)
2121 e<|z|<1

for a Brownian motion B = (BW(¢),..., B (¢))* in R?, a vector a € R? and a symmet-
ric non-negative definite matrix o € Rixd, N(dt,dz) = N(dt,dz,...,dzy) is the Poisson

random measure of L and N(dt,dz) := N(dt,dz) — v(dz)dt its compensated version. No-
tice here that [ Jizz1 2 N(ds, dz) <f0 oz 21 N(ds, d2), o fy Jiapp1 2 N(ds dz)) . The

convergence in (2.1) is P- a.s and uniform on bounded time intervals. The characteristic
function of an R%valued Lévy process of the form (2.1) has the following Lévy-Khintchine
representation (see Sato [23])

E[€i<z,L(t)>] _ et'z/)(z)

?

where

1 :

77/}(2) =i<a,z> —5 <z,0z > ‘I—/ (61<z,:c> —l-i<z,z> 1‘x|<1)1/<d1')
Rd

Here < .,. > denotes the scalar product in R%. The triplet (a, o, v) is called the character-

istic triplet of the Lévy process L.

2.1. The Margrabe formula in a bivariate jump-diffusion framework. In the fol-
lowing, we consider a spread option of European type written on the difference of two
underlying assets whose values are driven by a jump-diffusion. This is an extension of
Margrabe [20] and Carmona and Durrleman [11] who priced spread options when the un-
derlying assets are driven by a Brownian Motion. The dynamics we consider below are
more general. In our framework we consider a two-dimensional price process S given by
the following dynamics under the measure IP:

dS(t) = S(t){a(t)dt Y o(t)dB(t) + /

2
RO

+(t, 2)N(dt, dz)},

where a(t) = a(t,w) € R?, o(t) = o(t,w) € R*?, and (¢, 2) = (t,z,w) € R? are
adapted processes. Note that the equation we consider for the price process is a stochastic
differential equation using as integrators the Brownian motion B and the compensated

compound Poisson process N of the Lévy process L defined in equation (2.1), where we
choose d = 2.
When written out in detail, the dynamics of the price processes S, i = 1,2 get the form

dSD(t) = SO(t) {ai(t)dt +oa(t)dBW(t) + Uig(t)dB(Q) (t)

(2.2) +/ fyi(t,zl,zz)]v(dt,dzl,d@)}, SD(0) > 0.
R2

0
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The coefficients of the equation (2.2) are such that 7;(¢, 21, 22) > —1, i = 1,2, for almost
allw e Q, (t,2) € [0,T) x RZ, and moreover, for all 0 < ¢ < T, and i = 1,2, we assume
(2.3)

E[/Ot (|ai(8)S(i)(s)] + i 103 ()5 D () |2 + /R2 i3, 21, ZQ)S(i)<S>’2>dS] <00, P—as.

The latter condition implies that the stochastic integrals are well defined and martingales.
The solution of (2.2) is the process (S (t), S (1)), explicitly given by S@(¢) = S (0)
exp(X@(t)), for i = 1,2, where X@(t) is given by
A 1
axO(0) = {ait) - 5030 + o) + [

In(1 + i (t, 21, 22)) — Vi(t, 21, 22)v(dz1, dZQ)}dt
R§

+ g1 (t)dB(l)(t) + O'lg(t)dB(Q) (t) + / 111(1 + ’72(t, 21, Zz))ﬁ(dt, le, ng)

R3
Hereafter we detail the following Girsanov-type measure change, which will be useful in
the sequel.

Lemma 2.1. Define the measure P by the Radon-Nikodym derivative with respect to P
given on the o-algebra Fr as follows

(2.4) Cln=ep(V(1),  0<I<T,
where
V() = =3 [ Ghe) - ohods + [ audB0e) + [ on(aB()
—l—/ /R In(1 + (s, 21, 22)) — 71(s, 21, 20)v(d21, dz9)ds
0 JRj
(2.5) —i—/t/ In(1 —i—fyl(s,zl,22))N(ds,dzl,dzg),
0 JRZ
satisfying
(2.6) Elexp(Y(T))] = 1.

Thus the processes Bg) and Bg) defined by
dBL (t) = —ou (t)dt + dBY()
dBY)(t) = —oua(t)dt + dBP ()

remain Brownian motions with respect to P and

(2.7) N@(dt, dz1,dzy) = —y1(t, 21, 20)v(d2y, dzo)dt + N(dt, dz1,dz)



remains a compensated (time-inhomogeneous) Poisson random measure under P. We de-
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vs(dt,dz1, dzo) == —1(t, 21, 22)v(dz1, d2zo)dl

Proof. Recall the expression of Z—E| £, and notice that

d(ey(t)) _ eY(t){gn(t)dB(l)(t) + Ulg(t)dB(2)(t) +/ 71(t,zl,22)]v(dt, le,dZQ)}-

3

Since the condition (2.6) is fulfilled, £| 7, t < T, is a martingale and the lemma follows

from the Girsanov theorem for Lévy processes (Theorem 1.35 in Oksendal and Sulem
[21]). O
Remark 2.2. Notice that the price of S@ expressed in the numéraire SV is a geometric
Jump diffusion. In fact, Ito’s formula gives
S@(t) St
d(S(U(t)) = S(l)(t; { (a2(t) — ar(t) + 07, (t) + 07y(t) — 011 ()02 () — 012(t)00a (1)) dt
+ (021(t) — 011 (£))dBD (1) + (025(t) — 015(1))dBP)(2)

1+ (¢, 21, 22)
-1 t, z1, — t, 21, 1, dz,d )dt
+ </R% 1+ 'yl(t, o 2’2) + (71( Z1 22) '72( Z1 22)) ‘ |<1]/( 2l 22)

1+ ’)/Q(t, 21, 22) ~
+ —1)N(dt,dz,d .
/R2 <1 +7(t, 21, 22) ) (e, den ZQ>}

This remains a geometric jump diffusion also after applying the measure change (2.4). In
fact, we have

S@@),  SA(@)
Sy’ Sh(t)

+ </|Z|Zl(72(t,zl,zz) - 71(25,zl,zQ))l/(dzl,dZQ))dt

L+ a(t, 21, 22) ~
— 1 )N+ )
+/RQ(1+%(t’z1’ZZ) ) P(dt,dzbdzg)}

{(a2(t) —a(t) +on(t) - Ull(t))ng)(t) + (o22(t) — 012(t))dB§)(t)

The solution of this equation is given by
5(2)(15) B S@(0)
Sty SW(0)

(2.8) exp(Z(t)),

where

Z(t) = /0 (GQ(S) — al(s))ds — %/0 {(0-21(5) — 0'11(8))2 _ (022(8) _ 0'12(8))2}d8
# [ on) — @B + [ (oale) ~ou)ant (5
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t
(2.9) + / / Ya($, 21, 22) — Y1($, 21, 22) )V(dz, dzg))ds
|z|>1

1 _
/ / +72 S, 21722)) 4 71(372’1,22) ,72(8’2:1’22>}V@(dS,le,d22>
]R2 1 +’71 S 21,22) 1 +71(S,21722)

1
/ / +72 S, Zl?zz))]\&»(dS,thde)}.
RQ

1+ 7(s, 21, 22)

Here vs(dt, dz, dz;) is the Lévy measure of the Poisson random measure N@.

The spread is defined by the difference of the two underlying asset prices S (¢) —SM(t),
t > 0. Thus, the payout function of a European spread option with strike 0 at maturity
date T is given by

(2.10) max(S®(T) — SY(T),0) .

This means that the buyer has the right to be paid at the maturity date T the difference
ST — SM(T) whenever it is positive and zero otherwise. The financial derivative (2.10)
is sometimes called an exchange option in the literature.

In the following we state a Margrabe type formula for a spread option written on a
bivariate jump-diffusion (see Section 5.2 in Carmona and Durrleman [11] for spread options
written on continuous process prices). We choose the risk-free instantaneous interest rate
r(t) = r(t,w) to be an Fi-adapted stochastic process which is Lebesgue integrable on any
compact.

Proposition 2.3. Assume that

v ([ 1or66) = o0 ) max(S5 L 1.0

isP integrable where the measure P is defined in (2.4). Then the price C of a spread option
with strike K =0 and maturity T is given by

(2.11) C = S(0)Es [efoT {a(s)—1(s)}ds max(% B 170)} ‘

Proof. The price of a zero-exercise spread option is given by

C = Ep [e_ Jo (s pax (5(2) (T) — SY(T), 0)}

T S(2)(Z )
o — [y r(s)ds _ (1)
(2.12) = Ep [e max( SO(T) 1,0)S (T)] .

Writing the spread option price under the measure IF’, we get

S@(T)
SM(T)

However we know that SM(T)e Y™ = §M(0)elo (s and the result follows. O

C=Es [e_ Iy ris)ds max( -1, O)S(l)(T)e_Y(T)} .



Remark 2.4. In the framework we presented above we do not suppose that the process
S is a martingale under the measure P. GerPHlyC%aTHn G aV NottiNg, Ot would be
the case as we are interested in the arbitrage-free price of the spread option and then S
would be naturally set as a martingale under P. However, the formula in Proposition 2.3
can be applied to other markets where the spot price S is not treadeable, like for example
electricity and weather markets. In such cases S does not have to be a martingale under
the pricing measure P (see Benth, Saltyté Benth and Koekekbakker [4] for more on such
markets). However, in the case we want to work under a risk neutral measure, say Q ~ P,
the price process S will be a martingale under Q and thus a,(t) = as(t) = r(t), a.s. In that
case we apply Proposition 2.3 with S under Q to find the price of the spread option as

S@(T)

—qm ~ i Sl
C=5"(0)Eg maX(S(l)(T) ,0) 1,

where 42 = exp{Y (t)} and the process Y is given by equation (2.5). Note that in fact

dQ
exp{Y(t)} = SE(I); g —Jo 79)ds | The measure Q with respect to the real world measure P can
be defined through o dQ _ dQdQ develop these arguments further in section 2.3 using the

— dQdP-
Esscher transform and we give an example where the logreturns follow a normal inverse

Gaussian process in section 2.3.1.

2.2. Application: The case of stochastic volatility. We apply our result to a model
for S with stochastic volatility. We specify the volatility model as a bivariate dynamics of
the Barndorff-Nielsen and Shephard model (see Barndorff-Nielsen and Shephard [3]).

We consider the following stochastic process for .S:
SO _(a®)SV) N 4, ((OSU() 0 dBW(t)
S@ )T\ ax(t)SP(t) 0 ox(t)S@(t) ) \ dB@(t) )~
(2.13) do?(t) = —No2(t)dt + dL9(t),  02(0)>0, i=1,2,

where \; and A, are positive constants and L = (L), L(?)) is a two dimensional subordi-
nator process, that is, a two-dimensional Lévy process which is non decreasing in each of
its coordinates. Note that L) and L® can be dependent. We assume for simplicity that
BW and B® are independent. Note that a subordinator has paths of finite variation since
it is monotonely increasing. It therefore has to be independent of B") and B®, which are
processes with paths of infinite variation. Moreover, suppose that the Lévy process L has
no deterministic drift and the Lévy measure has density w(zy, 22), so that the cumulant

functions #;(0) := log E[e?Z”M] i = 1,2, where they exist, take the form

ki(0) = / (%% — 1V)w(z1, 20)dz1d2,.
R2

+

The solution of (2.13) is given by

t
o2(t) = e Ma2(0) + / e NENGLO(s), =12,
0
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We denote the integrated variance over the time period [0, 7] by ¢}*(T) := fOT o?(t)dt. A
simple computation shows that

1

T
(2.14)  o(T) = o2(0)(1 — e M)A + / (1 — e MI=N\dL(u),  i=1,2
0

We assume that the price processes S and S have risk neutral dynamics. Thus we
have a1 (t) = as(t) = r(t) (see Remark 2.4). The risk neutral valuation of the spread option
price is given by

C = Eq [e— Jo" s ppax (S@(T) — SO(T), o)],

where Q is the risk neutral probability density. We define the measure @ by

(2.15) oln—ep{r (), (<.
where
Y(t) = —%/O (02(s) —I—ag(s))dsqL/o al(s)dB(l)(s) +/0 O'Q(S)dB(2)(S).

From Lemma 2.1, we know that
ng)(t) — —oy(t)dt + dBW(t),
ng> (t) = dBP (1),

remain Brownian motions under the measure @ Moreover, notice that the Lévy processes
LW and L® remain Lévy processes under the new measure Q. In fact Egl[e'<*"")>] =
E[e'<-L(")>]. To explain, we have

G<OL0>] — R |:ei<0,L(t)> dQ }

]E” @ Fi

Q

=F [ei<9’L(t)> exp{—% /Ot(af(s) + 02(s))ds + /Ot o1(s)dBW (s)

+ /0 t 02(s)d3<2>(s)}} .

Denote by o(L) the o-algebra generated by L up to time 7. Therefore conditioning on
o(L), we get

E@[ei<9’L(t)>] =E [E [ei<9’L(t)> exp{—% /Ot(of(s) + 02(s))ds + /Ot o1(s)dBW(5s)
+ /0 ' a(5)dB (5)} | U(L)H

e exp{_% /0 (02(5) + 02(s))ds) eXp{% /O {(02(s) + o3(5))ds} |



= E[e i<9,L(t)>]
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We obtain the following lemma for the price of the spread option.

Proposition 2.5. Let f(x) = max ((ex— 1), 0) and f be the Fourier transform of f. Then
for R € R, the price of the spread option written on S is given by

S L : 2y 2 “MTyy—1
C= <—§(zu—R—(zu—R) )o2(0)(1 — e ))\1)

exp (%(w — R+ (iu— R)})o2(0)(1 — e—MT)A;l)

exp (/OT{nl(gl(u, s)) + ka(ga(u, s))}ds> du,

where g1(u, s) = —1(iu — R — (iu — R)*)(1 — e TN, go(u, s) = —2(iu — R + (iu —
R)?)(1 — e 2T\ and k1 and Ky are the cumulant functions.
We recall the following theorem in which the price of an option is written in terms of

the Fourier transform of the pay-off function. For the proof we refer to Eberlein, Glau,
and Papapapantoleon [15]. We use this theorem in our computations hereafter.

Theorem 2.6. Let X be a jump-diffusion in R andj :R — R be a payoff function. We
denote by Px(ry(dx) the probability of X (T') and by f the Fourier transform of f. Assume
that for R € R we have

(1) e f(x) € LO(R),

(2) e frf(x) € LY(R),

(3) eRxPX(T)(dx) - Ll(R)
Thus we have

B (X(T)) = 5= [ Bl O] flu+ iR)du

Proof of Proposition 2.5. From Proposition 2.3 and Remark 2.4, the risk neutral formula
for the spread option price is given by

S@(T)

— g - S A

C =S (0)E; [max( SO(T) 1, 0)}
Here Q is defined in (2.15) and ggi —ggigog exp(Z(t)), where

Z(t):%/ot (02(9) — o3s ))ds—/ $)dBY(s +/O oa(5)dB

Notice that the option price takes the form C' = S (O)]EQ f(Z(T)]. Thus from Theorem
2.6, we have

/ f ZR + u 7z u+ZR)Z(T)]du.
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Therefore to compute the option price C' we need to compute Eg [t (wHiRZ(T)] " To this
end we see that

Eg [ iCHRZ(T)) Eg [e—i<u+m){é I3 (@3(5)=03(9)ds— [ o1()dBL ()4 [ o2(s)dBL (s)}} '

Conditioning on (L), and recalling the expressions of o;?(T) and ¢3*(T) in (2.14) we get

. . [ iu— * * Tu— To' S (Nl) S)— To’ S <~2) S
Eglemi(HiRIZ(D)] — R[5 (ot (Mo (M) [Py ()57 () —fy ea(o)dtrg “}\U(L)]]

5 [ 5 (of2(T)+o32(1)) o 2527 (UIQ(THUS?(T))}

—Eg —ef%UIQ(T)(iufRf(iufR)2)+%052(T))((iufR)+(iu7R)2):| '

Thus we have
E@[e—i(u+iR)Z(T)] _ e—%(iu—R—(iu—R)Z)af(0)(1—e*A1T)A;1e%(iu—R+(m—R)2)a§(0)(1—e*A2T)A;1

Eg [efoT 01 (u,8)dL O ()4 [T gz(ws)dL@)(s)] _

Using an extension of the key formula in Eberlein and Raible [14], we have

E@[e—i(u+iR)Z(T)] — o3 (iu=R—(u=R)*)o? (0)(1—e M)A  § (iu—R+(iu—R)*)o3(0) (1—e~*2T)A; "

e [ {ra(an (. 5)) + Rl 5)) s,

where k1 and ko are the cumulant functions and the result follows. O

The computations we did in this section are based on a change of measure which allows
to move from pricing a spread option written on a bivariate jump-diffusion to pricing a
European option written on a one dimensional jump-diffusion dynamics. To derive such
a formula, we used the Girsanov theorem. In some situations it is more convenient to
consider a special type of measure transform known as the Esscher transform. We next
specialize our results to the case of spread options on exponential bivariate Lévy process.

2.3. Application: Exponential Lévy processes and Esscher tansforms. Our com-
putations will be based on the Esscher transform of Gerber and Shiu [17] for options on
several risky assets. The Esscher probability Py is defined by means of the Esscher trans-
form as follows (see Gerber and Shiu [17])

dP 9 e<49,L(t)>

dP |7 Eple<tl®>] "

The transform depends on the parameter § € R?. First, we apply an Esscher transform with
parameter 6, such that the corresponding measure Py is risk neutral for the price dynamics
and the spread option price C' can be written as expectation under Py. Afterwards, we
apply Magrabe’s formula as in Proposition 2.3 and state C' as expectation under Magrabe’s
measure Py. Furthermore, we explore the relations between the real world measure P, the
risk-neutral measure Py and Magrabe’s pricing measure Py in terms of Esscher transforms.

(2.16)



In fact, Margrabe’s pricing measure can be specified with respect to IP directly through a
single Esscher transform with parameter § + BERFh&e MyTenotds PREVARE ik vector.

We suppose here that the risk-free rate of return is constant, that is, r(t) = r for
a positive constant 7 and consider a spread option written on S (t) = S(l)(O)eL(l)(t)
and S@(t) = S@(0)eL”® | where L = (LY (t), L@ (¢)) is a bivariate Lévy process with
characteristic triplet (a,0,v). Let 6 = (61, 60y) € R?>. The moment generating function of L
is given by

Mt(g) — EIP [e<9,L(t)>}

= exp {t(a191 + agly + /

2(e<072> — 1= < 972 > 1‘Z|<1)V<d251,d22)} )
RO

for 6 such that this exists. In order for (2.16) to be well-defined, we must assume expo-
nential integrability conditions on L(1). Hence, suppose that there exists a constant ¢ > 0
such that

(2.17) / <17 1(dz) < oo,
]R2

for all |x| < ¢. This ensures finite exponential moments for L(1) up to order c¢. To get a
risk neutral probability measure, the parameter 0 is determined such that, for ¢ = 1, 2, the
discounted price process e~ ™S () is a martingale. Hence

SD(0) = Egle SO (1))

which is equivalent to

eL(i)(t)J,-OL(t)] B M (1, +6)
Moy T M)

where 1; denotes the ith unit vector and [E4 denotes the expectation under the new measure
Py. The existence and uniqueness of the parameter 6 = (6;,6y) which verifies (2.18) is
proved in Gerber and Shiu [18]. By the risk neutral valuation rule, the price of the spread
option is then given by

(2.18) et = Ele" 0] = EP[

92 (T)
SU(T)

C=e"TE, [max( —1,0)SM(T)|.

In order to apply Proposition 2.3, define
dPy
dPy
according to Lemma 2.1 and Remark 2.4. Note that (2.19) corresponds to an Esscher
transform with parameter 1;. Furthermore, it is

dPy|  dPydP,
dP |7, dP, dP

(2.19) _ LV

Fi

<6,L(t)> <0+11,L(t)>
_ rt—L<1)(t)e ® e Lo . d]P)9+11

P M(6) ~ M(6+1) AP &’

(2.20)
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using (2.18). Thus, f”o corresponds to the measure Py, q,, defined through an Esscher
transform with parameter 6 4+ 1;, with respect to P. Applying Proposition 2.3 it follows
therefore

S2) (T)
S(T)
This is in accordance with the result in Gerber and Shiu [17] for options on several risky

assets. By Theorems 33.1 and 33.2 in Sato [23], the new characteristic triplet of the Lévy
process L under the new martingale measure Py is given by (a,0,7), where

U(dzy, dz) = <" v(dz, dz),

(2.21) O = SD(0)Egs, | max( —1,0)SY(T)|.

and
C’i; = q + / yALS) <9 2> (d217d2,’2) fOI‘ 7 = ]_,2
|z|<1

The characteristic triplets of the Lévy process L under the new measure Py, 4, is given by
(@,0,7), where
D(dzy, dzy) = @Dtz (40 d2)
and
a; = a; +/ zz-e(el+1)zl+9222y(dzl, dzs), i=1,2.
[z[<1

Therefore the process S<1 D g given by

S @)
(t)
S92 (t) 5(2)(0)
SOt ~ SO(0)

t
(2.22) n / / (22—zl)Nng(ds,dzl,sz)},
|z]>1

where Ny 1,(dt,dz1, dzs) is a Poisson random measure with Lévy measure v(dzy, dzs). Note
that, under Py q,, (2.22) can be written as
S92 (1) 5(2)(0)

(2.23) S = o) O { L) — L(l)(t)},

t
exp {(@2 — al)t -+ / / (ZQ — Zl)N9+11 (dS, th dZQ)
|z]<1

where
A t _ ¢
LO(t) =a;t +/ / 2iNgi1,(ds, dzy, dzo) +/ / 2iNgi1,(ds, dzy, dzy), i=1,2,
|2|<1 |2|>1

are the coordinates of a bivariate Lévy process. Hence

S@(0) ;e .
— gm L(1)-LO(T) _ )}
C=S"Y(0)Esq, [max (S(l)(O)e 1,0)].
We now consider two examples of the application of this Esscher transform-based pricing
of a spread option. First we study the case of a bivariate normal inverse Gaussian Lévy
process, and afterwards we consider the so-called Merton dynamics. In both cases we can




relate the process under the pricing measure in our Margrabe formula to explicit processes
which are possible to apply for analytical prichfg,T- OF MATH./CMA UNIV. OF OSLO

2.3.1. Example: Normal inverse Gaussian Lévy process. Given the parameters of the dis-
tribution of a normal inverse Gaussian (NIG) Lévy process under the real world measure
P, one can derive parameters under a risk neutral measure Py after an Esscher transform as
in Benth and Henriksen [5]. The bivariate NIG distribution has parameters a > 0, 3 € R?,
i€ R2 6> 0and A € R?*2 where A is a positive definite matrix with determinant 1
(see Barndorff-Nielsen [2] and Rydberg [22] for more about the bivariate NIG distribution).
Let L be a Lévy process such that L(1) ~ NIG(«, 3, p,d,A) under P. Then the density
function of L(1) takes the form

(2.24) ) = () oKy (a2,

mq(z

where K s is the modified Bessel function of second kind of order % and

:5\/a2 —ﬂ*A B+ 6" (z—p
= V0% + )" AT (z — u)
The parameters have the followmg interpretation: « corresponds to the tail heaviness of
the marginals and 9§ is the scaling of the distribution. The centering is described by p and

[ controls the skewness. The dependency structure between the marginals is modelled by
A. The cumulant function is explicitly given by

(2.25) s) = 6v/a2 — B*AB — 5y/a2 — (B +is)*A(B +is) +is* .
One recalls the cumulant function to be the logarithm of the characteristic function.

The price dynamics for the stocks are given by S () = SW(0) exp{ LW (¢)} and S?) (t) =
S (0) exp{L?(t)} with S@(0) > 0, i = 1,2. Define a probability measure P, ~ P for
0 € R? through an Esscher transform as in (2.16). Calculating the characteristic function,
it follows that under Py,

L(1) ~ NIG(a,B+0,11,8.2).

We choose the parameter 6 such that we have risk neutral dynamics. This is the case
when the discounted price process is a Py martingale, where discounting is done using the
risk-free interest rate » > 0. Hence

Egle™""S(t)] = S(0)
or equivalently

for i = 1,2, see (2.18). This condition turns into a system of two equations for 6,

+1+6
T:M1—5\/C¥2_[ﬁl+1+¢91762+92]A|:51 52+g;}
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+5\/0‘2_[51+91,ﬁ2+92]A[g;ig; ],

B+ 6
. 2 _
T = Ly (5\/04 [51+91,52+1+92]A{52+1+@2]

+5\/a2—[51+91,ﬁ2+92]A{g;ig;] )

The probability measure P defined in Lemma 2.1 and used in the Margrabe’s formula in
Proposition 2.3 corresponds here to the pricing measure Py 4, as in (2.20). It follows that
under Py, 1,

(L(1)<1)7 L(Q)(l)) ~ N[G(Oé, 69+11 s [y 57 A) )
with Bpi1, = 6+ 6 + 1;. Under Pp,q,, it holds that

SO _ S(0) 2 |
G010 = SD(0) exp {L( )(t) — L )(t)}.

Observe that the cumulant of L®)(t) — LM(¢) is given as

Ur,-r,(s) = lnE[eis(L@)(l)fL(l)(l))] - \I](L(l),L@))(_Sa s)

where Uy (s, s2) is given by (2.25) with § = fBp41,. Then we have that

g 1y(s) = 5\/a2 — 2 — 31/@ — (B +is)2 + s

with & = §y/z,a2 = 2(a2 — BAB+ 37,8 = 2,7 = gy — i, and 2 = AT,z =
*AB+3*AT and T* = (—1,1). This is the cumulant of a one-dimensional NIG-distribution
with parameters @, 3, i, 0. Hence, L®(t) — LY (¢) is a NIG Lévy process under Py, 4, and
the pricing of the European spread is computable by means of Fourier transform, say. We
can follow the same approach as in Lemma 2.5, however, with a different characteristic

function of course.

2.3.2. Example: Merton-Dynamics. Now we apply the results to the case when the loga-
rithm of the stock prices follows a compound Poisson process with normally distributed
jump sizes, the so called Merton dynamics. In this case it is possible to get an infinite
sum, where each summand can be evaluated as in the classical Black and Scholes frame-
work. This case has been analysed by Cheang and Chiarella [12], who also investigated
the American-type spread options.

Assume now that the stock prices are given as in the Merton dynamics by S (t) =
S@(0) exp{ LY (t)}, SO(0) > 0, i = 1,2, where L(t) = (LW(t), L (t)) is a Lévy process



of jump diffusion type
DEPT. OF MATH./CMA UNIV OF OSLO

1
(226) L(l)(t) = (al — 5(0%1 + U%Q)ﬂ + O'HB( )( ) + 0123 + ZY

N(t)

1
Umﬂzam—éw;+ﬁgﬂ+@ﬁﬁK)+@ﬂ3 +§:Y

where Y, = (Yk(l), Yk@)) , k € N, is a sequence of iid bivariate random variables and N(t) is a
Poisson process with jump intensity A independent of Yy, k € N and B(t). The compound
Poisson processes in (2.26) can be written in integral form

// 21 N(ds, dz, dzs)
R2
¢
2):// 29N (ds, dzy, dzs)
0 Jr2

where N (dt,dz,dz) is a Poisson random measure with Lévy measure

(2.27) v(dz,dz) = Mfus(z1, 22)dzdzy,

N(t

and

fus(z) =

1 1 *y1—1
—exp{—=(z — )X (2 —
SIE (=5 =027 (=~ p)}

is the density function of the normal distribution with parameters u = (u1, p2) and ¥ =

2
( 221 2;3122 ) The stock price dynamics has then the following form:
12 2

wmwzsﬁ%“ﬁ+mMFWﬂ+mﬂEWw

/ /R N(ds dzl,dzg)}

dS(2)<t) = SQ(t){agdt 4+ 0'21dB (t) + 022d3(2)<t)

/ /R2 N(ds le,dZQ)}

In the previous example with the NIG dynamics, we showed how to use the Esscher trans-
form twice to go from the physical measure P to the pricing measure Py, 1, in the Margrabe
formula. We can do the same two-step measure change procedure for the Merton model,
but to reduce technicalities, we simply assume that the dynamics is already in the risk-
neutral setting, which means that

a; = Qg =T,
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where 7 is the interest rate. Note that our dynamics are in the form (2.2) with (s, 21, 22) =

e’ — 1,5 =1,2. The dynamics of 2 are then given by

S (1) S@(t)
d(g(l)@)) ~ SO

S(1> t)

{(0%1 + 01y — 011091 — 0120)dt + (01 — 011)dBY (t)

+ (093 — 012)dB® / / e~ — 1)N(ds, le,dZQ)}
R2

For the risk-neutral measure P, define the measure P as in Proposition 2.3 through

d]/fj) S(l ( ) —rT
—e .
5’(1)(0)
Additionally, introduce the measure P by the density:
d@ _ 5(2) (T) —rT
~ S®(0)

Note that these measure changes of Girsanov type correspond to Esscher transforms as in
(2.16) with parameters § = (1,0) and # = (0, 1), respectively, as long as we neglect the
Gaussian component. Therefore we find
vs(dz) = e*'v(dz)
vs(dz) = e*v(dz).
Using (2.27), we can conclude that the jumps are still compound Poisson processes with
jump intensities A = AM;((1,0)) and X = AM;((0, 1)), where M;(6) = exp{p*6 + $6*26}
is the moment generating function of Y. The jump sizes are again normally distributed
with expectations o = (u; + X2, po + X12) and 1 = (1 + X19, po + 33), respectively, and
an unchanged volatility .
We know from Proposition 2.3 the price of a spread option to be
S2) (T)
— aq®) _ S S
c=S5 (O)Ep[max(s(l)(T) 1, )]

This can be rewitten as

C = SP(0)P(A) — SV (0)P(A)

with A = {w € Q : S<1> (T; 1 > 0} (see for example Corollary 6.13 in Bingham and

Kiesel [9]). Conditioning on the number of jumps we get
= hP(A
n=0
=2 paP(4
n=0



with
e—XT(}\“T)n DEPT. OF MATH./CMA UNIé/—.le(X)ﬁ]}@
o PPN =n =

and A, = {w: % — 1> 0|N(T) = n}. Under P and given N(T) = n, it is

SA¢)  S3(0) 1 , 1 )
M(0) exp{ - 5(021 —on)t— 5(022 —012)°t

+ (0'21 — 0'11)3%1)@) + (O’QQ — 0'12)B§)(t)

()}
k=1

and analogously for P. Therefore, one can see that

P(A,) =1— ®(d,)

P(A,) = 1— ®(d,)
where ® denotes the standard normal distribution,
S(2)(0)

7 IH(W@) — fn P In(rmygy) — Fin

n

B = B(N(T) = n) =

nn
2
=
=
—
~
S—
n

Y n -~
On On

and

Ly, = —%T((Um —o11)” + (022 — 012)%) + n(p2 + X2 — p1 — X3)
05 =T((021 — 011)* + (022 — 012)°) + n(35 + X7 — 254)
[n = %T((Uﬂ — o)’ + (022 — 012)%) + n(p2 + X5 — 11 — S12)

6'\2 = T((O'gl — 0'11)2 + (0'22 — 0'12)2) -+ n(Eg -+ E% — 2212).

n

In conclusion, we find that the spread option price is expressible as an infinite sum of
Black-Scholes prices, scaled by the Poisson probabilities. Summarizing, we have

n=0 n=0
One may truncate the sums to obtain efficient pricing procedures for the spread option.

3. ROBUSTNESS OF SPREAD OPTIONS

In this section we consider dynamics with no explicit Brownian component, namely we
consider dynamics driven by a pure Lévy process or by centered Poisson random measures.
This is done for simplicity in the exposition. We refer to Benth, Di Nunno, and Khedher
[7] Section 3.2 for a discussion on the relationship between the Brownian motion in the
price dynamics and the Brownian motion of the approximating dynamics from the point
of view of an efficient computation of option prices.
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3.1. Robustness of a bivariate Lévy process. In this section, we first consider a pure-
jump bivariate Lévy process (L™, L®?)) with Lévy measure v. We assume that the Lévy
measure satisfies
/ 22v(dzy, dzg) < oo, i=1,2.
R3
Let D = {(x,y) € R /22 +y? < ¢} and Dj be the complementary of D{. We define
vi = 1p:v and v; = 1p:v. We can write (LMW, L?) as the sum of the two following Lévy

processes
o\ [ @) L)(t)
(3.1) ( LA (1) ) B ( LE() ) " ( L) )

where (LQ, Lgi) and (Lglg, ng)) have the following two characteristic functions

¢(L(1) L(.Q))(Zl’ 29) = exp{t/ (ei21mei,22y —1—iznz— iZQy)VJE-(dJ:, dy)}, j=12.
J,€

J.e’ 2
R3

(1)

We allow the processes LV, L®) to be dependent. Thus the processes Li;, L§2§ are

dependent and LSE), ng are dependent, too. It is easy to see that the characteristic
function of the process (L), L(?)) is given by

(3.2) S pe)(z1,22) = dpm (21, 2)8 00 o) (21, 22),

e

from which we conclude that the couples (L; /, L) and (Léls), Lg) are independent. The

covariance matrix is given by

2
olm(E) o e(e)
(33) 2(6) — Ll,a 1,e2™1,e

2
LM L® (€) ULQ (e)

/\/m<g(x7y)(x7y)TV(dl‘,dy) — (

The Lévy process given by equation (3.1) can be approximated by a two-dimensional

Lévy process (Lg), Lgl)) given by

L&) w(r) LyJ(1)

. ( o )~ ( we (i) ) o )

where a(¢) is a 2x 2 matrix such that a(e) = X2 (g) and WO and W® are two independent
standard Brownian motions. In this context we mention a paper by Asmussen and Rosinski
[1] in which an approximation of the small jumps of one dimensional Lévy processes by
a scaled Brownian motion was studied. In this paper the authors choose to scale the
Brownian motion by the standard deviation of the jumps smaller than € so that the original
process and the approximation have the same variance. In the multivariate case, this
approximation was studied by Cohen and Rosinski [13]. Also Benth, Di Nunno, and
Khedher [6], [7] worked with this method. That is what explains our choice of the matrix
a(e). Indeed our aim is to keep unchanged the variance-covariance matrix of the original
process (LM, L),



We need to study the convergence of the coefficients of the matrix «(e) when e goes to
0. We have DEPT. OF MATH./CMA UNIV. OF OSLO

ai(e) az(e)) (W)Y
(3.5) Var <<a2(5) ase) ) \we ) ) = t¥(e).
Since WM and W® are two independent Brownian motions, (3.5) is equivalent to
a () WD ax(e) W)\ _
Var ((ag(a)W(l) + Var s () ) ) = tY(e)
and we get the following set of equations for the coefficients a; (), as(e), and az(e)
ai(e) + aj(e) = 02512(5),
ag(e)ag(e) + as(e)as(e) = T 2 (),
(3.6) as(e) +az(e) = O'igm (e).
We know that "iglg (¢) and Uifi (¢) vanish when € goes to 0. Therefore also oy (¢), as(e),

and a;(e) convergé to 0 when e goes to 0. We use this to prove the following convergence
result.

Proposition 3.1. Let the process (LM, L®) respectively (Lgl), ng)) be defined as in equa-
tion (3.1), respectively (3.4). Then, for every t > 0,

lim(LO (1), LO(0) = (LO(0), L) P - a.s.
In fact, the limit above also holds in L'(Q, F,P) with
E L) = LD (0] < (aa(e) + as(e e)topmle e)) Vi

and

E[ILO(t) - LOW] < (a2(e) + asle) + o, (2)) V2.

Proof. The P-a.s. convergence follows directly from the proof of the Lévy-Kintchine formula
(See Thm. 19.2 in Sato [23]). Concerning the L'-convergence, we argue as follows. The
combined application of the triangle and Cauchy-Schwarz inequalities give

E [|LO(t) — LO@)]] = E lml(a)W( (1) + an(e) WO (1) —/ / 2 N(ds, dz, d2)|
|2|<e

< ay()E [[WO )] + ag(e)E [[WR(

< aq(e)
LE @ /;/lxlsegcﬁ(ds,dzl,d@)\]

)

|

N

< a1 (O)E [[WO@)]? + an(e)E [|(WO(1))2]

+
=
O\;F
?\
IA
™
8
=
IS
VA
ISH
AN
v&.
N
Do
Pt
| I
=
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< (ou(e) + as(e) + Ong(é“)) Vt.

The coefficients JL(1>, L(l), and 0L<1) converge to 0 when ¢ goes to 0. Therefore, from

L8
equation (3.6), we deduce that the coefficients a; (5), as(e), and as(e) go to 0 when e goes
to 0. In the same manner, we can prove that E[|L® — L] < <a2(6) +as(e) +o, (5)) Vit
and the result follows. 0

Notice that in the proof of the Proposition 3.1, the convergence of the coefficients of the
matrix a(g) to 0 when e goes to 0 is enough to prove the convergence in L! of the process

(L9, L) to (LW, L),
For completeness, we add that to compute a(e) = %2 (¢) we first compute the eigenvalues
and the corresponding eigenvectors of the covariance matrix X(e). That is we have

0= (G O (M0 0 (et ey

Ai(e) = %(Uiglg (e) + Uif) (e) + \/(Ui(n(e) +075)(6))? =402 1) (€)o7 5 (€) — L) L(2)<6))>7

1,e 1,e 1,e 1, le

f(e) = arctan ( UL(E’g) )

70 1)
Thus |
a1(e) = A2 () cos? 0(e) + A2 () sin® 0(c),
s(€) = A2 () cos (&) sin 0(e) — AZ () cos 0(e) sin 0(c),
as(e) = A2 () cos? 0(e) + A2 () sin® 0(c).

This specifies a(e) in terms of the coefficients of the matrix X(¢).

3.2. Robustness of the price process. Now we assume that the price process S =
(S S@)) is given by the following dynamics

(3.7) S(t) = a:—l—/ ds+/ /R2 N(ds,dz),

where S(0) = z € R?. We assume that the solution of the latter equation exists and that
fori=1,2,

(s, 2) = gi(2)7i(s),
where f 2l <e g2(2)v(dz) < oo. Moreover we assume that the stochastic factors a;(s) and

7i(s) are such that
lai(s)], a(s)| <€, i=1,2,



where C' is a positive constant (not depending on w).
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We define the matrix G(g) = (Gij (5)) : b /
1<4,j<2

Gijle) = / gi(2)gj(2)v(dz), for 1 <4,5 <2
|z|<e
and the matrix ((¢) by the square root of G(¢), namely
o) a=(50 58) -
We approximate the price process S by
SW(t) = xy + /t ar(s)SW (s)ds + B (e) /t SW ()7, (s)dW D (s)
0
t
+ 3 S $)dW@( SW(s ds,d
@) [ S0 //| (Y0 (s.2) N (ds, d2),

SO(t) =2y + / taz(S)S?)(S)dHﬁz(e) / SO (53 (s)dW ) (s)

(3.9) + By(e) /0 ' SO(5)3n(s)d / / |>Es<2> )N (ds, d2),

where S.(0) = (x1,22) and W = (WM W®) is a two dimensional Brownian motion.

Notice here that the variance-covariance matrix of the process S. is given by X(e,t) =
ii (et ) , where

( ’j( ) 1<4,j<2 v

Bua(e.t) = (360 + B[ [ (505 (s)as],
5172(8,t) = ig,l(g, t) = (ﬁl (e)Ba(e) + ﬁg(a)ﬁg(a))E[/O Ss(l)(S)SE@)(8)%(3)%(5)655]
Baafe.t) = (356 + BENE] [ (S2(:)7FH(s)as].

Since the matrix 3(¢) is given by equation (3.8), the matrix %(¢) is the same as the
variance-covariance matrix of the small jumps of the process S.

We state the following lemma which shows the boundedness of S and S.. The proof is
similar to the proof of Lemma 3.2 in Benth, Di Nunno and Khedher [6].

Lemma 3.2. Let S and S., be the unique solutions of (3.7) and (3.9), respectively. For
every 0 <t <T < oo, we have the following type of estimate for the respective norms

ISP@)IE ISP @)]3 < ae', i=12,
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where a and b are positive constants depending on T' but independent of ¢.

With the same arguments as in equations (3.5) and (3.6) and using the fact that S is
bounded we can show that the coefficients (3 (g), B2(€), and fs(¢) converge to 0 when &
goes to 0. We use the latter arguments to prove the following robustness result of the price
process.

Proposition 3.3. For every 0 <t < T < oo, we have
ISV () =S5 < CGule),
1S®(t) = SP )3 < CGas(e),

where S and S; are solutions of (3.7) and (3.9), respectively and C' is a positive constant
depending on T, but independent of €.

Proof. We prove the result for the process S, The proof for S@ follows the same lines.
We have

S0 - 500 = [ (896) - SO an(shds 4 [ SOV
= 5h(e) [ SO )
[ 186 - sl N s, )
0 Jlz|>e

v t /| SV 2) Vs )

Applying Holder inequality and Ito isometry we get

1SD(t) — SW(1)]12 < TE[/Ot{S(l)(S) — Sél)(g)}Za%(s)ds}
{08+ BENB[ [ (50675
v stewae] [(s00 - spaten]

+ Gll(e)E[/Ot(s(l)(s))z?f(s)ds] .

Since ay(s), 71(s) are bounded, we get

15D (&) = S < CE/O 1SW (s) — SV (s)|ds + (57 (e) +5§(€))/0 IS8 (s)]|*ds

t
L Ghe) / 15 (s)|?ds,
0



where C'is a constant depending on T'. Since (%(¢) + f3(¢) = G11(¢) and applying Lemma
3.2 and Gronwall’s inequality, we prove the stifdthefpf, MATH./CMA UNIV. OF OSLO O

3.3. Robustness of the Margrabe formula. In the following we study the robustness
of the spread option written on a bivariate geometric Lévy process under the considerations
of Remark 2.4. We suppose that the dynamics of the price processes S and S¢ are given by
equations (3.7) and (3.9), resp. Applying Proposition 2.3, the price of the spread option
written in the underlying process S is given by

(3.10) C = SM(0)E; [efoT (1))} max( S5 — 1, 0)],
where the measure P is defined by

dP

e, = exp(Y (7))

Here above

Y(T) = (/ /R2 In(1 + v (t, 21, 22)) — 11 (¢, 21, 22)v(dzy, dzo)dt

T
+/ / In(1 + (¢, 21, 22)) N (dt, dz1, dzs) .
0 JRZ

@ ..
% is given by

SO@F  SO(0)
S = 5m(0) D)

Under I?P/’, the process

where

Z(t) = /Ot(ag(s) —ay(s))ds + /Ot/|z>1 Y2($, 21, 29) — Y1(8, 21, 22)V(dz1, dz9)ds

' L4+ 72(s, 21, 22) | (S, 21, 22) = 72(s, 21, 22)
+ log( —) + ’ 2 v (dz, dzs)ds
/ { g 1+’}/1(8 21,22)) 1_'_71(3 21’22) } P 1 2)

1
/ / 10 +72 S, Zl;ZQ))Nﬁ(dS le,dZQ)}
R2

1+71 S, 21, 22)

Here v5 is the Lévy measure associated with the Poisson random measure Nﬁ defined by
equation (2.7).
For the approximating processes, the spread option price is analogously given by
2)

(3.11) C. = Sg(l)(O)EﬁE elo {a1(s)=r(s)}ds max( (DETi 1, O)],
where IAP/’6 is defined by

dP

“ = exp(V.(T)).
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Here above

VAT) = =5 (66 + 3(0)) [ A+ o) [ Amaw
 By(e) / 2 (6)dw (1)
In(1 1\, 21,22)) — "1 ,Zl,ZQI/dzl,dZQd
+//| (L4 (21 22)) — (b 21, 220 (dea, dz)dl

T
—|—/ / hl(l —I—'yl(t,zl,22))N(dt,dzl,d22).
0 |z|>e

)
The price = g} is given by

SP)  S®(0)
5Py SW(0)

exp(Z:(T)),

where
2:0)= [ ls) = ariops = 5 [ {(3470) - n )’

~ (Bs(ePa(s) — Bafein(s)) Jds
v [0 = ARG + [ (36~ BN
+/Ot/|z>1 (72(&21,22) _’71(3721,Zz))Vﬁg(thdZQ))dS

! L+ %2(s, 21, 22) Y1(8, 21, 22) — 72(8, 21, 22)
+ log( ’ + L S vs (dzy,dzy)ds
/ { & 1+ (s, 21,22>) 1+ 7(s, 21, 22) } PE( 1, d22)

1
/ / _|_ny S, 21,22))]\7 (d57d21,dz2>}‘
R2

1+’Yl S, 21, 22)

Here
N (dt,dz) = (=t 2)v(dz)(d=)dt + N(dt, d2) ) 1o,
Vg, is the Lévy measure associated with Nﬁa dW%l)(t) = —B1(e)(t)dt + dWD(t), and
AW (1) = = Ba(e)Ta(t)dt + AW (1),
We have the following technical lemma which is used in the forthcoming convergence
result on spread prices.

Lemma 3.4. Fort € [0,T], u, R € R, we have
shinoEﬁ’e [e—i(u+iR)Za(t)] = E; [e—i(u—&—iR)Z(t)}



Proof. We have
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|

exp //ln +7(t, 2)) — 1(t, 2)v(dz)dt

//ln1+’71t2 (dt,dz)

|]E~ [ u+iR)Z ()} . E@ [e—i(u—i-iR)ZE(t)] |

‘dP Siutir)zy | AP o —i(uFiR) Z: (1)

<E
dpP dP

+ (= zu—l—R)/ —ay(s ds+// Yo(s,2) — (s, 2)v(dz)ds
2|>1
1+72 7132) Ya(s, 2)
lo s(dz)ds
//{ g1—|—7 1+ (s, 2) yp(d2)

o [ s 112” Natds, ) }

_exp{——an< >/0T 2(t)dt + 3 (e )/TA% )dWw ™ (t)

+ Ba(e /o / /|> lnol +m(t, 2)) —n(t, 2)v(dz)dt

//||> In(1 + 7 (t, 2))N dtdz) (Zu—i-R)(/( 2(s) — ay(s))ds

‘5/ {(B:(671(5) — Bie)7 <>) (ﬁ3<> 2(5) — Ba(e)F <>)2}ds
+/0 (B2(e) — Bi(e)) 1(8)dWﬁ2)(5)+ (ﬁg(g) —52(6))%(8)dW§)(3)

0

t
// Ya(s,2) — (s, 2))vg, (dz))ds
|2[>1

//QOHW %S@?&%%Mm

1+ 7 ( 1+ 7(s, 2)

o[ o e e

:]EHexp{/O (as(s) — d5+/ /||> In(1+ (¢, 2)) — 1(t, 2)v(dz)dt
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+/0 /|Z|>€ln(1+71(t, 2))N(dt, dz)

_iu+R /t/||>1 Ya($,2) — 71(s, 2)v(dz)ds
/ /z|>s G e )+ it _72(8’2)}%(612)658

A6 T TG )

1
/ / REICED NMds,dz))}
|2 >e 1 + (s )
exp / / In(1+ v (t,2)) — n(t, 2)v(dz)dt
0 |z|<e
T ~
—|—/ / In(1 + (¢, 2))N(dt, dz)
|z|<e
zu+R // 1+72821 22))
| |<e 1+71 5,21, 22)

Y1(5,2) — 72(s, 2)
(dz)ds
+ 1+71(SZ }VP Z

// 1+'ygsz dsdz)}
|z|<e 1+’7132

T

—exp{ —§G11( / dt‘i‘ﬂl /

0 0

T By(e) / 22 ()W (1)

¥ (i R)( /Ot{(ﬁz() B1(2)) A s) — (Bale) — Bale)) A3(s) s
+ [ 63260 = BRI + [ (366 = BN 6)}) |

Using Holder inequality and the triangle inequality, we get
IE; [ —i(u+iR)Z (t):| _E; [e—i(u—‘riR)Zs(t)] |

< C’(E exp 2{ /OT /Z|<8 In(1 4+ (¢, 2)) — n(t, z)v(dz)dt

A <
+/ / In(1 + (¢, 2))N(dt,dz)
|z|<e

1+72 n(s,2) —7(s,2)y 2)ds
—|—R/ /|<€ )+ }V]P(d )d

1+’yl 1+ 7(s, 2)




1 + 7 1
- R/ /|< : 3 ; P@ﬁpd’zb}}i ATH./CMA UNIV. OF OSLO
z £

vE[exp2{ — 16 / S20)dt 4 51(0) / 526w (1)
T B(e) / 22 ()W (1)

B[ 366 = @RS )+ [ (506) = @)}

vzt + [ ' /| =

We have

I

In(1+ (¢, 2)) —1(t, 2)

(1 + 7 (¢, 2)) )N(dt, dz)

K L+7(s,2), (s, 2) —7(s,2)
+R/ / 1 ’w d2)ds
e BTG T s 1P
1
—I—R// +72$Z ‘N~d3 dz)
|z|<e ]- +71 S, Z

In(1 + (¢, 2))|N(dt, dz)

s/o /z|g1 1n(1+71(t,z))—71(t,z)‘u(dz)dt+/OT/MSI

h / /| log(LE282)) | no2) =)

14+ (s, 2) L+ 7(s,2)
1
+R// ‘log +7282 ‘N (ds,dz).
l2|<1 L+7(s,2)

We also have [31(¢), B2(¢) < 1. Thus by dominated convergence, we can take the limit
inside the expectation and the result follows. ]

We can now conclude the following convergence result.

Proposition 3.5. Let C' and C. be defined in equations (3.10) and (3.11). It holds that
limo C.=C.

Proof. From Theorem 2.6, we have for d € R and f = max ((e“ - 1), 0),

1
C = 5W(0) / Flu+iR)Es [efoT{m(s)—m(S)}dse—i(u-&-iR)Z(T)} du
2 R ’

1
o SM(0) / Flu+iR)E; [efOT{m(8)77"1(8)}dse*i(u+iR)Za(T)} du
& 27T R 5

and the result follows easily from Lemma 3.4.
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Note that we only used a one dimensional Fourier transform to analyse a two dimensional
problem.

In the latter proposition we proved the robustness of the Margrabe formula in the case
where the price processes are modeled under the real world measure P, see Remark 2.4. In
the following we prove the robustness of the Margrabe formula when the price processes are
modeled under a risk neutral measure. For that we consider a two dimensional exponential
Lévy process, we use the Esscher transform to compute the Margrabe formula, and we give
a convergence rate for the robustness result. We refer to Benth, Di Nunno, and Khedher
8] for robustness studies of options under martingale measures.

3.4. Convergence rate for the Margrabe formula. In this section, we restrict our-
selves to the case where the price processes S and S. are given by S(t) = (S m(O)eL(l)(t),
S (0)er”®), and S.(t) = (S(l)(O)eLgl)(”, 5(2)(O)eLg)(t)), where L = (LW, L®)) and L, =
(Lgl), L§2)) are bivariate Lévy processes given by (3.1) and (3.4). Recall from Section 2.3
that the risk-neutral price for the spread option written in S is given by

C = S®(0)Egy1, [f(Z(T))],
where f = max ((e”C — 1), O) and

Z(T) = (@ — a1)T + /OT A|§1<22—z1)ﬁe+11<45,d2>+ /T /|>1(22—21)N9+11(d5,dz).

Here a1, a5, and ]%Hl are all defined in Section 2.3.
Now we define the parameter 6. such that for ¢ = 1,2, the discounted price process
e 5% is a martingale. Thus 6. = (65, 65) has to fulfill the following equation
ot M(1; + «95)'
M, (6:)
This is similar to the computations done in Section 2.3. Benth, Di Nunno, and Khedher [§]
proved the existence and uniqueness of the parameter 6. when the price process is modeled

by one dimensional Lévy process. With similar computations we prove the existence and
uniqueness of the parameter 6. in our case. We define a new measure Py_, 4, as follows

dIP)95+11 | _ e<95+11,L(t)>
P Tt M6, + 1,)

Similar computation as in Section 2.3 leads to the following risk-neutral price for the spread
option written on S,

(3.12)

Ce = 5(2)<O)E95+11 [f(Ze(T))]a

where

Z.(T) = (@ — @)T — a1(e)WO(T) — az(e)W(T) + an(e) WI(T) + as(e)WE(T)

/ / (29 — 21 N95+11 (ds,dz) + / / (22 — 21)Ny_11, (ds, dz).
<|z|<1 |z|>1



Here a;, 1 < ¢ < 3 are defined by equation é3.6), Ngfﬂﬁ(ds,dzg is a Poisson random
meastre with Lévy meastre DEPT. OF MATH./CMA UNIV. OF OSLO

D(dzy, dzy) = eOTHV5H0522 (02 ),

and
~ 05 +1) 21465 ,
as = a; +/ zie0it D02y, (d0) dz), i=1,2.
e<]z|<1

Notice that in the paper by Benth, Di Nunno, and Khedher [8] it is proved that the
parameter 6. is bounded uniformly in € in the case of a one-dimensional Lévy process. In
our case we can also prove with the same arguments that 6. is bounded uniformly in € and
that

(3.13) 05 — ;] < CgO’igi) (e), i=1,2,

where Cy is a constant depending on 6 and Jigi) (¢), 1 =1,2, is given by (3.3). We use this
result to prove the following convergence rate.
Proposition 3.6. It follows that

[Bpyq, [e” “HRZID) — By, [ HZD)| < K (u, R, 9>”i§1>(5) + Ka(u, R, 0)07 (<),

1,e

where Kq(u, R,0) and Ks(u, R,0) are constants depending on u, R, and 0.
Proof. Define

U(u) = exp { —iu+iR)(@ —a)T + T/

el =20) _ 1 (4 iR) (2 — Zl)ﬁ(d'Z)}
R,

2
0
1
o (1) = exp { —i(u+ iR) (@5 — )T = (u+iR)%WT
|z|>e

where b, = ||

|z[<e

(29 — 21)?D-(dz). Let 7(u, ) be defined as follows
_ s : ~ =€ - 1 - 1\27,2
T(“? 5) - Z(U + ZR) (Cl2 a1>T 2 (u + ZR) baT
+ T/ piutiR)(z2—21) _ 1 _ i(u+iR)(z — Z1)ﬁs(d2)}
|z|>e
+ {z'(u +iR)(@s —a)T

- T/ HutiRE==2) 1 iy 4 iR) (2 — zl)ﬁ(dz)}.
R2

0

Thus we have
[Efe (2D — Ble— et RZMD]| < |yh(u)||1 — exp(7(u,¢))|
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< exp(7(u, Y (u)]|7(u,€))]-
We have

Im(u, )| < Hz(u +iR)T( / (2 — 21)(OrHDa+0222 _ GO+ D21 +0522 ()

e<|z|<1

+i(u + iR)T(/

’ (22 _ Zl)e(e1+1)21+ezzzy(dz)}
z|<e

N {T/ (iR 2=5) _ 1 iy +iR) (23 — 21))
|z|>€
( — o1+ 1)z1+0222 + e(6§+1)Z1+9§Z2)y(dz)} - %(u + iR)2b§T
" { _ T/ (ei(u—‘riR)(ZQ—Zl) —1= Z(u + iR)(Zz — Zl))
|z|<e

e(9l+1)21+9zzzy(dz> })
S Kl ('U,, R, 9)0’251) (8) + KQ(U, R, Q)Uigl) (8),
where Ki(u, R,6) and Ks(u, R,0) are constants depending on u, R, and #. To prove the

latter, we used the fact that 65 and 65 are bounded, the equation (3.13), and the Taylor
expansion of the function el®tDz1+60222 _ o(0i+1)21460522 - Thyg we proved the result. O

From Theorem 2.6 and assuming that [, |f(u + iR)K (u, R, 6)|du < oo and Je f(u +
iR)Ks(u, R,0)|du < oo, we deduce the following

|C€ — O| S Claigm (5) + 0202 )(5),

1
Ly}

where C; = 52© Je |f(u+iR)K;(u, R, 0)|du and Cy = 500 Je |F(u+iR)Ks(u, R, 6)|du.

2 2

We are now interested in the case where (L(Y) L(?)) follows a bivariate normal inverse
Gaussian Lévy process as in subsection 2.3.1. For this case we would like to investigate
the behavior of Ui(l) (¢) and Ui(z) (), the entries of the covariance matrix (3.3) of the small

l,e l,e

jumps. Using Propbsition 8.9 in Sato [23] we find the Lévy density corresponding to the
probability density (2.24) to be

g(z) = %(W\/%f exp (ﬁz)K%(am) :

Using that for z — 0

we find for small 2

(3.14) g(z) ~ VoA



It follows for the variance and covariance of the small jumps

) , DEPT. OF MATH./CMA UNIV. OF OSLO
07w (€),0, () ~eln(e) +e
1,e 1l,e

Ui(l) (€) ~e

1l,e?

(1)
Ll,s

giving the speed of convergence in terms of the truncation level e. With L’Hopital’s rule
it is easy to see that ¢1In(e) converges to 0 for € — 0.

[1]

2]

REFERENCES

Asmussen, S., and Rosinski, J. (2001). Approximations of small jump Lévy processes with a view
towards simulation. J. Appl. Prob., 38, pp. 482-493.

Barndorff-Nielsen, O. E. (1997). Normal inverse Gaussian distributions and stochastic volatility mod-
eling. Scand. J. Statist., 24, pp. 1-13.

Barndorff-Nielsen, O. E., and Shephard, N. (2001). Non-Gaussian Ornstein-Uhlenbeck-based models
and some of their uses in economics. J. R. Statist. Soc. B, 63(2), pp. 167-241 (with discussion).
Benth, F. E., Saltyté Benth, J., and Koekebakker, S. (2008). Stochastic Modelling of Electricity and
Related Markets, World Scientific.

Benth, F. E., and Henriksen, P. N. (2011). Pricing of Basket Options Using Univariate Normal Inverse
Gaussian Approximations. J. Forecast., 30, pp. 335-376.

Benth, F. E., Di Nunno, G., and Khedher, A. (2011). Robustness of option prices and their deltas in
markets modeled by jump-diffusions. Comm. Stochastic Analysis, , pp. 285-307.

Benth, F. E., Di Nunno, G., and Khedher, A. (2010). Lévy-models robustness and sensitivity. In
Volume XXV of the series QP-PQ, Quantum Probability and White Noise Analysis, H. Ouerdiane
and A. Barhoumi (eds.), World Scientific, pp. 153-184.

Benth, F. E.; Di Nunno, G., and Khedher, A. (2010). A note on convergence of option prices and
their Greeks for Lévy models. E-print, No. 18, November, Department of Mathematics, University of
Oslo, Norway.

Bingham, N. H., Kiesel, R. (2004) . Risk-Neutral Valuation. Springer.

Cont, R., and Tankov, P. (2004). Financial Modelling with Jump Processes. Chapman Hall.
Carmona, R., and Durrleman, V., (2003). Pricing and hedging spread options. Siam Review, 45(4),
pp. 627-685.

Cheang, G. H. L., and Chiarella, C. (2011). Exchange options under jump-diffusion dynamics. Appl.
Math. Finance, 18(3), pp. 245-276.

Cohen, S., Rosinski, J. (2005). Gaussian approximation of multivariate Lévy processes with applica-
tions to simulation of tempered and operator stable processes. Bernoulli, 13, pp. 159-210.

Eberlein, E. and Raible, S. (1999). Term structure models driven by general Lévy processes. Math.
Finance., 9, pp. 31-53.

Eberlein, E., Glau, K., and Papapantoleon, A. (2010). Analysis of Fourier transform valuation formulas
and applications. Appl. Math. Finance, 17(3), pp. 211-240.

Eberlein, E., Papapantoleon, A., and Shiryaev, A. N. (2009). Esscher transform and the duality
principle for mulitdimensional semimartingales. Ann. Appl. Prob., 19(5), pp. 1944-1971.

Gerber, H. U., and Shiu, E. S. W. (1994). Option pricing by Esscher transforms. Trans. Soc. Act.,
46, pp. 99-191.

Gerber, H. U., and Shiu, E. S. W. (1996). Actuarial bridges to dynamic hedging and option pricing.
Insurance: Math. Economics, 18, pp. 183-218.

Karatzas, 1., and Shreve, S. E. (1991). Brownian Motion and Stochastic Calculus. Springer.
Margrabe, W., (1978). The value of an option to exchange one asset for another. J. Finance , 33,
pp. 177-186.



32 BENTH, DI NUNNO, KHEDHER, AND SCHMECK

[21] Oksendal, B., and Sulem, A. (2007). Applied stochastic control of jump diffusions. Springer.

[22] Rydberg, T. H. (1997). The normal inverse Gaussian Levy process: simulation and approximation.
Comm. Stat.-Stoch. Models, 13 pp. 887-910.

[23] Sato, K.-I. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press.

BENTH: CENTER OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLo, PO Box 1053
BLINDERN, N-0316 OsLO, NORWAY

D1 NUNNO: CENTER OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLo, PO Box 1053
BLINDERN, N-0316 OsLO, NORWAY, AND, NORWEGIAN SCHOOL OF ECONOMICS AND BUSINESS AD-
MINISTRATION, HELLEVEIEN 30, N-5045 BERGEN, NORWAY

KHEDHER: CENTER OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLo, PO Box 1053
BLINDERN, N-0316 OsSLO, NORWAY

SCHMECK: CENTER OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLo, PO Box 1053
BLINDERN, N-0316 OsLo, NORWAY

E-mail address: fredb@math.uio.no, giulian@math.uio.no, asma.khedher@cma.uio.no,
m.d.schmeck@cma.uio.no
URL: http://folk.uio.no/fredb, http://folk.uio.no/giulian



