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Abstract

In this paper we consider two bootstrap algorithms for testing unit
roots under the condition that the differenced data are stationary. The
first method consists of generating the resampled data after fitting an au-
toregressive model to the first differences of the observations. The second
method consists of applying the stationary bootstrap to the first differ-
ences. Both procedures are shown to give methods that approach the
correct asymptotic distribution under the null hypothesis of a unit root.
We also present a Monte Carlo study comparing the two methods for some
ARIMA models.
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1 Introduction

Assume that the observations Yi,...,Yr are generated according to the autore-

gressive scheme
Vi=aYi+ U, (t=1,...,T),a=1 (1)

where Uy is a strictly stationary process with mean zero.
The initial value in (1), Yo, is assumed to satisfy

Assumption 1
Yo has a fized distribution not depending on T.

Consider the estimator & for « defined in Fuller (1996) as & = 231:2 YY1/ 23;2 YZ2,.
Phillips (1987) showed, under a mixing condition, that as T — oo, the dis-
tribution of T'(& — 1) converges towards the distribution of the random vari-
able 2(W(1)% — Z—z‘)/fol W (s)?ds where W(s) is a standard Wiener process on
C[0,1], the space of continuous functions defined on the interval [0,1], 02 =
E(U}) and 02 = limg 00 Var(ﬁ ST U,). For the t-statistic based on &, t, =
(XL, Y2 )Y2(ar—1)/sy where s} = YL, (Yi—arYi_1)?/(T —2), a similar result
exists.

The asymptotic distribution depends on the unknown parameters o2 and o2
even under the null hypothesis of a unit root, Hy : @« = 1. There are several
ways to deal with this. The most popular is the augmented Dickey-Fuller test
proposed in Dickey and Fuller (1979) and Said and Dickey (1984) which consists
of fitting an autoregressive process of appropriate order and base the test on the
estimated coefficients. In Said and Dickey (1984) this was shown to yield a test
which is asymptotically similar for general ARMA processes {Ut} provided the
order of the fitted autoregression increases as o(T'/?).

Phillips (1987) suggested a nonparametric modification of the estimator &
which also has the asymptotic distribution (W (1)? —1)/ f; W (s)?ds. Using the
modified statistics therefore yields a test which is asymptotically similar.

The alternative we shall consider is to estimate the distribution of T'(& — 1)
by a bootstrap procedure, which will adapt automatically and approximate the
distribution involving the unknown parameters. This is shown to be feasible in a
recent paper by Ferretti and Romo (1996) in the case where the stationary process
{U,} is an AR(p) process of known order. The bootstrap sample is constructed
based on the estimated errors of the autoregression using the recursive scheme
defined by the model. They also demonstrated in a simulation study that the
finite sample properties were satisfactory. This procedure is an example of what
Li and Maddala (1997) calls the recursive bootstrap.

It is well known that bootstrapping in this situation is non-standard and
present some special problems. Basawa et. al. (1991a) showed that in the case



where {U,} are independent identically distributed variables and the bootstrap
sample is constructed from the recursion Y;* = aY;* | + Uy, the asymptotic distri-
bution is random. Following Basawa et. al. (1991b), Ferretti and Romo (1996)
therefore used the recursion Y;* = Y;*; + U;. As usual U} denotes the variables
that are resampled. Ferretti and Romo (1996) used resampled variables based on
centering the least squares residuals Y; — aY;_;.

What makes bootstrapping of particular interest in testing unit roots, and
in a multivariate setting cointegration analysis, is that often the asymptotic dis-
tribution of common statistics involves nonstandard distributions and nuisance
parameters. Considerable effort have been spent to find estimators that are at
least asymptotically similar. The implications of bootstrap based methods may
therefore be quite far reaching, if it turns out that the approach to deal with
nuisance parameters is satisfactory.

A problem using model-based resampling is that the structure of the data
is unknown and must be identified from the observations. To ensure that the
resampled data have the same structure as the original this identification must
be correct. We shall therefore show that the conclusions from Ferretti and Romo
(1976) are true for quite general processes {U;} provided the recursive residuals
are constructed using autoregressive approximations where the order is o(T*/?)
as T' — oo.

In addition to the recursive bootstrap there has been other suggestions how
to exploit the bootstrap ideas for dependent data with the explicit purpose of
avoiding the assumption that the generating model is known up to some unknown
parameters. The block bootstrap methods consist of splitting the series in blocks
of equal length and sample these with replacement. These resampled time series
are not stationary conditional on the original data, which motivated Politis and
Romano (1994) to introduce the stationary bootstrap, where the blocks are no
longer of a fixed size but are determined according to a fixed, usually a geometric,
distribution. A price for obtaining the conditional stationarity seems to have to
be paid however. In estimating the unknown mean in a stationary time series
Lahiri (1999) shows that the stationary bootstrap has larger mean square error
than the other block bootstrap methods. As far as asymptotic distributions are
concerned, we shall demonstrate that under quite general conditions using the
stationary bootstrap yields the same limit as the recursive bootstrap.

The plan for the paper is as follows. In section 2 we treat the recursive
bootstrap and provide results from some simulations to evaluate the performance
of the method in finite samples. In section 3 the stationary bootstrap is similarly
treated. Technical proofs can be found in section 4.



2 The recursive bootstrap

In this section we assume that the time series {Y;}52,is generated by (1) and that
{U:} can be written as a one sided moving average process of infinite order

U= Yie;
7=0

where the random variables {¢;} are independent, identically distributed and the
weights satisfy some regularity conditions that will be specified below.

2.1 Algorithm and asymptotic distribution

The bootstrap algorithm that we shall consider is defined as follows. Let Y, ..., Yr
be the observations. Compute the differences AY; =Y, —Y;_1,t =2,...,T. Fit
an autoregressive process of order k to the differences by the usual Yule -Walker
procedure. Thus, let 4, = (%(0),...,%(k—1))’ be the empirical covariances based
on the differences and f‘k be the estimated covariance matrix ‘

S A A=)

Iy = : :
Yk—-1) - 4(0)
The estimators c{)k = (qAﬁlk, e ,$kk)’ are then estimated by qASk = f‘,:l’yk and the

variance by 6% = 4(0) — q;;’yk The residuals are given by

k .
=AY, =3 $uAY, , (t=k+2,...,T)

=1

where dox = 1, and the centered residuals by

1 T
Gr=ér— ——— >, an(t=k+2,...,T).
T-1-k, 4,

Consider T' observations from the stationary autoregressive process
k A
U;=Z¢’ika—i+6:>t=17"‘7T (2)
. =1

where the errors {€},(t = 1,...,T) are randomly sampled from the centered
residuals with replacement. The use of stationary realizations follows a suggestion
by Bithlmann (1997). As he points out, in practice one obtains the bootstrap
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sample US,t =1,...,T by running the recursion (2) for a while to eliminate the
influence from the initial conditions. For notational purpose we do not indicate
the dependence of {U;} and {€;} on T, but it is important to realize that the
resampled residuals will now have a triangular array structure. The bootstrap
sample Y}*,..., Y} is then defined by

Y=Y, +Unt=1,...,T

where Yy is a random variable generated according a fixed distribution which
should reflect the distribution of Assumption 1. The conditional distribution of
(Y7, ..., YY) given (Yi,...,Yr) will, as is usual in the literature, be denoted by
an *, so that P*, E* etc. refer to this distribution.

It may be worth mentioning that the scheme above is a modification of the
procedure in Ferretti and Romo (1996) in three respects. First we use the differ-
ences AY; where they employ the least squares residuals Y; — &rY;_;. In addition
we use stationary realizations from the recursion (2). Finally, the coefficients of
the fitted autoregressions are estimated by the Yule-Walker procedure, not by
ordinary least squares.

We then compute

T *\/ %
zt:Z }/; 1—1

& = ST v (3)
2;11:2 )/"t—zl
and the corresponding t-statistic
T
e = (O YA)(6s —1)/su (4)
t=2

where s% = YL, (V; — arYie1)?/(T - 2).

The bootstrap approximations to the distributions of T'(&r — 1) and ¢, are
the distributions of &} and ¢}, and these distributions can be approximated by
the empirical distributions of the two statistics based on B bootstrap samples
constructed as described above.

We shall now find the asymptotic distributions of o7 and ¢}, 7 when T' — oo.
Before we state the necessary technical assumptions we recall that if {U,} also has
an AR(co) representation so that ¢, = 332, ¢;U;_; where ¢ = 1, the following
two properties are equivalent, see Lemma 2.1 in Bihlmann (1997), (1)®(z) =

0 ¢iz # 0 for |z <1 and 2, j]d;| < oo and (ii) ¥(z) = 332, ¥;27 # 0 for
2] < 1 and T2 jlibs| < oo.

Assumption 2
(i) The random variables {€:}2_., are independent and identically distributed
with E(e;) = 0, E(e?) = 02 and E(€}) < oo;



(i) The power series ®(z) = -2, ¢;2’ is non-zero for |z| < 1 and 132, j|é;| <
00;
(iii) k = k(T') satisfies % —0asT — oo.

We also remind that the spectral density of {U;} is given by

0.2

fU(w): 2ﬂ'|z-¢€je‘ijw|2,_ﬂ-§wgﬂ" (5)

where o? = E(€7).

Then the following theorem is valid

Theorem 1 Suppose Yi,...,Yr is a time series generated according to (1) and
satisfies Assumptions 1 and 2. Then for all x as T — oo,

(i) P*(T(&7 1) < @) = P({W(1)? = %)/ fy W(s)ds < )
(i) Pr(t5,2 < 2) = PE W~ 5)/(R W(s)ds) < 2)
in probability, where W is a standard Brownian motion.

A test having correct asymptotic level for Hy : @ = 1 against H; : a < 1
can now be constructed based on whether #{b : &; < a&r}/B is less than the
prescribed level. Using t, an analogous test can be constructed. B and b refer to
the number of bootstrap replications that are used.

Remark 1. Under reasonable conditions the bootstrap distribution can be
used as an approximation to the sampling distribution of &r and t, 7. Thus
the result due to Phillips (1988) referred to earlier will together with Theorem 1
imply that for all x

P*(T(¢y —1) <z)— P(T(&r — 1) < z) — 0 in probability as T' — oo

with a similar result for ¢, r and tor
Remark 2. There are also other statlstlcs than ar and ta,r that are of interest.
Often one will fit models of the type

l/:t /vlf_,_al/t 1+Ut7(t"‘1 T))

where p and « are estimated by ordinary least squares. When the distribution of
{Y:} is governed by (1) there will be analogous results as those in Theorem 1 for
this version of the estimator for a.

Remark 3. By estimating 02 and o? one can modify &7 and ¢, 1 so that the
limit distributions do not depend the unknown parameters o2 and o?, i.e. the
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modifications are asymptotic pivots. This may be an advantage, since it is a
conclusion from other situations that the approximations are improved by basing
the bootstraps on pivotal- or approximate pivotal quantities. In the present case
the situation may be more problematic since the modification involves estimating
the variance o which can be difficult. For more discussion on this important
issue see Li and Maddala (1997, p. 304).

Remark 4. In practice the order of the autoregressive approximation will
often have to be data based. The methods that are used for the augmented
Dickey-Fuller test, see e.g. Ng and Perron (1995), are natural candidates. A
more informal procedure is to choose k so large that the estimated residuals are
well behaved.

2.2 Fite-sample simulations

To get some idea of the finite sample performance of the methods of the previous
section we have conducted some Monte Carlo experiments. Although the result
from Theorem 1 only cover the distributions under the hypothesis we use the
simulations to consider the performance of the test also under some reasonable
alternatives. The observations were generated according to the recursion

Y, =aY,1 +U,t=1,...,T,Ys = 0.

for = 0.7,0.8,0.9,0.95,0.99 and 1.0. The series {U;},t = —19,...,T is an
ARMA(1,1) process U; = ¢U;—1 + € + O¢;—q started at 0 and with the 20 first
observations deleted to approximate the stationary initial distribution of U;. The
sequence {¢; } consists of independent standard normal variates generated by the
random number generator ran2 in Press et. al.(1992). Thus, in constructing the
recursive bootstrap samples the recursion defined by (2) is started at 0.0 and the
first 20 values are discarded in order to approximate the stationary distribution.

The tables are based on 10000 samples and 10000 bootstrap replications in
each sample and show the fraction of samples for which the unit root hypothesis
is rejected at significance level 0.05 using the &* and the ¢ tests.

For all specifications of {U;}that we consider the difference between the power
of two bootstrap tests are small.

Table 1 approzimately here

Table 1 shows the result where the stationary process {U;} is independent
standard normal random variables for T = 50 and 100. For comparison also the
power of the tests based on & and ¢, are included. The critical values are taken
from the simulations in Tables 10.A.1 and 10.A.2 in Fuller (1996).




For both the &* and the t* tests the power functions decrease with increasing
k and using larger values of k than the correct one, k = 0, can lead too substantial
loss of power.

In Table 2 M A(1) processes are considered. For positive and moderately
negative values of 6 it is possible to find values of k such that the level is correct
and at the same time the power is reasonable. However, the result for § = —0.8
indicates that it is necessary with k as large as 12 to obtain a reasonable nominal
level.

Table 2 approzimately here .
Table 3 confirms the impression from Table 2 for moderately large coefficients.

Table 8 approzimately here

3 The stationary bootstrap

3.1  Algorithm and asymptotic distribution

The bootstrap algorithm we consider is defined as follows.
Compute the T' — 1 differences

Ut:AK:Y;ﬁ—Y;_I,(t=2,...,T)

where Y,...,Yr are observations from a time series satisfying (1). Define the
centered differences X; = X;7 = U; — Ur where Ur = ¥1_, U;/(T —1). Let
Bipy = ng = {X4, ..., Xt35-1} be a block consisting of b succeeding centered
differences starting with time ¢. To take care of the case where s > T define
X, = X; when s —t is a multiple of T' — 1.

A bootstrap sample is generated in the following way. Let I, I3, ... be inde-
pendent random variables uniformly distributed on {2,...,7} and independent
of the independent geometrically distributed random variables Ly, Ly, ... which
have frequency distribution P(L; = m) = p(1 —p)™~*,(m = 1,2,...). Then form
the blocks By, 1,, BL, L,,... until T elements are included. Denote the set by
{Xt,...,X3}. Now the bootstrap sample, which we again denote by Y*,..., Y7,
is computed by the recursion

t
Y=Y+ ) X5, (t=1,...,T)
s=1



where Y is generated according to a fixed distribution which should reflect the
distribution in Assumption 1. The conditional distribution of Y}*,... Y} is also
in this case denoted by P*.

We can then compute &7 and ¢}, 7 from the formulas (3) and (4) and obtain a
bootstrap approximation to the distribution of T'(ér — 1) and t, 7 based on the
stationary bootstrap.

We shall consider the asymptotic distribution of the stationary bootstrap
under the following conditions, see Politis and Romano (1994),

Assumption 3

(i) The time series {U;} is strictly stationary with E(U;) =0 for all t;

(i) 111(k) = E[UUiss], then 4(0) + 5220 lry(r)] < oo;

(iii) 3, 51 ka(r, s,t) = K < 0o where k4(r, s,t) is the fourth joint cumulant of the
distribution of (Uj,Ujsr, Ujtris, Ujtristt)-

The assumption (iii) above is the usual one to ensure that the variance of
# > U? tends to zero, see e.g. Priestley (1981, p. 325), and implies that o2 =
limr_yeo Var(T~Y? YL U,) can be consistently estimated.

The asymptotic properties of the bootstrap approximations are described in
the following theorem.

Theorem 2 Suppose Yi,...,Yr is a time series generated according to (1) and
satisfies Assumptions 1 and 3. Then for all z, if p = pr — 0 and Tp® — oo as
T — oo

(i) P(T(e —1) < 2) = PGW()* — )/ f3 W(s)*ds < o)
(i) P*(tr <) = PGE(W()? - 2)/(J; W(s)%ds)/? < )
in probability, where W is a standard Brownian motion.

As for the recursive bootstrap tests having correct asymptotic level for Hy :
o =1 against H; : & < 1 can now be constructed based on whether #{b: &5 <
ér}/B and #{b: t, 7 < {4,7}/B are less than the prescribed level.

Remark 1.  The tuning parameter p plays a role which in many respect
is similar to the length of the fitted autoregression in the recursive bootstrap.
Politis and Romano (1994) contains some advice on how p may be chosen. It
seems to be more problematic to determine than the lag length .



3.2  Fimte-sample simulations

We use the same setup as described for the recursive bootstrap. Again we re-
mark the small differences between the power of the two bootstrap tests for all
specifications. of the stationary process in (1).

From Table 4 we see that when the time series {U;} is independent standard
normal variables choosing small values of p will lead to loss of power and to
empirical levels that are smaller than the nominal 0.05. In this respect p has the
same property as the order of the fitted autoregressive process, k, in the recursive
bootstrap.

Table / approximately here

In Table 5 M A(1) processes are considered. Since the dependence is limited in
this kind of processes one should expect the stationary bootstrap to perform well.
The performance is satisfactory when the parameter 6 is positive or moderately
negative. For the problematic case with large negative values of 6 the choice of
p is critical. This is not so surprising since it is known that the unit root tests
behave badly in this situation, see e.g. Schwert (1989). But even for § = —0.4,
the mean block length 1/p has to be at least 10 to ensure that the size of the
test is less than the nominal level, that is, much longer than the dependence may
suggest.

Table 5 approximately here

Table 6 shows the performance for stationary processes that also has an au-
toregressive component. We see that in these cases the presence of autoregressive
components can lead to substantial loss of power due to low empirical levels of the
tests. This is regardless the choice of p. This confirms our statement in remark 4
after Theorem 1, that for the stationary bootstrap specification of p can be more
difficult than the autoregressive lag, k, for the recursive bootstrap.

Table 6 approximately here



4 Proofs

The proofs of both theorems use the following well known expression for &7, see
e.g. Phillips (1987),

* Y*2 Aytn-2
Ty, Yo, AYy %{(ﬁYT)Z - - ZT—} ;
Z?:z Y4 B Y ) (6)

T2

I(ar-1) =

We shall consider weak convergence in D0, 1], the space of functions defined
on the interval [0, 1] being continuous from the right and having left limits. Pol-
lard (1984) stressed that, when the limiting distribution is concentrated on the
continuous functions, it is convenient to consider the uniform metric in D0, 1].
In our case the limit will be a Brownian motion and we therefore work with the
uniform metric.

Proof of Theorem 1. By definition U = Y — Y ,,(t = 2,...,T) where
Y7, (t = 1,...,T) is the bootstrap sample. If Uy = (U,...,Uf;,;) and
€; = (€;,0,...,0), the recursion for constructing the bootstrap can be written

Ur =AU+ €,(t=1,...,T)

where . .
.
. 1 0 --- 0
A = _
0 --- 1 0

Solving the recursion backwards yields

t—1
Up=> A, e+ AU; (7)
1=0
so that
t =1 j t
ZU; = EA}C et—] +ZA.I{:US
=1 7=0:=0 7=1
Here Ug = (U, ...,U*,, ) is a vector of k stationary random variables satisfying

(2).

From the identity

A -

[ AT = (= A+ + A)
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it follows that the sum may be written, when [ — Ay is nonsingular,
(I— Ay~ Z er; — (I — Ay Ay ZA” € + (I — AT A(I - AU,

This can be simplified. Inserting (7) the expression becomes after some algebra,
since Y;* — Yy = i_, €U’ when e; = (1,0,...,0),

t—1
YV -Yo=e(I - A7 ) e +e(Uf = Ug) — ey (I — A4) 7/ (U7 = U) (8)
j=0

for (¢t =1,...,T).
Now use that

ei(I—Ak)_1=1 7 3 (1, dok + -+ + Prky - - Do)
— iy — - — Ok

so that

(=AY e = ! e

= 1—ug— - — b 1=
Under the conditions in the theorem it is shown in Theorem 2 in Berk (1972)

that
1/(1 — ¢y — -+ - — drx) = /27 fr(0) /02 = o /o in probability
where fy is the spectral density of the time series {U:} defined in (5).

Now consider the random function S} (s) = ZETSI] 5,0 < s < 1in D[0,1].

As usual [-] denotes the integer value. From Theorem V.19 in.Pollard (1984) it
follows that for all bounded continuous functions f defined on DI[0, 1]

ET[f(57)] = E[f(eW)] (9)

in probability. W denotes the standard Brownian motion.
To see that we first remark that S7(0) = 0. Also S7 has independent incre-
ments given the observations Y3,..., Y7, le. if 0 <s<t<u <1

P*(S7(u)—S7(t) < @1, S7(t)=S7(s) < 22) = P*(S7(u)—=57(t) < @1) P*(S7(8)—57(s) < @2)

for all real z; and z,. This is a direct consequence of the definition of S7.
Furthermore, for all real r

E*[ezp{ir(S7(u) — S7(t)}] = [E*{ezp(ire*l‘/\/f)}]([Tu]—[Tt])
= (1 - E*(€Y)/2T + 0p(1))T™ = exp{r(u —t)o?/2}
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in probability since E*(e}7) — E(€)), (j = 2,4) in probability from Lemma 5.3 in
Bithlmann (1997). Hence the increments S;(u) — S7(t), (t < u) converge in P*
distribution to the distribution of (W (u) — W(t)). Finally, if § > 0

PH(IS3(u) = S5()] = 8/2) < AB*{Si(u)—S3(8)Y*/8> = A([Tul —[T0) E*(c?)/T5”

which tends to 4(u — t)o?/8? in probability as T — oco. This concludes the
verification of the conditions necessary to justify (9).

From Lemma 1 below it follows that P(I — A, singular) — 0.

Finally, we must consider the two last terms in (8). Define random elements
in D[0,1] as described above, i.e. let Ri(s) = ej(Ujry — U;)/V/T and Ry(s) =
el (I — Ap)Y( (Ts] — U;)/VT when 0 < s < 1. It follows from Lemma 2 and 3
that for all n > 0 P*(supg<,<; |Ri(s)| > 1), (¢ = 1,2) tend to zero in probability as
T — co. This means, since we use the uniform norm, that the random functions
tend to zero as elements in D[0,1], i.e. E*[f(R;)] — 0 in probability for all
bounded continuous functions f defined on D|0,1].

Hence, it follows from Assumption 1 and the continuous mapping theorem
that in probability the conditional distribution of (%Y72, & ", ¥,*?) converges
in distribution towards (o2W (1)2, 02 f; W(s)2ds).

We can then use the expression in the beginning of this section to complete
the proof of the theorem by appealing to Slutsky’s theorem, since from Theorem
3.1(i) in Bithlmann (1997) for all n > 0

1 *
P U — 02 > n) =0

in probability. Also s}, — o2 in probability, where s7; is defined after (4).

Lemma 1 Under Assumption 2, P(I — Ay singular) — 0 as T' — oo

Proof. Since de§|/\l — Ak| = Nk — cf)lk)\k‘l R gAbkk, I — Ay is nonsingular if
and only if 1 — ¢1x — -+ — ¢sx # 0. But as proved in Theorem 2 in Berk (1972),
1— g —- - —drr — (27 fr(0)/02)~/2 + 0 in probability where fis is the spectral

density of the time series {U,}.

Let ¢k, (j = 1,...,k) be the coefficients minimizing E(U; — ¢;Us—y — - -+ —
cxU;i—x)? with minimum of. Then o — o2 as k — 00, see Berk (1972). In the
proof of the following lemmas we shall also make use of the fact that the fitted
autoregressions are always causal, see e.g Brockwell and Davis (1991, p.240). The
random variable U} therefore has an M A(oo) representation U = 352, birer i
where ) |1/3ij| < oo and the coeflicients are defined by the power series \ilT(z) =
Z;[A)j,sz =1/ Zf:o $j,kzj. Finally we shall need a result proved in Theorem 3.1
in Bithlmann (1995) where it is shown that there exists a random variable Tp so
that suprst, 520 ;7] < oo almost surely.
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Lemma 2 Under Assumption 2, for all n > 0, P*(max_gpi<icr |UF/VT| >
n) — 0 in probability as T — oco.

Proof. Since k = o(T*/?), (T -I-. k)/T — 1. Furthermore, by the well known
equality, see e.g. Hall and Heyde (1980, p. 53),

P VTR > )

* 1 d *2 * / 2
1 * [ TT%2 * 1 *4

But E*(U{“‘) < Zj 72’}1,TE*(5*1‘4)+(Z,' '(/;]2',T)2(E*(6I2)2 and 2 &;T < sup; |‘Z’J’,T|k_1 2 |1/A)j,T|
< (X [¥j7])%, (k = 2,4). By using the result in Theorem 3.1 in Bithlmann (1995)
referred to above the conclusion of the Lemma follows.

Lemma 8 Under Assumption 2, for alln > 0, P*(|mazi<i<res'(I-Ax) U VT >
n) — 0 in probability as T — oo.

Proof. Using the expression for e'(I — Ak)‘l we may write
e (1= Ap)YUS = [Up 4+ (dar+- -+ i) Upy ++ -+ dUp_g] /1 — bun— - - — bk
By the argument used in Lemma 1 the denominator converges in probability.

Consider the numerator. Then

k k

) k

S ol <Y

i=2 1= i=2
k

27

k k
<D gldikl + D dldik — bkl <
=2

j=2

k
|Z¢lk| ‘|‘ZZ | b, — Buk|

j=21=j

7lbsk] + (k(k + 1)/2)mazj<k|dir — bil.

Now Z?:z J|#jk| < oo where the bound is independent of k as k varies. This fol-
lows from Baxter’s inequality, see e.g. Hannan and Deistler (1988, p.269) and the
assumption that 3°%_, j|¢;| < co. Also k = o(T"/?), hence k = o((T/log(T))*/?),
and therefore maz;<k|dix — djx] = O((log(T )/T)l/z) almost surely by Theorem
7.4.5 in Hannan and Deistler (1988). Hence ZJ -~ |21_3+1 k| increases as

k k

Z | Z¢lk| =o0 log ))1/2T1/6)

=2 l=j
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almost surely. The proof is now concluded arguing as in Lemma 2 by noting that
1 may be allowed to depend on T and decrease at the rate o(T~1/%).

In fact, a more careful inspection will reveal that Zfﬂ | Zfzj i | increases at
rate o((log(T)/T)'/?k?), and this has to be bounded by T'/4, which is satisfied if
k? = o(T**%) for some § > 0. Taking § = 1/12 so that k = o(T*/?) does the job.

Proof of Theorem 2. The general outline of the proof follows Politis and Romano
(1994). In particular Lemma 4 below is an invariance principle version of their
central limit theorem.

The samples (Y}, ..., Y}) and the distribution P* in the present proof always
refer to the stationary bootstrap defined in section 3.

We recall the following facts which can be found in Politis and Romano (1994).
Let Sip = Sgb be the sum of the elements in block B;p. If the random vari-
ables I = Iy and L = Lg are independent, where [ is uniformly distributed
on {2,...,T} and L is geometrically distributed with mean 1/pr, the random
variable Sy has expectation E*[Sr ] = E*[E*[S;r|L]. But E*[Sii|L = 1] =
T et E};z Xiyj = 77 23;2 X; = 0 from the definition of X,,s > T and the
centering of the differences used for the construction of the bootstrap samples.
Furthermore, E*[S} |L = 1] = Cr(0)+ 2%/ — %)CT(z)] Hence

o0
A

E(S3,] = ;—T[CT<0> +23°(1 - pr)Cr(i)]

1=1
Here C’T() is the so called circular covariance defined by

A 1 I _
CT(z) = TT ZX',TXj+i,T where X]‘,T = Uj - UT, (] = 2, .o ,T)
7j=2
and X]”T = Xj—(T—l),T when ] >T.
In Politis and Romano (1994, p.1302) it is also shown that

G2(0) + 231 = pr)'Cri) — o (10)

=1

in probability as 7' — oo.

Now let L, Ly, .. .be the independent geometrically distributed random vari-
ables used to define Y,*,(t = 1,...,T). Define My = inf{k : Ly +---+ Ly >
t},(t=1,...,T) and let N = N; = X L;. Then define

Y =Ye,(t=1,...,T)

as the sum of observations in N blocks of observations of lengths L;,..., Ly
and starting at observation Iy,...,In. Also notice that the process {M; — 1}

14



may alternatively be represented as indicating the number of successes in ¢ — 1
Bernoulli trials with probability of success pr.

The processes Y;* and Y;** depend on T, but for notational reasons we do
not index these processes on T' in the sequel. Let R = Ry = Mg — T. Then
R is geometrically distributed and Z7 = AY7,, + --- + AYF, r has the same
distribution as Sy r.

Now, to prove Theorem 2 we write the right hand side of the expression (6)
as

ok *k vz Ayt*2

1SV by — Zr) - B — 255

2V Y3 Lyt '
T

From the continuous mapping theorem and Lemma 4 below it follows that
in probability the conditional distribution of (FY7*2, 4z S ¥;*%) given V3,..., Y7
converges in distribution towards (o2W (1)2, o2 [ W (s)%ds).

Furthermore, from Lemma 5 it follows that P*(|%%§,%‘:12 —1] > €) = 0 for all
t—1

¢ > 0 in probability when pr — 0 and T'p3 — oo and from Chebychev’s inequality
we get P*(|Zr|/VT > ¢) = 0.

Slutsky’s theorem now implies that in probability the conditional distribution
of T(&%—1) given Yy, ..., Y7 tends to the distribution of %(W(1)2—%§)/ JL W(s)%ds
since from Lemma 6 for all € > 0
T AY

T

in probability as T' — co. A similar result also holds for ¢, 7.

It remains to verify Lemmas 4-6. Remark that in Lemmas 4 and 6 we only

need Tpr — oo. Define X3* by X3*(s) = ﬁ M0 < 8 < 1. Then X7 is

an element in D[0,1]. The weak convergence result we need is contained in the
following lemma.

P(] —az|>e)—>0

Lemma 4 Let W is a standard Brownian motion in D[0,1]. Under Assumptions
1 and 3

E*[f(X17)] = E[f(eW)]
in probability if pr — 0 and Tpr — oo for all bounded, continuous functions f
on D[0,1]. '

Proof. The process X7* has independent increments. To verify this property let
0 <u<v<w<1andlet V;,(j =1,...) be the sum of observations in the
blocks of length L; starting at observation I;. Then for real numbers z, and z,
P (X7 (v) — X7 (u) < 1, X7 (w) — X7 (v) < 22) =
Zm,n P*(Vl +-+Vn < wl\/T? Vl’ i V;z, < w2\/T|M[Tv] - M[Tu] =m, M[Tw] - M[Tv] = n)
P(Miry) — Miry) = m, Miry) — Miry) = n)

15



where V; and V! refer to independent pairs (I;, L;), (I}, L}), (t = 1,...). Now, use
the alternative representation of the process M; — 1 as indicating the number of
successes in t—1 Bernoulli trials with success probability pr. Then clearly M.} —
Mz, and M[r,)— M|7,) are independent. Using this result in the expression above
it is seen to reduce to P*( X5 (v) — X7*(u) < z1)P*( X7 (w) — X7 (v) < ).

From Pollard (1984), Theorem V.19, the result will then follow from the fol-
lowing two properties

(i) The P* distribution of the increments X5*(s) — X7*(r) for each pair r < s
converge in probability towards a N (0, (s — r)o?) random variable for each
pair r < s,

(i) for all § > 0 the probabilities P*(|X7*(s) — X7*(r)| > J) are arbitrarily
small when s — r — 0, uniformly in r, s belonging to [0, 1].

The property (ii) follows from Markov’s lemma since for all § > 0

PH(IX3(s) - X37()] > 8) < BT{X3(s) — X3 (n)2)/8%
From the definition of X3 it follows that X3*(s) — X5*(r) = = Sjind 11 V.
The random variables V;, (7 = 1,...) are independent identically distributed as
Srr. Since E(Sr,r) =0, 37, V; is therefore a martingale with respect to the o-
algebras o(V},I;,L;,j < n). The random variables M[r,] and M|z, are stopping
times so that by reasoning as in the proof of Wald’s equation in Neveu (1975,
Proposition 1V-4-21),

M,
% k% *% ]' * [TS]
E*{XT (5) - X7 (7”)}2] = TE [ Z V]z (M[Ts] - M[Tr])E [SIL]
JI=Mi7n+1

By applying Wald’s equation on the sum L; 4+ --- 4+ L,,(n = 1,...) we get
|E(Mirs) — Mizr)) — T(s — r)pr| < 1. Thus by (10) property (ii) follows.

The property (i) can as explained in Politis and Romano (1994), be deduced
from an extension of the central limit theorem for a sum with a random number
of terms, see e.g Chung (1974), to a triangular array setting.

Lemma 5 Under Assumptions 1 and 8 for any € > 0

D) fuy
YA

P¥(| —1]>¢)—0

in probability if py — 0 and Tp} — oo as T — oo.
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Proof. We start from the equality
Y;**Z _ Y;*2 — 2(}/:* _ Y;*)Y;** _ (Y;** _ Y;*)2
From Cauchy-Schwarz’s inequality

Z(Y;** _ Y;*))/t** < [E(Y;** _ }/;*)2]1/2[2 Y;**Z]I/Z.

It follows from Lemma 4 that the distribution of the random variable 75 - Y;**2
converges in distribution.
Hence it is sufficient to show that

* 1 k% Ed
P (| S = Y7 > ) 0

in probability for any € > 0.
Let W;j denote the k’th (k = 1,...) observation in the block starting at
observation I;. Then, with M = M7 and I = Iy,

1 M-1 L;j-1 1 T—Li+-+Lpr—1
2= = Z kWin) + (> kW)
T T j=1 T k=0
1 Li++Lp
bomM-T Y W) )
k=T—-Ly++Lp_1+1
which we write

1 M-1 Lj-1 1 M L;j-1
T2 ZkI/VIk +Z2+Z3— ZkVVJk — 21+ Zy+ Z3.  (12)

j=1 k=0 ] 1 k=0

To bound the first term in (12) define, suppressing the index T,

b—1
Sf,b = Z ijé+j

§=0

so that Sy = S; is the sum of the elements in the block B],. Defining the corre-
sponding random variables V;-k, (j =1,...) for the block defined by (1;, L;), (5 =
1,...). Then the expectation of the first term in (12) can be written

1 * z 1\2
B TR

Now for fixed T' the random variables le, (¢ =1,...), are independent, so that

Zn: Vl)z E* Vl) ]

i=1

17



is a sum of independent, identically distributed random variables with expectation
zero. Then we can argue as in the proof of Lemma 4 using Wald’s equation so
that

M
E*[;(Vf)z] = E"[M]E*((S1)"]
< (Tpr+ DE*((S1.)°):

Furthermore, from the Cauchy-Schwarz inequality

. 1 T oo [I-1 ‘ B
E [(S},L)z] = T -1 ZZ( .]X1+])2PT(]- - PT)I !
=2 [=0 j=1
1 T oo I-1 ) -1 ) l
< T _1 Z;IXE( 1] )(Z; Xiyi)pr(1—pr)™!
1= =0 jy= i=
. o5} 3 -1 1 T ) e
< const. lz;l ‘ 1(——T —1 ;Xiﬂ-)pT(l —pr)h
= 1= i=

Due to the definition of X,,s > T, the sum 7 I, X?,; is independent of j
and equals =1~ Y7, X2. Hence,
1

T
E*[(S71.)1 < const.E[L“]aﬂ—ZX?
T =l

Since E[LY = const.pz*, this means that the first term in (12) is bounded
by const.(7t5 S5, X2)(Tpr + 1)/T?p% which tends to zero in probability since
ﬁ ST, X = ﬁ ST ,(U; — Ur)* — o2 in probability.

Using the Cauchy-Schwarz inequality again it is seen that E|Z;|,(: = 1,2,3)
also are bounded by const.(ﬁ I X»E*[LY)T>

Lemma 6 Under Assumptions 1 and 8 for any € > 0

z AY;*2
T

in probability if pr — 0 and Tpr — 00 as T — oo.

P — 02> ) 0

Proof. Denote Mt by M. Consider the random variable Z = Zf;ol X3},;/L— ol
defined on the block of By, and let Z;,(7 = 1,...) be similarly defined on the
blocks defined by the pairs (I;, L;). Then Y AY;**/T may be written

o2 Z:J']\il L; + jj\il LiZj _ ST AY;,*Z_

T T T (13)

18



Since T < "M, L; < T+ Ly and E[Ly]/T = 1/Tpr — 0, the first term in (13)
converges in probability to oZ.

By using arguments from the previous Lemmas E*[| Y-, L;Z;|] < E*[YM, L;|Z;|]) =
EIMIB*(LIZ]] = (T + DprE[LIZ]]. Also E[L|Z]] = B[Sk X2, — Lo?] =
2 | 5L X2 /(T =1) = 02llpr(1—pr)'= = | S0y X2/(T— 1) — 0% /pr. Since

T2 X2/(T —1)=Y1,(U; — Ur)?/(T — 1) = o2 in probability, it then follows

that the expectation of the absolute value of the second term in (13) tends to
zero in probability.

The last term also clearly tends to 0 in probability, which concludes the proof
of the Lemma.
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T k | Test a
07] 0.8] 09]095[099] 1.0
50 & 0.98 | 0.78 [ 0.33 [ 0.15 | 0.07 | 0.05
£, 10.9710.78|0.34 | 0.15 | 0.07 | 0.05
1 | & ]0.90|0.65|0.27 [ 0.12 | 0.05 | 0.04
t* 10.89|0.65|0.27 [ 0.12 | 0.06 | 0.04
4 | & [0.491(0.29 |0.11 |0.05 | 0.02 | 0.02
£~ 10.50 [ 0.30 [ 0.11 | 0.05 | 0.02 | 0.02
12 | &* |0.080.03|0.01|0.00|0.00|0.00
£ 10.07|0.03 | 0.01{0.00|0.00|0.00
100 & 1.00 | 1.00 | 0.77 | 0.31 | 0.07 | 0.05
iy 1.00 | 1.00 | 0.77 | 0.32 | 0.08 | 0.05
1 | & |[1.00]0.99|0.69|0.29 | 0.07 | 0.05
t* | 1.00 | 0.99 | 0.70 | 0.29 | 0.08 | 0.05
4 | & |0.98]0.88|0.47]0.19 | 0.05 | 0.03
£ 10.98(0.89 | 0.48 | 0.20 | 0.05 | 0.03
12| & 10.59]0.39|0.14 | 0.05 | 0.01 | 0.01
t*  10.59[0.39 | 0.15 [ 0.05 | 0.01 | 0.01

Table 1: Stationary process {U,} in (1); independent standard normal variables.
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0 k | Test «a
0.7 0.8] 09109099 | 1.0
08 |1 |a&a* 1.00 | 1.00 | 0.87 | 0.50 | 0.16 | 0.10
tx 1.00 { 0.99 | 0.85 | 0.49 | 0.15 | 0.10
4 | a* 0.93 {0.77 {0.37 | 0.14 | 0.04 | 0.02
t* 0.93 10.77 { 0.37 | 0.15 | 0.04 | 0.02
12 | &* 0.50 | 0.33 | 0.13 | 0.04 | 0.01 | 0.01
t* 0.51 | 0.34 | 0.14 | 0.05 | 0.01 | 0.01
041 |a&a* 1.00 | 1.00 | 0.94 | 0.57 | 0.18 | 0.12
t 1.00 | 1.00 { 0.95 | 0.58 | 0.18 | 0.12
4 | &* 1.00 | 0.96 | 0.58 | 0.24 | 0.06 | 0.04
tx 1.00 | 0.96 | 0.58 | 0.24 | 0.06 | 0.04
12 | &* 0.78 1 0.55 [ 0.21 | 0.07 | 0.02 | 0.01
t 0.78 | 0.56 | 0.21 | 0.07 | 0.02 | 0.01
081 |a* 1.00 | 1.00 | 1.00 | 1.00 | 0.87 | 0.68
t 1.00 | 1.00 | 1.00 | 1.00 |{ 0.87 | 0.68
4 | a* 1.00 | 1.00 { 0.99 | 0.83 | 0.36 | 0.23
t 1.00 | 1.00 | 0.99 | 0.84 | 0.36 | 0.23
12 | &* 0.99 | 0.95 | 0.69 | 0.34 | 0.10 | 0.07
tr 0.99 10.96 | 0.70 | 0.35 | 0.10 | 0.07

Table 2: Stationary process {U;} in (1); M A(1),T = 100.
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10) 0 k | Test o
. 07| 08| 09095099 | 1.0
04 (04 |1 |& 1.00 | 0.98 | 0.79 | 0.43 | 0.14 | 0.09
t 1.00 | 0.97 | 0.76 | 0.42 | 0.13 | 0.09
4 | & 0.92 1 0.77 | 0.40 | 0.17 | 0.04 | 0.03
t 0.91]0.75]0.40 | 0.18 | 0.05 | 0.03
12 | & 0.44 |1 0.30 | 0.12 | 0.05 | 0.01 | 0.01
t 0.45 | 0.31 | 0.14 | 0.06 | 0.02 | 0.01
04041 |a&" 1.00 | 1.00 | 0.99 | 0.77 | 0.29 | 0.20
tr 1.00 | 1.00 |{ 0.99 | 0.78 | 0.29 | 0.20
4 | &* 1.00 | 0.98 | 0.66 | 0.28 | 0.07 | 0.05
t 1.00 |{ 0.99 | 0.67 | 0.28 | 0.08 | 0.05
12 | &* 0.90 | 0.73 | 0.32 | 0.11 | 0.03 | 0.02
t 0.90 | 0.73 | 0.32 | 0.12 | 0.03 | 0.02
04 {00 |1 |&F 1.00 | 0.97 | 0.63 | 0.27 | 0.07 | 0.04
t 1.00 | 0.96 | 0.62 | 0.27 | 0.07 | 0.04
4 | & 0.95(0.81 | 0.43 | 0.18 | 0.05 | 0.03
t 0.94 | 0.81 | 0.43 | 0.19 | 0.05 | 0.03
12 | & 0.47 | 0.31 | 0.12 | 0.04 | 0.01 | 0.01
t 0.47 { 0.32 | 0.14 | 0.05 | 0.01 | 0.01

Table 3: Stationary process {U;} in (1); ARMA(1,1),T = 100.
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T p Test Qa
07] 08 09]095[0.99] 1.0
50 & 0.98 | 0.78 [ 0.33 [ 0.15 [ 0.07 | 0.05
t, 10.971]0.78 10.34|0.15 | 0.07 | 0.05
02 | & |0.77]0.48 | 0.16 | 0.07 | 0.03 | 0.03
= 0.77 [ 0.49 | 0.17 | 0.07 | 0.03 | 0.03
0.1 |& |0.54]0.30]0.10 | 0.05 | 0.02 | 0.02
t* 10.54|0.30 | 0.11 | 0.05 | 0.02 | 0.02
0.05 | & |0.38|0.24 | 0.10 | 0.05 | 0.03 | 0.02
£ 10.370.23(0.10 | 0.05 | 0.02 | 0.02
100 & 1.00 | 1.00 | 0.77 | 0.31 | 0.07 | 0.05
to 1.00 | 1.00 | 0.77 | 0.32 | 0.08 | 0.05
0.2 | & |1.00]0.97|0.56 |0.21|0.05|0.03
t* 11.00]0.97 | 0.58 [ 0.22 | 0.05 | 0.03
0.1 |&* ]0.99|0.87|0.40 | 0.14 | 0.03 | 0.02
t* 10.99|0.87|0.41 | 0.14 | 0.03 | 0.02
0.05 | & |0.86|0.630.25|0.08|0.02 |0.01
tx | 0.87|0.64 | 0.26 | 0.09 | 0.02 | 0.01

Table 4: Stationary process {U;} in (1); independent standard normal variables.
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0 P Test e

0.7 08| 09]0951099| 1.0
08 (02 |a&a* 0.99 { 0.91 | 0.45 | 0.15 | 0.03 | 0.02
tr 0.99 [ 0.90 | 0.45 | 0.15 | 0.04 | 0.02

0.1 |a&* 0.95{0.78 | 0.34 | 0.11 { 0.03 | 0.02
t 0.94 | 0.77 | 0.35 | 0.12 | 0.03 | 0.02
0.05 | &~ 0.78 | 0.55 | 0.21 | 0.07 { 0.02 | 0.01
t 0.77 | 0.55 | 0.22 | 0.08 | 0.02 | 0.01
04102 | & 1.00 | 1.00 | 0.88 | 0.47 | 0.14 | 0.09
t 1.00 | 1.00 | 0.89 | 0.48 | 0.14 | 0.09

0.1 | & 1.00 | 0.99 | 0.68 | 0.28 | 0.07 | 0.05
t 1.00 | 0.99 | 0.69 | 0.29 | 0.07 | 0.05
0.05 | &~ 0.98 | 0.87 | 0.42 | 0.16 [ 0.04 | 0.03
I 0.99 | 0.87 | 0.43 | 0.16 | 0.04 | 0.03
08102 |a& 1.00 | 1.00 | 1.00 | 1.00 | 0.73 | 0.54
tr 1.00 | 1.00 | 1.00 | 1.00 | 0.74 | 0.54

0.1 |a&* 1.00 | 1.00 | 1.00 | 0.95 | 0.50 |-0.33
1 1.00 | 1.00 | 1.00 | 0.95 | 0.50 | 0.33
0.05 | &* 1.00 | 1.00 |{ 0.98 | 0.74 | 0.28 | 0.18
1.00 | 1.00 |{ 0.98 | 0.75 | 0.28 | 0.19

Table 5: Stationary process {U;} in (1); M A(1),T = 100.
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[0 0 p Test o
0.7 08| 09]0.95]099| 1.0
04 (04 [0.2 |&" 0.96 | 0.79 | 0.32 | 0.10 | 0.02 | 0.01
t 0.94 | 0.77 | 0.33 | 0.11 | 0.02 | 0.02
0.1 |&* 0.88 | 0.66 | 0.26 | 0.09 | 0.02 | 0.01
t 0.86 | 0.65 | 0.28 | 0.10 | 0.02 | 0.01
0.05 | & [0.67 046 |0.17 | 0.06 | 0.01 | 0.01
t 0.66 | 0.45 | 0.19 | 0.07 | 0.02 | 0.01
-041-04102 |& |1.00]1.00]0.99|0.78 | 0.30 | 0.20
1 1.00 | 1.00 | 0.99 | 0.79 | 0.30 | 0.20
0.1 |a&* 1.00 | 1.00 | 0.90 | 0.52 | 0.16 | 0.10
tx 1.00 { 1.00 | 0.91 | 0.52 | 0.16 | 0.10
0.05 | & |1.000.98|0.66|0.300.09 |0.05
t 1.00 | 0.98 | 0.67 | 0.30 | 0.08 | 0.05
04 (0.0 [02 |&" 0.98 1 0.84 | 0.36 | 0.11 | 0.03 | 0.02
t, 0.97 { 0.83 | 0.37 | 0.12 | 0.03 | 0.02
0.1 |&* 0.91 | 0.70 | 0.28 | 0.09 | 0.02 | 0.01
t 0.90 { 0.70 | 0.29 | 0.10 | 0.02 | 0.01
0.05|a&* |[0.71 |0.48 | 0.18 | 0.06 | 0.01 | 0.01
tr 0.71 1 0.48 | 0.19 | 0.07 | 0.02 | 0.01

Table 6: Stationary process {U,} in (1); ARMA(1,1),T = 100.
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