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ABSTRACT. In this paper, we study a robust recursive utility maximization problem for
time-delayed stochastic differential equation with jumps. This problem can be written as
a stochastic delayed differential game. We suggest a maximum principle of this problem
and obtain necessary and sufficient condition of optimality. We apply the result to study a
problem of consumption choice optimization under model uncertainty.

1. INTRODUCTION

A common problem in mathematical finance consists of an agent who invests and want
to maximize the expected utility of her instantaneous consumption and/or terminal wealth.
Recently, there has been an increased interest in problems of utility maximization under model
uncertainty (see e.g., [11], 15, 24, 26] and references therein.) In fact, unlike in the standard
expected utility maximization, where it is assumed that the investor knows the “original”
probability measure P that describes the dynamics of the wealth process; in these papers it is
supposed that the investor does not know this probability. In order to take into account this
uncertainty, the authors introduced a family Q of probability measures () which are equivalent
(or absolutely continuous with respect) to the original measure P and then choose the worst
case criteria in the optimization problem. The problem is solved by dynamic programming
or stochastic maximum principle or duality arguments. There is already a vast literature on
the dynamic programing and the stochastic maximum principle. The reader is e.g. referred
to [1l, 12, 22], 35, [36] and the references therein.

The problem of optimal control for delayed systems has also received a lot of attention
recently. (see for e.g., [0, 14, 19, 2I] and references therein.) One of the reasons of looking
at this problem is that many phenomena have memory dependence i.e., their dynamics at a
present time ¢ does not only depend on the situation at time ¢ but also on a finite part of
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2 OPTIMAL CONTROL FOR STOCHASTIC DELAY SYSTEM UNDER MODEL UNCERTAINTY

their past history. Such model may be regarded as a stochastic differential delay equations
(SDDEs).

As a generalization of classical utility utility, Duffie and Epstein [5] introduced the notion
of stochastic differential utility (SDU)( or recursive utility). The cost function of such utility
is given in terms of an intermediate consumption rate and a future utility, therefore it can be
represented as a solution of a backward stochastic differential equation (BSDE). The notion
of backward stochastic differential equations (BSDEs) was introduced by Bismut [2] in the
linear case to study the adjoint equation associated with the stochastic maximum principle in
stochastic optimal control problem. Pardoux and Peng [28] further developed BSDEs in the
nonlinear setting and since then the theory has become a useful tool for formulating many
problems in mathematical finance and control theory (see [7]). They are many papers dealing
with SDU maximization (see e.g., [8, 10, 23] 30] and references therein.)

In the stochastic delayed systems, let us mention that, the appearance of time-delayed in
the coefficients of the controlled process, leads to time-advanced in the drift of the associated
adjoint equations. Note that, time-advanced (or anticipated) BSDEs were studied by Peng
and Yang [29] in the continuous case, the results were then applied to study a linear stochastic
delay system when there is no delay in the noise coefficient. @ksendal et al. [27] generalized
the latter results to the jumps case. Their application also extend the one by Peng and Yang
[29] to a nonlinear control problem for stochastic delayed systems and with possible delay in
the noise and the jumps coefficients. In the delayed case, the problem of optimal control of
recursive utility can be seen as a optimal control for forward-backward stochastic differential
delayed system. In the jumps case this problem was studied in [32), 33].

The problem of optimal control of recursive utility under model uncertainty was studied by
Bordigoni et al. [3] in the continuous case and by Jeanblanc et al. [I§] in the discontinuous
case via a robust utility maximization technique. In these papers, the penalization function
is given by the entropy. On the other hand, assuming that the probability measure Q) € O
is a market scenario controlled by the market, this problem can be interpreted as a zero-sum
stochastic differential game between the agent who optimizes her instantaneous consumption
and/or portfolio, and the market choosing the scenario ). In a general non-Markovian case,
this problem was solved by Oksendal and Sulem [25], using stochastic maximum principle.

In the present paper, we consider a problem of optimal control for stochastic delay system
under model uncertainty, in a general non-Markovian setting. In this regard, the problem
cannot be solved by a dynamic programming argument. We shall therefore study the problem
using a stochastic maximum principle approach. Our problem can be regarded as a stochastic
differential game of a system of forward-backward stochastic differential delay equations. We
derive sufficient and necessary conditions of optimality.

This paper can be seen as a generalization of [32] to model uncertainty and with delay of
moving average time in the coefficients (but without delay in the control). We also extend the
work in [3|, 18] by considering delay in the coefficients of the state process, and more general
SDU and penalization functions. Moreover, our paper can be consider as a dynamic time
delayed version of [26].

We apply the results to find the optimal consumption rate from a cash flow with delay under
model uncertainty and general recursive utility. This is a generalization to the stochastic
differential utility under model uncertainty of [4].

The paper is organized as follows: In Section [2] we motivate and formulate our control
problem. In Section [3] we obtain a stochastic maximum principle for delayed stochastic
differential games for this general non-Markovian stochastic control problem under model
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OPTIMAL CONTROL FOR STOCHASTIC DELAY SYSTEM UNDER MODEL UNCERTAINTY 3

uncertainty. We apply our result to study a problem of consumption choice optimization
under model uncertainty and delay.

2. PROBLEM FORMULATION

In this section, we briefly present the model in [I0] and then formulate the optimization
problem.

2.1. A motivating example.

Let (Q, F,F = (Ft)o<i<T, P) be a complete filtered probability space that satisfies the usual
conditions with 7" being a finite horizon. For any probability measure () < P on Fp, the
density process of @ with respect to P is the RCLL P-martingale Z% = (Z9(t))o<i<7 with

- 23] - e{3

dP |7, dP

The following model by Faidi et al. [10] illustrates the situation. Suppose the financial
market has two investments opportunities: a bond Sy and a risky asset S. Without loss of
generality, we assume that the price of the bond in constant otherwise we consider the bond as
a numeraire. We assume that S is a continuous semimartingale with canonical decomposition:

S(t) = S(0) + N(t) + D(t), te[0,T).

Here < N > denotes the quadratic variation of the continuous martingale V. We shall assume
that < N > is absolutely continuous with respect to the Lebesgue measure on [0,7] and we
define the positive predictable process o = (o(t))o<t<T by

Z9(1)

t
<N >t:/ o(s)ds, te[0,T].
0

Assume that there exists a predictable process A = (A(t))o<i<7 such that

D(t):/o o(s)A(s)ds, t € [0,T].

Assume that
T
K(T) =< AdN >r= / o(s)A%(s)ds, t € [0,T] is bounded a.s.
0

Let us consider an investor who can consume between time 0 and time 7" and denote by
¢ = (c(t))o<t<T her consumption rate. If she chooses a portfolio H = (H (t))o<¢<71 representing
the number of risky assets invested in the portfolio and S-integrable, the corresponding wealth
process A(t), t € [0,T], will have the dynamics

dA(t) = H(t)dS(t) — c(t)dt, A(0) =ag > 0. (2.1)
In the case of a continuous filtration, Bordigoni et al. [3] study stochastic control problem

arising in the context of utility maximization under model uncertainty. Their goal is to find
Q) € Qy that minimizes the following functional

Eq [ /O ' S (s)Uy(s)ds + aSH(T)Ug(T)} + BEg [R"“(O, T)}

where

Qr = {Q|Q <K P, Q=P on Fyand H(Q|P) := Eg {log %} },
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4 OPTIMAL CONTROL FOR STOCHASTIC DELAY SYSTEM UNDER MODEL UNCERTAINTY

a and & are non negative constants, § € (0,00), k = (k(t))o<t<r and Uy = (Ui(t))o<t<T

are progressively measurable processes, Ua(T') is a Fr-measurable random variable, S*(t) =
t

edo #(9)ds ig the the discounting factor and R"(¢,T') is the penalization term which is the sum

of the entropy rate and the terminal entropy:

)~ L [P rsnioiog 20 SO 79D
RAGT) = g | 4005760108 Zoiirds + iy o8 7y

The authors prove that in general there exists a unique optimal measure Q* and show that
Q* is equivalent to P. In the case of a dynamic value process i.e.,

log (2.2)

V(t) = ess inf YO(¢), 2.3
(t) e i (t) (2.3)

where

YQt) = (Sj(t)EQ [ /t ' @S (s)U: (s)ds + as“(T)UZ(T)‘ft} + BEq [R"(t,T)‘}"tD. (2.4)

They also show that, if F is a continuous filtration, then the dynamics of (Y (t))o<t<7r is given
by the following BSDE

1
dy (t) = (/;(t)Y(t) — U (1) )dt + GUMY o+ dMY (0 1€ 0.T) o
abz

Y(r) = (T).

Faidi et al. [I0] study the problem of utility maximization over a terminal wealth and
consumption in complete market when the value function is given by . The existence
and uniqueness of an optimal strategy is proved.

Jeanblanc et al. [18] generalize these results to model with jump and in the case of a
discontinuous filtration. They prove that the robust optimization problem is the solution of
a quadratic BSDE. Note that their work also extends the result of Duffie and Skiadas [6] and
El Karoui et al. [§] to the robust case and including jumps.

In this paper we generalize for k = 0 the later situation in many directions

e We study more general utility and convex penalty functions.
e We include delay in our wealth process.

2.2. Problem formulation.

Let {B(t)}o<t<T be a Brownian motion and N(d¢,ds) = N(d¢,ds) — v(d¢) ds be a com-
pensated Poisson random measure associated with a Lévy process with Lévy measure v on
the (complete) filtered probability space (2, F,F = {F;}o<i<r, P), with T > 0, a fixed time
horizon. In the sequel, we assume that the Lévy measure v fulfills

¢*v(d¢) < o0,
Ro

where Ry := R\ {0} .

We also point out that the filtration F = {F;}o<i<r is generated by the Brownian motion
and the Poisson random measure.
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Suppose that the state process (or wealth process) A(t) = AW (t,w); 0 <t < T, w e Qis
a controlled stochastic delay equation of the form:

dA(E) = b(t, A1), Av(D), As(t), v(t),w) dt + o(t, A(t), A1(1), As(t), v(t), o) dB(t)
n /R (8, A(t), Ar (), Aa(t), v(t), C,w) N (dC, dt); t € [0.T)
A) = ao(t); te[-5,0],

A(t) = A(t— 8), As(t) = /t ; == X (r)dr, (2.7)

and 0 >0, p >0 and 7T > 0 are given constants. v(-) is the control process.

The functions b : [0,T] x RXxRXR xV xQ - R,0 : [0,7] x Rx R xR x
YXxO = Rand v : [0,T] x RxRXR XV xRy x Q2 — R are given such that for
all t, b(t,a,ar,a9,v,-), o(t,a,a1,a2,v,-) and y(t,a,a1,az2,v,z2,-) are Fy-measurable for all
a€R, a; €R, az €R, veVand z € Ryg. We assume that the function ag(t) is continuous
and deterministic.

Let consider the preceding model uncertainty setup and assume that the law of the con-
trolled process belong to a family of equivalent measures whose densities are

dGO(t) = GO(t7)(6y(t) dB(t)+/ 01(t,C) N(dC, dt); t€[0,T + 6]
Ro

G°0) = 1,
Go(t) = 0, te[-6,0).

e 0 = (0p,0;) may be regarded as a scenario control,
e ) is the set of admissible controls v,
e A is the set admissible scenario controls 8 assumed to be Fi-predictable and such that

T
E[/ {08(75) —I—/ 02(t, ) V(d()}dt] < oo and 6(t,z) > —1 + ¢ for some € > 0
0 Ro
Assume the following in Equation :
a=a=P3=1r=0, Ult) = f(t, A(t), Ai(t), As(t),v(t))

T
Us(T) = g(A(T)), R*(t, T) = R(¢,T) :/t h(6(s))ds (2.9)

(2.8)

where f, g are given concave functions, increasing with a strictly decreasing derivative, and h
is a convex function.
The robust optimization problem we consider is therefore:

Problem P1. Find (7,6) € V x A such that
ess sup ess meQe (Wi (v, 0 ’.7-} Ego- Wi[(9, 0)| 7 = ess i1 inf ess supEgo [W;(v, 0 ‘]—}
veEV veEV
(2.10)

where

~ T T
Wt(a’e):/t f(svA(S),Al(S),Az(S),v(S),w)ds+9(A(T),W)+/t h(6(s)) ds
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6 OPTIMAL CONTROL FOR STOCHASTIC DELAY SYSTEM UNDER MODEL UNCERTAINTY

This problem can be seen as a stochastic differential game problem.

Let {&} Yo<i<r and {EF }o<i<T be given subfiltration of {F; }o<i<r representing the amount
of information available to the controllers at time t. We assume that v € V is £}-predictable
and 0 € A is £?-predictable. We define

fi(t,a,a1,a2,u) = f(t,a,a1,a2,v) + h(0); u=(v,0).
Then

T
Eqo[W (v, 0)] = E|G*(T)g(A"(T)) + / G (3) 11, A" (1), AT(1), A3(1), u(t)) ds]

Put

GY(T v TGo(s
gy + [ O

Go(t) e GOt)

If follows from Lemma [A1]that Y'(¢) is the solution of the following linear BSDE

Y(t) = B| St A1), AR @), A3(1), u(®) ds| ] (2.11)

aY() = - (£t A0, A0, 4500, u(0) + 60(02(0) + [

Ro

01(t, QK (1) v(d) ) de

+Z)dB(t) + | K(t,¢) N(dC,dt); t € [0,T]

Ro
Y(T) = g(A"(T)).
(2.12)
Note that
Y(0) = Y"?(0) = Eqge[W (v,0)].

Thus the Problem [PT] becomes
Problem P2. Find (3,0) € V x A such that

ess sup ess inf Y9(t) = Ya’a(t) = ess inf ess sup YV(1), (2.13)

veEY ocA ocA veY

where Y”’e(t) is given by the forward-backward delayed system (@ & .

In the next section, we shall solve Problem under more general coefficients using sto-
chastic maximum principle for delayed differential games.

3. A STOCHASTIC MAXIMUM PRINCIPLE FOR DELAYED STOCHASTIC DIFFERENTIAL GAMES

In this Section, we study Problem with more general driver in the BSDE . We
prove a necessary and sufficient stochastic maximum principle for stochastic differential games
of forward-backward SDEs with delayed.

Suppose that the state process A(t) = AW (t,w); 0 <t < T, w € Qis a controlled stochas-
tic delay equation of the form:

dA(t) = b(t, A(t), A1 (t), As(t), u(t),w) dt + o(t, A(t), AL(t), As(t), u(t),w) dB(t)
+/ y(t, A(t), A1 (1), As(t), u(t), ¢, w) N(dC, dt); t € [0,T]

Ro

A(t) = ao(t); te[-9,0], o)
3.1



146

147
148
149
150
151
152
153
154

155

156
157
158

159
160
161
162

163

164
165
166
167

168

169
170
171
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where
t
Ar(l) = At —0), As(t) = / =1 X (1), (3.2)
t—4&
and 0 >0, p >0 and T > 0 are given constants. u(-) is the control process.

The functions b : [0,7] X RXxRXRXxUXxQ — R, 0 : [0,7] x RxR xR x
UxQ — Rand v : [0,T] x RxR xR xU xRy x 2 — R are given such that for
all t, b(t,a,a1,a9,u,-), o(t,a,a1,as,u,-) and vy(t,a,a,as,u,z,-) are Fi-measurable for all
a€R, a1 €R, az €R, u el and ¢ € Ry. We assume that the function ag(t) is continuous
and deterministic.

Here u = (u1,u2), where u;(t) is the control of player i; i = 1,2. We suppose that we are
given two subfiltrations

D c Fy telo,T), (3.3)

representing the information available to player i at time ¢; i = 1, 2. We let A; denotes the set
of admissible control processes of player i, contained in the set of St(l)—predictable processes,
1=1,2.

We consider the associated BSDE’s in the unknowns Y;(t), Z;(t), K;(t¢) have the form

dYi(t) = gi(t, At), Ar(t), A2(t), Yi(t), Z(t), Ki(t, Q) u(t)) dt + Zi(t) dB(t)
+ [ Kt Moy te o, (3.4)
(T) = h(AM); =12,
where g;(t,a,a1,a2,y,z,k,u) : [0,T] X RXRXRXxRXRXxRyxU xQ — Rand hi(a) : R — R,
1 = 1,2 are such that the BSDE has a unique solution.

Let fi(t,a,a1,a2,u) : [0,T] x RXxRXRxUx Q2 =R, pi(a):R— R and ¥;(a) : R —R
i = 1,2 be given C! functions with respect to (¢, a, a1, as, u) such that
2
}dt

%fi(t, A(t), Ax(t), Aa(t), u(t))
AT + AN+ [550)] + O] < oo for = aan,02 and

T
B| [ {15t A0, 410, 4200, ut0)] +| 32

Assume that the performance functional of each player ¢ has the following form

T
Ji(t,u) = E[/t Fils, A(s), Av(s), As(s), u(s))ds + i (A(T)) + qp,-(yi(t))‘ft} Li=1,2.
(3.5)

Here, f;, ¢; and v; can be seeing as profit rates, bequest functions and “risk evaluations”
respectively, of player i; ¢ =1, 2.
We shall first consider the non-zero-sum stochastic differential game problem that is, we
analyze the following:
Problem P3. Find (uj,u}) € Ay x As (if it exists) such that
(1) Ji(t,ur,ud) < Jy(t,ui,ud) for allu; € Ay

(2) Ja (t,uy,uz) < Jo (t,ui,ul) for all ug € Az
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The pair (u}, ub) is called a Nash Equilibrium (if it exists). The intuitive idea is that there
are two players, Player I and Player II. While Player I controls u;, Player II controls us. Each
player is assumed to know the equilibrium strategies of the other player, and no player has
anything to gain by changing only his or her own strategy (i.e., by changing unilaterally).
Player I and Player II are in Nash Equilibrium if each player is making the best decision she
can, taking into account the other player’s decision.

Let mention once more that in this case, uy is not known to the trader, but subject to
uncertainty. We may regard us as a market scenario or a stochastic control of the market,
which is playing against the trader.

We shall first solve Problem [P3| for ¢ = 0 and then obtain the result for each t € [0,7T] as
a corollary. For ¢ = 0 we put

Jiu) = 1i(0,u) = /ﬁsA>mUAx>@Wwwwmw+mM@ﬁi=m
(3.6)
Define the Hamiltonians
H :[0,T]XRXRXRXRXRXRXU; XUy XRXxRXRXRxR—R, i=1,2
by
H;(t,a,a1,a92,y, 2z, k,ui,ue, \,p, q,7) :=fi(t,a,a1,a2,u1,u2) + Agi(t,a,a1,a2,y, z, k,uy, uz)

+ pib(t, a, a1, a2, u1,u2) + qio(t,a,ay,az,uy,uz)
+ / T(C)’Y(L a,ar, a2, ur,u, C) N(dga dt) (37)
Ro

where R is the set of functions such that the last term in converges.

Suppose that H; is Fréchet differentiable in the variables a,a1,as,y, 2, k,u; and that
ViH;(t, () as a random measure which is absolutely continuous with respect to v; i = 1, 2. De-
fine the adjoint processes \;(t), pi(t), ¢i(t) and r;(t,¢), t € [0,T], ¢ € Ry associated to these
Hamiltonians by the following system of advanced forward-backward stochastic differential
equation (AFBSDEs)

(1) Forward SDE in \;(¢)

) = GO+ SE0ase) + [ TS eONaCa), teT o

N(0) = (Y (0); =12,

Here and in what follows, we use the notation

T (0 = A, A1(0) a0, 01 (6), w20 V(0. Zi0), Kt ) M), 10, (00,

dViH;
etc and de(C)(t’ () is the Radon-Nikodyn derivative of VjH;(t,() with respect to
v
v(t, Q).

(2) Anticipative BSDE in p;(t), ¢;(t), i(t, ¢)

dpi(t) = El®|F] + a)d @+/ J(6.Q) N (dC, dt), t € [0,T]

(
P(T) = GUA(T)) + HUA(T)), q(T) = r(T (3.9)

(T)=r(T,)=0
o) = qt)y=r(t,)=0; t € (T, T+d], i=1,2,
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where
. . t+46
() = =520 = S+ nor-a(® — ' [ GEE on@)ds, (310
and
i) = O 1, A1), An(0), An(e),mn (0), wn(0), Yi(0), (1), K, ), Mle), ), ), i, ),
OH;
Da, (t+9)
gi (t + 5 A(S( ) A(i(t% Ag(t)7 u?(t)v Ug(t), Y;(s(t)a Zg(t% K?(t, ')7 )‘f(t)v p?(t), qf(t), T‘?(t, ))a

with 20 = z;(t +6), z; = a,a1, a9, u1,us, Yy, 2, k, A, p, ¢, 7.
Note that u(t) contains future values of A(s), A1(s), A2(s), u1(s), uz(s), Yi(s), Zi(s),
Ki(5> ')7 )\i(s)a pi(s)v Qi(s)ari(‘S) ')? s<t+0

Remark 3.1. Let V be an open subset of a Banach space X and let F': V — R.

o We say that F' has a directional derivative (or Gateaur derivative) at x € V in the
direction y € X if

DyF(z) := liml(F(a: +ey) — F(x)) ewists.

e—=0¢

o We say that F is Fréchet differentiable at x € V' if there exists a linear map
L:X—>R

such that

gyMme+h> F2) — L(h)| = 0.

In this case we call L the Fréchet derivative of F' at x, and we write
L=V,F

o If F' is Fréchet differentiable, then F has a directional derivative in all directions
ye X and
DyF(z) = V. F(y)

3.1. A sufficient maximum principle for FBSDDE games.

In the following result, we give a sufficient maximum principle for FBSDDE games. In fact,
we prove that, under some assumptions, maximizing the Hamiltonians leads to an optimal
control.

Theorem 3.2. [Sufficient maximum pmnczple for FBSDDE games| Let (uy,u2) €
Ay x Ay with corresponding solutions A(t), Z(t),Z( ), Ki(t,0), Ni(t), pi(t), qi(t),r:(t,¢) of
equations (m) (-) (@) and (@) for i =1,2. Suppose that the following are true:
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e The functions

a hi(a), a @i(a), y— ¥i(y), (3.11)
(a,a1,a2,y, z,k,v1) = Hi(a,a1,a,y, 2, k, o1, 02, \i(t), 5i (1), G (8), Fa L, -)) (3.12)
and
(CL, ai,a,y, Z,k,’l)g) — H2(aya17a27y7ZakaalaU?axi(t)aﬁi(t%@(t):?i(t )) (313)

are concave, when u;(t) = v(t),us_;(t) = us—;(t); i =1,2.
[ ]

~ ~ ~ ~

masc{ B[ Hi(A(t), A (1), Ao(0), Vilt), Zi(t), Rat, ), ua(8),ua(8), X0 5il0), Gu(0), it )| €7

vel;

= BHi(t, A(), A1 (1), A1), Fi(t), Zi(t), Kilt, ), (1), T (), M(t), Bi(t), @u(t), 7t )) |17
fori=1,2. (3.14)
for allt € [0,T], a.s

e In addition, assume the following growth conditions
B [ {5 (e0 507+ [ 6.0 51,0 va)
(4w - AP (@0 + [ 7o)

Ve (1, Q) v(d)

Copna( 0Hi
v -vor(Gore s [
22 Z, ; ~ K; 2y oo fori = . .
026 - 22+ | (O = Rit. QP vd)) }] < oo fori= 1.2 (3.15)
Then U(t) = (U (t), Ua(t)) is a Nash equilibrium for (3.1)-(5.4) and (3.6).

Remark 3.3. In the Theorem and in the following, we are using the subsequent notation: If
i =1, A(t) = A% (1) and Yi(t) = Yl(ul’w)(t) are the processes associated to the control

) =
u(t) = (u1(t),ua(t)), while A( ) = A®@(t) and }Afl(t) = Yl(u) (t) are those associated to the
control u(t) = (u1(t),ua(t)).
Furthermore, we put

sty = 2, A0y, A1), Aoe), Fu0), Z:0), Rat, ), . 3(0) 5 0), (1), 71, )
oH; . 0H;,. 0H; . 0H;, 0H; M
o (0, 5 (0, S0, 0, 50, 5o 0

Proof. We shall first prove that Jy(u1,u2) < Jy(u1,u2) for all u € Aj.
Choose u; € A; and consider

Ji(ur,ug) — Ji(ur,ug) =11 + Iy + I3 (3.16)

and VkH(t ), 1,2.

and similarly with
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225 where

r pT ~ ~ ~
L=E /O {fl(t,A(t),Al(t),Ag(t),u(t)) - fl(t,A(t),Al(t),Ag(t),@(t))dt}} (3.17)

b:Ekwmw—w@@ﬂ

h:Eﬁm«w]—mﬁmﬂ

226 By the definition of H; and concavity, we get
T N N ~
thLA{Hﬁ%dﬁ@—&@ww@w»—@@wm—mm
—amwm—am»:/?mxwmto—%wowuoﬁﬂ

Ro

T 61/‘}1 ~ aHl N 8H1
SE[/O {aa(t)(A(t)A( ))+a—al()(A1(t)fA1(t)) aag()(A2()
+ %j(t)(ﬁ(t) —Yi(t) + a;?(t)(zl(t) —Z1(t) + A Vi Hi(, O (KL (£, )
0H, -

Tm(t)(ul(t) — (1) = M(g1(t) = G1 (1)) — pr (1) (b(t) — (1))
—a@w@—a@wi/fmxwmuo—mmowwoﬁﬂ

Ro

227 By concavity of ¢, Itd formula, (3.1) and (3.9)), we get

&:gE@ﬂMﬂﬂM) 2(@
_4mwm<>ﬁ Pﬂﬂﬂﬂ—&ﬂﬂ

T

T R —~
zzzLA Pr(D(AA(E) — dA(t)) + /'<A< ) = A )dp ()

+/0(( —a(t))a(t dt+//Ro t)ri(t, Qv (dC)dt]

—Eﬁmwm>—m>ﬂ
T T -
::[prwu B+ [ (aG) - A (o)At

(3.18)

(3.19)

Ax(t))

— K1 (1, Q))v(dC)

(3.20)

+A?< ﬁy/éotg e, (e vidc)

—EPMXM)—E(ﬂ

228 By concavity of ¥, hy, It6 formula, (3.4) and (3.8]), we get

(3.21)
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Le<E [wmn(o»] o <o>>]
< B[ 6,7 0)(v1(0) - fa(o»]

_ e[0mo) - ﬁ(o»}

= E[mmm - 7))
- E[ / K@i - dvi(0) + / " ) - TN )

T T
v [[ @ - 2ot wa [ [ 6000 - R owii.cm al

— E[Xl (T)(h1(A(T)) — hl(A\(T))):|
—E[ OTaHl(t)(Y (t) — Yi(t))dt + /TXl t)(=91(t) +g1(t))dt

T
+ [ - Zﬂ))if it + / [ (K100 = R Q) Vi1, vl

RPN T
5| @u)m@) Ty + [ R0 + R0
0 0

T
v [[ao - zwltwa s [ [ 00 - Raomdeoma] 62

229 Summing (3.20)), (3.21)) and (3.22), we have

o ]
hn+ <) [{S0M0 - A0+ 510 - )
+ S 0a(0) — Aa(0) + G20 a(8) - 00 + (DA 0) — Aa(0) [
a2 Ul
T+5 7 R
=] [0+ P + e 0}~ Ao
T o717 T 9717
a0 - Byar+ [ GhOO - m@w|  G2)
0 as 0 U1

230 Using integration by parts and substituting r =t — §, we get
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232
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234

235

236
237
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240
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T 9H,
0 aCIQ
T 9H,

= — (s 86(5_7’) r) — A(r))dr ds
= [ G [ e - Aard

-[([ O e ) ds e (A(r) - A(r)ar

T+6 t (r_)f_]\— . R
:/5 < - 3a21( s)e e X[OT}( )ds)e/’( 5)(A(t—5) A(t — 6))dt. (3.24)

Combining this with (3.10)) and using (3.23]), we obtain

2 (5)(A2(s) — Az(s)) ds

Ji(ur, uz) — Ji(uy, us)
T+ (9H, oM,
<FE {/ {&I(t §) + Tal(t)X[o,T} (t)

b 9H ~
(L, aa; 9o s} X0 4= ()~ )
t—

/ OH 1) s 1) — 72 1) 4

B [ aafju)(ul(t) — () dt}

U1l

. .
OH Iy
- E[ / E[al(t)(ul(t) —ul(t))|5t(1)] dt} <0. (3.25)
0
The last inequality follows from condition (3.14)) for i = 1. Hence
Jl(ul,’l/ig) < Jl(al,aﬂ for all u; € Ay
The inequality

Jz(al,’LLQ) < Jl(al,ag) for all ug € Ag

is proved in the same way.
This completed the proof.
O

If we now start from ¢ € [0, 7, the it can be easily derived that the following result holds

Corollary 3. 4 Let (ul, U2) € A1 x Ay with  corresponding  solutions
A1), Vi(0), Zu(t), Ki(t, O, (), Bi(8), Gilt), 74(t, Q) of equations (3.1)),  (3.4), and
for i =1,2. If the other conditions of Theorem [3.3 hold. Then u(t) = (u1(t), us(t)) is
a Nash equilz’bm’um for -.

Proof. 1t easily follows from the proof of Theorem with the starting value being ¢ instead
of 0 and using the fact that & C F, i =1,2. O
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242 3.2. A necessary maximum principle for FBSDDE games.
243

244 One of the drawback with the sufficient maximum principle is the concavity condition
245 (3.12), which may fail in some interesting applications. In particular for a zero-sum game,
246 the concavity condition implies that ¢1, 11 and hy are affine functions, which is too strong.
247 In what follows, we shall prove a version of the maximum principle which does not need
248 concavity. In fact we shall show the equivalence between a critical point for the conditional
249 Hamiltonian and a directional derivative point for the performance functional. To this end,
250 we make the following assumptions:

251 Assumption Al. For all ty € [0,T] and all bounded Et(i)-measumble random variable a;(w),
252 the control process (3;(t) defined by

Bi(t) == X(to,r) () i(w); t € [0,T] (3.26)
253 belong to A;, i=1,2
Assumption A2. For all u; € A; and all bounded B; € A;, there exists € > 0 such that
wi(t) == wi(t) + spi(t) € A; for all s € (—¢,¢)

254 Assumption A3. For all bounded 5; € A;, the derivatives processes

d @ d
— 2 Alua+sBiuz) 4 C X (t 7A@ ua+sB2) (4
Xi(t) = - 1)) 5 X2(t) = - O] _,
o d (u1+sp1,U2) . . i (w1,u2+sB2)
yl(t) - dS}/l (t) 8207 yQ(t) - dSY2 (t) s=0
d (ur+spi,ia) d (@1,us+sps)
= — ’ : = —Z ’
0= A 0] g =)
o i (u1+sP1,U2) u17u2+852
Bi(6,0) = RSB0 (t,0) = 0|
255 exist and belong to L*(\ x P).
256 It follows from that (3.1]) that
b b b t b
— — —7 p(t=r) =
410 = { 5o OXi0)+ 5o O =0+ 2o0) [ x4 SO0 b
0o oo 0o t
DX+ (t — il p(t=r) x =
H{EOX0+ 5O -5+ 520 [ DX a4 27050 baB(

Iy al B 37 =1 X (1) dr
v [ {Seoxo+ Feoxe-a+ w0 [ e nxm

Oy

+ 8—@, ()ﬁl(t)}]\Nf(dt, d¢), t €[0,7] (3.27)
U1

Xi(t) =0, te[-4,0].
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257 Here we have used for notational simplicity

iA(ul"'SﬁlaaQ)(t) d

— 2 A(urtsBiue) (4 _ _
ds 1 s=0 dSA (t 5) s=0 Xl (t 5)
A (ur+sB,iiz) d / ! - i
Zoplw 1,u2) oy _ v p(t T‘)A(’LL1+S,81,U2) d
ds 2 ( ) s=0 ds t,(;e (T) " 5=0

t d ~
_ / 5 eP(t=7) L gluatspr,2) ()
t_

t
7 dr = /t_(S ePt=1) X4 (r)dr

s=0

258 It follows from (3.4) that

() = { 20X+ 2% -9+ 220 [ i) i

5, dagy
+ %(t)ﬁl 0+ %wyl 0+ 52020+ [ Vit (e, vt b
Ui z Ro
b 21 (0dB(t) + / by (£, N (dt, dC), t € [0,T] (3.28)
Ro

y(T) = ki (A "1’“2)(T)) Xi(T),
259 and similarly, we obtain dxs(t), dya(t).

260 Theorem 3.5. [Necessary maa;imum principle for FBSDDE games] Let u €

261 A with correspondmg solutions A(t) of (3.1), i(t), Ki(tzeta)) of (34), Ni(t)
262 of (3.8), ( t),ri(t,C)) of @) and correspondmg dem’vatz’ve processes X;(t) and

263 (yi(t), zi(t ) (t C given by and respectively. Assume that Assumption
264 [AF and[A3 hold. Moreover assume the following conditions

EUOTZ% (t){(gz) (0 X2(8) + ((;%1) (t)Xg(t_(;)Jr(552)2(75)</tt56p(tr)Xi(r)dr>z

00 5, .\ o

FODPOs0 + [ ((GHAEOXR + (1P OXE - 0)

F ([ et ar) (080 )i fa

+ /OT X2(t){ql (t) + /RO rf(t,g)u(dc)}dt <00, i=1,2. (3.29)

265 and

o [ o{GEre + [ @mpeomao )

v f T/\?(t){zf(t)—k / k?(t,g)u(dg)}dt<oo, =12 (3.30)

266 Then the following are equivalent:
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(1)
d (u1+sB1,u2) . d (u1,u2+sB2) o
7 J; (t) = £J2 (t) = 0 (3.31)
267 for all bounded B € Ay, B2 € Ao
(2)

B |52 1, A(0) A4(8), Aat) 10,08 Va0, Z1(0). K1), 0 0 a0, an(0hma e D]€”]

= E[aai[;(t,/l(t),Al(t),Ag(t),U1(t),02<t>,Y2<t)vZ2(t)7K2<t7'>7)‘2<t)7 p2(t), Q2(t)77°2<ta'))‘5t(2)} B
332

268 Proof. Put

d u1+s81,u
Al — £J1( 1 61 2)(t)

s=0

- it o _ oh Yo fr
5| [{Zwxw+ Zwxe-0+ 500 [ eximar+ San fa

+¢mWﬁwT»au»+maumwmﬂ

=L+ L+1 (3.33)

269 with

r rT o t
I{:l?ﬁé {iﬁ(@xg@y+;;(wXﬂ¢—5)+é%2@)/" wﬁﬁixmryﬁ+-a](wﬁﬂ@}d%

$=EQMW@Mw&@ﬂ

%zEﬁm«mm@}
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270 By Ito formula, ), (3.27) and (3.29), we have

L=E w’(A(“l ) (7)) X, <T>}

5 -pl(T)Xl(T)} B [ha<A<“1ﬁ2><T>>A1<T>X1<T>}

rrT
—E /0 {pl(t)dxl(t) +X0(t7)dpi(t) + 1 (t) (?;(t)xl(t) + ga(t) Xi(t — )

ay
do

t om0 [ e it SOm0 )+ [ neo(Ghe0x0

L0 -0+ 22 (00) [ X+ 2100 )vlacri ]

- B [h/l (A©LE)(TY) X (T) X, (T)}
T
:E[/o {pl(”(gb()Xl(H;f (OX1(t— ) + (ffg() /M =D X (1) dr

4 aaubl(t)gl(t)> + Xl(t_)E[m(tﬂft} +q1(t) <ga(t)X1 (t) + gi(t)Xl (t=9)

ai
do t pt—r
#amt) [ X+ 5 wm0) + [ neo(Fheone

+§J(t C)Xl(t—6)+§(?2(t O/taep(tr)Xl( )dr+§( t, )P (t )> (dg)}dt}

> [hﬁ(AWlﬁ?)(T))Al(T)Xl <T>} (3.34)

271 By It6 formula, (3.8]), (3.28]) and (3.30), we get

Iy = E[w’l(n(o»yl(m] - E{)\(O)yl(o)]
= el 5| [ {0+ ne o + Gt o
+ [, Vet Okt Ovldg dtH
—F [h’l(A(“l Ji2) \(T) ]
_EUOT {)\1( )(aa (t) X1 (t )+g ()Xl(t—5)+ggl(t) /t:@p(t_r)Xl(?“)dr

a2

I 060+ T On0) + T 020+ [ V(e Okl v )
z Ro

+ Sotome) + a0+ [ T (e O, Owta) o (3.35)
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272 By the definition of the Hamiltonian, we have

(_ gl [ o8 0f _5 4 90, pli—r) oh
f= | [ oxo+ Loxe-9+ Lo [ oxmas Lol

T

:E[/O <8m(t)_A(t)%il(t) PO 50~ (DG (0 - /IR r<t7c>%<t)u<dc>)X1<t>dt
0H; g1 o .

# [ (G0 - A0 220 90 o6~ ) 0 - [ s

v
+/O <88[j21(t) /\(t)gzz(t) (t)gaz(t)—q(t)gé(t)—éor )(/ttaep”)Xl dr>d
)

8H1 891 (% 80‘
o[ (Gt 0380 -0 g0 a0 0 - / o)

Xq(t

273 Summing I7, I} and I}, we get o
A, = jsJ(u1+sﬁ1u2)(t) B
= &] [ {moxio+ St oxe + S -o)
_,_882]21()/:66;)(1&@)(1( dr—i-i } ]
:E[/OTXl(t)< ()+8ai( ))dt+ O %f()Xl(t—(S)dt
N +/0T</:5ep<t> ) ) S tar + Y s ]
:E[/OTXl(t){%Zl(t)—%T(t)—gHII(t+5) o0rg(0)
([ w T 6)e P o (o) ds ) fa + ) O - o)
+/OT(/S 0 0at) S gas + [ S ey a
E[ { %fll X[O,”](t)}dH /0 gall(t)xl(t—a)dt
/ Xt epf< w [ S v (s ds )
/Xl (| wgi Pxpm(o)ds )i+ [ i ]
= 5[ [ Sy i (3.37)
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where we have used once more integration by parts.

d
If d—Jl(u1+sﬁl’"2)(t) .= 0 for all bounded 31 € Aj, then this holds in particular for 8 of
s -
the form ’

Pi(t) = ar(w)xsz (1),
where a1 (w) is bounded and Et(ol )—measurable, s > tg. Then
T
0H;
E —(t)dt = 0.
|: s Ow ( ) 051:|
Differentiating with respect to s, we have
0H,
E
|: 6u1

(s) oq] = 0.

Since the equality is true for all s > tp and a;(w) bounded and St(ol )_measurable random
variable, we conclude that

[OH
E|Z=(t0)|E" | = 0 for a.a. to € [0,T].
| Ouy |
A similar argument gives that
[OH
E 2 (to)\é’t =0 for a.a. to € [0,77,
R ]

under the condition that
d o (ur,uz+sB2)
= gluiuz 2) (¢
ds 2 ( )
This shows that (i) = (ii)
Conversely, using the fact that every bounded §; € A;, ¢ = 1,2 can be approximated by a

linear combinations of controls §; of the form (3.26]), the above argument can be reversed to
shoe that (ii) = (i). O

= 0 for all bounded B3 € As.

s=0

Remark 3.6. The result also easily follows for if we start from t > 0 in the performance
functional.

Zero-sum game.
In this section, we solve the zero-sum delayed stochastic differential game problem (or worst

case scenario optimal problem) that is, we suppose that the given performance functional for
Player I is the negative of that for Player 11, i.e.,

J(tyur,ur) = Ji(t, ur, ug)

— E[/tT f(s, A(s), A1(s), Aa(s),u1(s),uz(s))ds + ©(A(T)) + (Y ‘]:t]

= —Jg(t, ul,uQ). (338)
In this case, we see that (u],u3) is a Nash equilibrium if and only if
ess sup J (¢, u1, us) = J(t,ul,uy) = ess inf J(t, u7, ua). (3.39)

u1 €A1 u2€A2
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288 This implies that
ess inf(ess sup J(t, u1,u2)) < ess sup J(t,ur, u3)
uz€ds oy e Ay ur €A1

= J(t,uy,u3) = ess inf J(t,u7, ua)
ug €Az

< ess sup(ess inf J(t, u1, uz2)).
u1€-»41 ’LLQE.AQ

On the other hand, we always have ess inf(ess sup) > ess sup(ess inf). This means that if
(uj,u3) is a Nash equilibrium then

ess inf(ess sup J (¢, u1, uz)) = ess sup(ess inf J (¢, uy, u2)).
u2€Az gy e ui€A; u2€A2

289 The zero-sum delayed stochastic differential game problem is therefore the following:

290 Problem P4. Find uj € Ay and ul € Ay (if it exists) such that

ess inf(ess sup J (¢, ui,u2)) = J(t,u7, us) = ess sup(ess inf J (¢, uy, u2)). (3.40)
uz€Az -y e, ur€d;  u2€A2
291 Such a control (uj,u}) is called an optimal control (if it exists). The intuitive idea is that

292 while Player I controls uy, Player II controls us. The actions of the players are antagonistic,
293 which means that between player I and II there is a payoff J(t,u1,u2) and it is a reward for
294 Player I and cost for Player II.

295 Remark 3.7. The above Problem[P]] can be seen as a generalization of Problem [P in Section
296 @ We shall as in the non-zero sum case give the result for t = 0 and conclude for t € [0,T].
297  The results obtained in this Section generalize the ones in [3|, [10] 18] and [26].

298 In the case of a zero-sume game, we only have one value function for the players and
299 therefore, Theorem becomes

300 Theorem 3.8. [Necessary maximum principle for zero-sum FBSDDE games/

301 Let u € A with corresponding solutions A(t) of (3.1), (Y (t),Z(t),K(t,C)) of (3.4),
302 A(t) of (3.8), (p(t),q(t),r(t,C)) of @ and corresponding derivative processes X (t) and
303 (y(t),z(t),k(t,C)) given by and (3.28) respectively. Assume that conditions of The-
304 orem|[3.9 are satisfied. Then the following are equivalent:

(1)

d d

& J(ur+spBi,u2) — 2 g(ur,uz+spe) _ 41
as” O = 257 M), =0 (341)
305 for all bounded B € Ay, B2 € Ao
(2)
[oH (1)
0=F ale(t,A(t),Al(t),AQ(f),Ul(t),u2(t),Y1(t),Zl(t%Kl(t, ), A1(t), pa(t), au(t), ma(t, ‘))‘515
vV1=u1
OH (2)
=K 87)2(75,14(75)7141@),142(75),Ul(t),w(t),Yz(t)7Z2(t),K2(t7 ), Aa(t), pa(t), qa(t), ra(t, '))‘5}
342)
306 Proof. It follows directly from Theorem O

307 Remark 3.9. This result extends the one obtained in [3] and [10] .
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Corollary 3.10. If u = (uj,u2) € Ay X Ag is a Nash equilibrium for the zero-sum game in

TheOTem then equalities holds.

Proof. If uw = (uj,u2) € A1 X Ay is a Nash equilibrium, then, it follows from Theorem (3.8

that (3.41) holds by (3.39). 0

4. APPLICATION TO OPTIMAL CONSUMPTION FROM A CASH FLOW WITH DELAY UNDER
MODEL UNCERTAINTY AND GENERAL RECURSIVE UTILITY

In this section, we apply our maximum principle for stochastic delayed differential game
to study a problem of consumption choice optimization under model uncertainty.

The model of this problem is a modification of the one in [4, [I7]. Assume that the investor
can invest his cash flow to generate some production, and get profit. Let A(t) and «(t)
denote the capital (cash flow) of the investor and the labor at time t. We assume that at time
t € [0, T}, the investor consumes at the rate c(t) > 0, a cadlag adapted process. The rate of
change of capital and labor was described in [31] as follows:

PO _ paw, o) - etr), (4.1)

where f is some function.
Assuming that the production rate is subject to random perturbations, becomes

dA(t) = [f(A(t),a(t)) —e(t)]dt + o(A(t))dB(t); t € [0,T). (4.2)

Here, B is a 1-dimensional standard Brownian motion and o is the volatility. The key
assumption in the previous model is that there is instant transformation of investments.
However, this assumption does not reflects the reality. In fact there is a non negligible time
delay in the production, such as length of the production cycle. This leads to the following
modified model obtain in [I7].

dA®) = [F(A(=8),B(0) = )] dt +o(At = )dBU; te0.T] o
A(t) = ao(t)>0; te[-0,0],
where 6 > 0, ag(t) is a given bounded deterministic function which represents the initial
capital and (8 is a deterministic and bounded.
In our model, we shall assume moreover that the function f in (4.3)) do not only depend on

the investment made at time ¢ — § but also on the investment at time ¢t. We will also assume
that the production rate is subject to jumps. Our model is then given by

dA(t) = [f(A(t),A(t—6),a(t),ﬂ(t))—c<t)}dt+a(A(t—5))dB(t)
+/ Y(A(t — 8),¢) N(d¢, dt); t e [0,T) (4.4)
A) = ag)>0; te[-6.0].

For simplicity, we assume that f(a,ay,q, 8) = Lia™ "t + Laa™a"> where Ly, 71,7, Lo, 72, 7%
are some constants (note that for Ly = 0 this model can be reduced to the one in [13].) We
set
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L1 :7“1:7“3:[/2:7“127‘,2:1,
t ) =o(t)A(t —9),
336 where o(t) and 7(t,() are bounded adapted processes and / Y2(t, ¢) v(d¢) < oc.

Ro
337 The dynamic of the cash flow A(t) = A°(¢) is therefore given by

dA(t) = [A(t)a(t) At — §)B(L) — c(t)} dt + A(t — 8)o(t) dB(t)
4= 5) [ (6.0 N(de.doy te 0.7 (45)
R
A(t) = ao(t) > 0; te[-4,0],
338 Recall that our objective is to solve an optimal consumption problem for recursive utility

339 under model uncertainty. To this end, let Ui (t,c,w) : [0,T] x Rt x @ — R be a stochastic
340 utility function satisfying:

t — Uy (t,c,w) is Fy — adapted for each ¢ > 0,

c— Ui(t,c,w) is C*, aaUl(t,c,w) >0,
c
c— aaUl(t, c,w) is strictly decreasing
c
Cli)rgo%(t,c,w) =0 for all (t,w) € [0,T] x
341 and 8802 has an inverse in the sense that
0 it v >w(t,w)
I (¢t = oU -1 4.6
it e w) (8—:@,.,@0)) () i 0<ov<vtw), (46)
. oUy
342 where vg(t,w) = clir(r)lJrW(t, cyw)

343 Let Us(z,w) : RT x @ — R be another stochastic utility function. We assume that Us
344 satisfies similar conditions as U; and define I as the inverse of its dervivative. Let h(z,y) :
345 Rt x Ry — R be a convex C! function such that A’ has an inverse.

346 Choose the functions of Problem [P2]in Section [2] as follow:

fi(t,a,a1,a2,¢,01,02) = Ui(t, c) + h(b1,02),
9(A(T)) = Uz (A(T).
347 Therefore, the stochastic differential utility given by (2.12)) becomes

Ay (1) = —(Ul(t,c)+h(0)+00(t)Z(t)+ /
Ro

+Z(t)dB(t) + | K(t,z) N(dz,dt); t €[0,T]
Ro
Y(T) = U(A(T)),

61(t, 2) K (t, ) V(dZ)) dt
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~

and our problem is to find (v,0) € V x A such that
inf Y*0(0) = Y°9(0) = inf supY"?(0 48
sup. inf (0) (0) Jnf, sup (0), (4.8)

where Y9(0) is given by the forward-backward delayed system (4.5)) & (4.7).
The Hamiltonian is by (3.7) simplified to:

H (ta a)al)CLQ)y)Zvkucaev)‘)p7Q7r) = )‘|:U1(tvc) + h(a) + 90(75)2’ +/

Ro

+pleat) + () - )] + aog +ar [ r((EO v

Ro

01 (R v(dO)] (4.9)

Maximizing H with respect to ¢ gives the following first order condition for an optimal ¢

oL (6:8w) = Elp(t)le) (1.10)

Minimizing H with respect to 8 = (6y,61) gives the following first order condition for an
optimal 6

oh ~ 2

55-(0) = ~ElZ(0)|€”), (4.11)

06y

Vo, h(0) = ~E| | K(1.0) v(d¢) e (4.12)

The time-advanced BSDE for p(t), q(t), (¢, () becomes

dp(t) = —EB|a(t)p(t) + {BO)p(t+ ) + o(a(t +8) + /

(Ol +8.0)(d0) fxior-5)(8)| Fi e
Ro

+q(t)dB(t) + /R r(t,()ﬁ(dc,dt), te[0,7T)

p(T) = MD)U5(A(T)),
(4.13)
and the forward SDE for A becomes
A1) = A1) [eo(t)dB(t) [0 (t,¢) N(dC, dt), t € [0,T] (414

A0) = 1.

For simplicity, we will restrict ourselves to the case with no jumps, that is K = 6; = 0. It is
possible to solve the time-advanced ABSDE recursively. A similar proof (for 8 = 0)
can be found in [27]. For completeness, we give the proof here. We will solve the ABSDE
recursively. To this end, we will use a n steps scheme.

(1) If t € [T'— 6,7, the BSDE has the form

{ dp(t) = a(t)p(t)dt+q(t)dB(t), t e [T —4,T]
p(T) MTYU(A(T)),

which has the solution

p(t) = E[NT)US(A(T))e™ I s

(4.15)

R temr-s1,
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and using variational smoothness of solutions of time-advanced BSDEs, we get

a(t) = e~ OB DNT)(AT))| 7

361 Let us mention that Malliavin differentiability of time-advanced BSDEs is proved in
362 [20].
363 (2) Ift € [T —26,T — 0], and T — 26 > 0, we get by (1) the following BSDE
ap(t) = —E|a(®p(t) + {a(Op(t +6) + ot + 8) }| ] at (416)
+q(t)dB(t), te [T —26,T — 6]
364 with p(t — ¢) known from step 1. Note that p(t + ) and ¢(t + J) are also known
365 from step 1. Therefore, this is a simple BSDE which can be solved for p(t), ¢(t); t €
366 [T —26,T — ¢]. Applying the same procedure by induction up to and including step j,
367 where j is such that T — j6 <0 < T — (j — 1)6. We then end up with with a solution
368 p(t) of (4.13]) which depends on the (optimal) terminal value A(T") (given by (4.22))
369 and the terminal value A\(T") of the FSDE (4.14])).
370 If
0 < p(t) < wvp(t,w) for all t € [0,T]. (4.17)
371 Then, the optimal consumption rate ¢(¢) is by (4.10) given by
2t) = E4r () = (50, w), t € [0,7), (4.18)

372 and the optimal scenario parameter is by given by
Oo(t) = (W)~ (=Z(t), te0,T], (4.19)

373 where (}A/(t), Z(t)) is the solution of the corresponding BSDE ie.,
{ dv(t) = —(Ul(t,E(t)) + h(Bo) +§0(t)2(t))dt+ Z(t)dB(t)

Y(T) = Us(A(T)).
374 Substituting the expression of ¢(t) into (4.5)) we get the SDE for the optimal wealth process
375 A(t). Solving this, we find A(T) and hence ¢(t). More precisely, we shall write the forward

376 SDE cash equation (4.5) as a BSDE in (A(t), Z(t)) as follows

(4.20)

dA(t) = —[Il(t, B(t) — a(t)A(t) — Z(t)@]dt + Z(t)dB(t), te[0,T)
)

o(t) (4.21)

377 where we have Z(t) = A(t — 8)o(t).
378 It follows from Lemma [AT] that, the solution of this linear BSDE is given by

A(t) = E[h(i%)%@ + /0 s ﬁ(s))gi‘z; | F], e, (122

379 and Z(t) = D;A(t) if A(t) is Malliavin differentiable.
380 We can now summarize the above result in the following Theorem
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Theorem 4.1. Let A%(t) be a cash flow with delay given by (4.5) with v = 0. Consider the
optimization problem to find ¢ € Ay and 6 € Ay such that m holds, with

Yo9(0) = Ego [UQ(AC(T)) + /0 ' {U1 (t,c(t)) + h(@(t))}dt].

Let \(t) be the solution of the FSDE and p(t), q(t) be the solution of the BSDDE ({.13).
Suppose that holds. Then the optimal consumption rate ¢(t) and the optimal scenario

measure of the market é\(t) are given by (4.18) and (4.19) respectively, with zzl\c(t) and Z(t)
given by and respectively.

Remark 4.2. This result is a generalization of [4, Proposition 4.1], where the same conclusion
was obtained for classical utility with

Us(t, ¢) = sz v € (0,1), Up(X(T)) = X(T), h(6) =0, Z(t) = 0, for all (.

APPENDIX

Lemma A1l. Suppose that § > 0 is a given constant, 5,0y € L%_—(—(S,T +9), L €
L%(0,7), 61 € H*(=6,T 4 6), 01(t,2) > —1+ ¢ and B,600,01 are uniformly bounded, Q

is such that Q € S%(T,T + §) and E[ sup |Q2(t)|] < 0.
0<t<T
Then the linear anticipated BSDE

dy () = (z(t) +BOY () +0(0)Z(t) + | 01(62)K(2) v(dz))dt
+Z(t)dB(t) + /R OK(t,z)N(dz,dt); te 0,7 (4.23)
Y(t) = Q@) te[l,T+04],
Z(t) = 0, te[l,T+74),
| K(t,2) = 0, te[l,T+5).
has the unique solution
T
Y (1) :E[Q(T)G(t,T)Jr /O G(t, s)(s) ds]ft} (4.24)

where G(t,s) is defined by

dGO(t,s) = G(t,s7)(B(s)ds + Oo(s) dB(s) +/ 01(s,2) N(dz,ds); s e [t,T + 0]

Ro
G'(t,t) = 1,
Go%t,s) = 0, sc[t—2dt).
(4.25)

Proof. The existence and uniqueness results follows by general theorem for advanced BSDEs
(see [27]).
Equation (4.25)) has a unique solution. In fact, if s € [t, ¢ + §], then (4.25)) becomes
dGP(t,s) = Go(t,s7)(B(s)ds + 0o(s)dB(s) + [ 01(s,z) N(dz,ds); s € [t,t+ 0]

Ro
GOt,t) = 1.
(4.26)
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395 We can then get a unique solution (¢, ) for (4.26). When s € [t + §,T + 6], (4.25)) can be
396 written has

dGO(t,s) = GPt,s7)(B(s)ds +0o(s)dB(s) + | 01(s,2) N(dz,ds); s € [t+06,T + 0

R
GOt,s) = £(t,s), s€lt,t+d]. ’
(4.27)
397 is a classical SDDE and therefore has a unique solution. It only remains to proove that
398 if Y(¢) is defined to be solution of (4.23), then holds.
399 By It6 formula, we have

d(G(t,s)Y(s)) = G(t,s7)dY (s) + Y (s)dG(t,s) + d(GY)(s)

= G(t,s7){ = (60) + BOY () + b)) Z(2) + /

61(t, 2) K (t, 2) V(dz)) dt
Ro

+ Z(t)dB(t) + | K(t 2) N(dz, dt)} LY (5)G(t,s) [ﬁ(s)ds + 0o(s) dB(s)
Ro

+ /]R 01(s, ) N(dz, ds)] Gt sT) [00(5)2(5) ds + /R 01(s, 2) K (t, 2) v(d2) ds}
Taking the condition(;l expectation under F;, we have O

Blewny@)|F] - coy = 5| /t o s es) ds| 7]
Since G(t,t) = 1, we obtain

Y(t) = E[G(t, )Y (T) + /t ! G(t, s)i(s) ds‘ft}

400 U
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