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Abstract

In this thesis, we look at the new SOFR rates and how they differ from the
outgoing LIBOR rates. We also propose a model for pricing ESG-linked
interest rate swaps.

We look deeper into SOFR futures and examine the consequences of different
underlying calculation methods for 1-month and 3-month futures. This will be
further studied via a particular hedge, where numerical examples are provided.

An ESG-fixed rate process is proposed yielding an expression xZ%¢ for an
ESG-swap rate process. We choose an OU-process X (t) for modelling a
firm’s ESG risk score. The evolution of the ESG-swap rate process /QFSG is
illustrated using a Monte Carlo scheme.
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Chapter 1

Introduction

1.1 Overview

Following the LIBOR scandal, the Alternative Reference Rates Committee (ARRC) was
established to help ensure a robust alternative (for USD-LIBOR) and came up with
the Secured Overnight Financing Rate (SOFR). Other options include SONIA (Sterling
Overnight Index Average) for GBP-LIBOR and €STR ( Euro Short-Term Rate) for the
Euro-zone.

Since LIBOR will no longer be the key benchmark, it is crucial to understand the
new alternative reference rates and how they differ. For instance, LIBOR is an inter-
bank rate based on a market survey, while SOFR is an overnight rate based on the
U.S. Treasury repurchase market. This leads to a fundamental difference as LIBOR
works as a forward-looking prediction of future rates, while the overnight rates will be
backwards-looking.

This transition also requires a better understanding of available products and hedging
instruments tied to Risk-Free Reference rates, and we will study SOFR futures and
associated derivatives.

There is an urgent need for a green transition to address climate change. The EU
has put in place a new taxonomy so that the EU can be carbon neutral by 2050. Incor-
porating ESG into Finance (Sustainable Finance) is becoming increasingly important,
and with this in mind, we propose a framework for ESG-linked interest-rate swaps. This
framework is constructed to incentivise one to achieve favourably climatic goals.

Understanding the new RFRs and ESG-linked financial products is crucial for the
Insurance industry. A pension fund might have many SOFR-linked products in its
portfolio. A better understanding of ESG-linked products is needed to meet stakeholder
expectations, and regulatory requirements, get better risk management and provide
measures for a sustainable future.



Chapter 1. Introduction

1.2 Outline

The thesis is organized as follows:

Chapter 2 The theoretical background/framework for interest rate theory is established.
This includes Measure Theory, its relationship with Probability Theory, and then,
finally Stochastic Analysis.

Chapter 3 Introduces important concepts from mathematical finance, like the
fundamental theorems of asset pricing.

Chapter 4 Consists of interest rate theory. Here we introduce the zero coupon bond,
interest rate swaps, short rate models, HIM framework, and the outgoing LIBOR
rates.

Chapter 5 We look deeper into Risk-Free Reference rates, particularly SOFR. We
highlight fundamental differences between SOFR and LIBOR, and look further into
interest rate futures. The difference between 1-month and 3-month SOFR futures,
Black and Scholes Option methodology, Swaps and specific hedges are studied.

Chapter 6 An approach for incorporating ESG into Interest-rate Swaps is introduced.
We take one particular case study from real life and use this as motivation for
establishing a mathematical framework for ESG-linked Interest-rate swaps.

Chapter 7 We include a numerical simulation to grasp better how ESG-linked Interest-
rate swaps could work. Here we benchmark different scenarios and study how the
ESG framework responds.

Chapter 8 We summarize our findings and discuss shortcomings, possible model
extensions and aspects for further research.

Appendix A A method for estimating parameters in the Vasicek model is presented, and
how estimation can be done in an Affine Term Structure-setting.

Appendix B The Julia code used in SOFR examples includes dynamics of 1M- and
3M-SOFR futures, SM-SOFR futures swap, and the specified SOFR hedge.

Appendix C Julia code for the Monte Carlo simulation of the ESG-linked interest rate
swap.



Chapter 2

Theoretical Background

2.1 Measure Theory

The measure theory results have been gathered from [Linl7]

Definition 2.1.1 (Sigma-algebra). Assume that X is a non-empty set, a family F of
subsets of X is called a sigma-algebra if the following holds:

(i) heF
(ii) If A € F, then A® € F
(iii) If A, € F for all n € N, then ey An € F

Definition 2.1.2 (Measure). Assume that X is a non-empty set, and that F is a o-algebra
on X. A measure p on (X, F) is a function p : F — R, = [0,00) U {oc} such that:

(i) p@) =0

(ii) if {Ap}nen is a pairwise disjoint sequence, then:

2 (U An) = Z 1(An)

neN neN

We call the triplet (X, F, x) a measure space.

Proposition 2.1.3 (Intersection of o-algebras is a o-algebra). Let (X, F,pu) be a
measure space, let T be a non-empty index set and let G;, 1 € L be o-algebras on X, then:

G=()G6={ACX:A€cG, VieT}
€L

is a o-algebra on X

Proof. Since all G;’s are o-algebras, we have that ) € G; Vi € Z, thus ) € G.

Assume that A € G, meaning that A € G; Vi € Z, now: since all G;’s are o-algebras we
have that A € G

Assume that {A,}nen € G, then we have that {A,}peny € G; Vi € Z, and thus:
Unen 4n € 6. |



Chapter 2. Theoretical Background

Proposition 2.1.4 (Continuity of measure). Let {A, }nen be a sequence of measurable
sets in (X, F, 1), then we have:

(i) Assume that {Ap}nen is an increasing sequence, i.e that A, C Ani1 for allm € N,
then:

neN

u (U An) = lim p(A,)

(ii) Assume that {Ap}nen s a decreasing sequence, i.e that A,+1 C Ay for alln € N,
and that p(Ay) < oo then:

Definition 2.1.5 (Null set). A set N C X is called a null set, if there is a set B € F such
that N C B and pu(B) = 0.

Definition 2.1.6 (Complete measure space). A measure space (X,F,u) is called
complete if all null sets belong to F.

Let N denote the collection of all null sets.

Theorem 2.1.7 (Complete measure space with complete measure). Assume that
(X, F,p) is a measure space, and let:

F={AUN:Aec Fand N € N}, define i : F — R by:
H(AUN) =pu(A), VAe F

Then (X, F,Ti) is a complete measure space extending (X, F, ).

Proposition 2.1.8. Let X be a nonempty set, and A a collection of subsets of X. Then
there exists a smallest o-algebra o(A) containing A. Such that if C is any other o-algebra
containing A then o(A) C C.

Definition 2.1.9 (Borel o-algebra). We define the Borel o-algebra B as the smallest
o-algebra generated by all open sets on R.

Example 2.1.10 (Lesbegue Measure). Let X = R and B the Borel o-algebra, the
Lesbegue measure is a measure p such that:

u(lab) =b—a
Measurable functions

Definition 2.1.11 (Inverse image of B under f). Let X,Y be two non-empty sets, and
let f: X — Y with B CY, we then define the inverse image of B as:

fH(B)={z e X : f(x) € B}

We use the convention that R = R U {—o0, 00}

Definition 2.1.12 (Measurable function). Let (X, F, i) be a measure space. A function
f: X — R is measurable if:

fH([-o0r)) € F
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Proposition 2.1.13. Assume that f,g: X — R are measurable functions, then:

(i) f+ g is measurable.
(ii) f — g is measurable.
(iii) fg is measurable.
Integration of non negative functions

Definition 2.1.14 (Integration of simple function). Assume that:
n
fla) =) aila,(x)
i=1

is a non negative simple function on standard form i.e. X = ;- A; with 4; = {z € X :
f(z) = a;} disjoint and measurable. The integral of f with respect to p is defined as:

[ Faun =" )
=1

We use the convention that 0-o0co =0

Definition 2.1.15. If f : X — R is measurable we define:
/fd,u = sup {/gd,u : g is a non negative simple function, g < f}

Proposition 2.1.16. If f : X — R, is a measurable function, there exists an increasing
sequence {hyp} of simple functions converging pointwise to f. Moreover, for each n and
each x € X either:

1
f(z) — on < hp(x) < f(x) or hp(z) =2"
Theorem 2.1.17 (Monotone Convergence Theorem). Assume that f : X — R, is
measurable, and assume that {f,} is an increasing sequence of non-negative measurable
functions converging pointwise to f so that liﬁ\m fulx) = f, Vo € X, then:
n—oo

dnn [ fud = [t g

Theorem 2.1.18 (Fatou’s lemma). Let {f,} be a sequence of non-negative measurable
functions, then:

timinf [ fudu > [ Tiinf fudn

Definition 2.1.19. A function f : X — R, is said to be integrable if it is measurable and
J fdp < o0



Chapter 2. Theoretical Background

Integration of general functions
We would also like to integrate functions taking negative values as well, we then observe
that if f: X — R then f = f, — f_ with:

f+(x):{f(:c) f@) >0 f_(x):{—f(m) flz) <0

0 otherwise 0 otherwise

Definition 2.1.20. A function f : X — R is called integrable it if is measurable, and f,
and f_ are integrable, we define the integral of f as:

/fdu:/f+du—/f—du

Lemma 2.1.21. A measurable function f is integrable if and only if it’s absolute value |f]|
is integrable i.e. if and only if:

[ 1#1du < o

Theorem 2.1.22 (Lebesgue’s Dominated Convergence Theorem). Assume that
g+ X — Ry is a non-negative, integrable function and that {f,} is a sequence of
measurable functions converging pointwise to f. If | fn| < g for all n, then:

Jim / fndp = / fdp
Riemann and Lesbegue integration

Theorem 2.1.23. Assume that f : [a,b] — [0,00) is a bounded Riemann integrable function
on [a,b]. Then f is measurable and the Riemann and Lebesque integral coincide:

/ ' fa)de = /M fdu

LP-spaces

Definition 2.1.24. £P If 1 < p < oo and (X, F, i) is a measure space, we define:
LP(X,F,pu)={f:X — C: fis measurable and/ |fIPdp < oo}

furthermore, define:

i1, = ([17a0)’

Definition 2.1.25 (LP). Let p € [1,00), and define a relation by:
f~g <= f=g ae
Consider the equivalence class:
[f1:={9€Ll:g9~ [}
We then define:

LP(X, Fop) = A{[f]: f € L7}
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2.2 Probability theory

Most of the results in this section are gathered from [Wall2], let F be a o-algebra and
let €2 denote the sample space.

Definition 2.2.1 (Probability measure). A probability measure P on (2, F) is a function
P : F — [0,1] such that:

(i) if A€ F, then P(A) >0
(ii) P(Y) =1

(iii) if {Ap}nen is a pairwise disjoint sequence, then:

P (U An) =Y P(4,)

neN neN

Definition 2.2.2 (Random Variable). Let (2, F, P) be a probability space. A random
variable X is a function X : 2 — R such that:

{w: X(w)<z}eF
Proposition 2.2.3. Let X be a random variable, and let A € B (the Borel o-algebra), then:
{XeA}eF

Expectations and Conditional Expectations
We will now use the results from measure theory and see how it relates to the construction
of expectations and conditional expectations.

Definition 2.2.4 (Discrete random variable). We say that a random variable X is
discrete if:

X(w) = ZmiﬂAi(a})
i=1

Where A; = {X = x;}, furthermore we assume that it is on standard-form (See Definition
2.1.14)

Definition 2.2.5 (Expectation Discrete case). Let X be a discrete random variable, we
say that X is integrable if:

Z |z;i| P(A;) < o0
i=1

If X is integrable, we define the expectation as:
o0
ELX]::E:HQF«/Q>
i=1

In order to define the expectation of a general random variable X one also consider
sequences of non-negative simple functions, and decomposes the expectation in two
positive random variables, i.e. X = XT — X~ whit XT = max(X,0) and X~ =
max(—X,0), and define the expectation as:

E[X] = E[X*] - E[X ]

We will mostly consider the expectation as a measure-theoretic integral, i.e:

E[X] = /ﬂ X (w)dP(w)
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Definition 2.2.6 (Conditional Expectation). Let (2, F, P) be a probability space, let
X be an integrable random variable, and let G C F be a sub c-algebra, we say that a
random variable Z = E[X|J] is the conditional expectation of X given G if:

(i) Z is G-measurable, and
(ii) if A € G, then:

/ZdP:/XdP
A A

Theorem 2.2.7. Let X and Y be integrable random variables, let a,b € R and let G C F
be a sub o-algebra, then:

(i) G ={0,9Q}, then: E[X|G] = E[X]
(ii) E[E[X|G]] = E[X]
(i) If X is G-measurable, E[X|G] = X a.e.
(iv) ElaX + bY |G] = aE[X|G] + bE[Y|G] a.e.
(v) If X >0 a.e., E[X|G] >0 a.e.
(vi) If X <Y a.e., E[X|G] <E[Y]|]] a.e.
(vii) [E[X|G]| <E[|X]|F] a.e.
(viii) Suppose that'Y is G-measurable and XY are integrable, then:

E[XY|G] = YE[X|G] a.e.
(iz) If X and G are independent, then:
E[X|G] = E[X] a.e.
(x) If X,, and X are integrable, and either X,, T X, or X,, | X, then:
E[X,|G] — E[X|F] a.e.

Theorem 2.2.8 (Tower Law). If X is an integrable random variable, and if Gi C Go are
o-algebras, then:

E[E[X|61]|G2] = E[E[X|G:]|G1] = E[X[G1]

Theorem 2.2.9 (Jensen’s inequality). Let ¢ be a convez function on an open interval
(x1,x2) and let X be a random variable whose range is in (z1,x2). Suppose X and ¢(X)
are integrable and that G C F are o-algebras, then:

¢ (E[X|9]) <E[s(X)|G] ae.
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2.3 Stochastic Analysis

The results in this section are based on [Wall2] and [Ball7].

Stochastic processes and filtrations
Definition 2.3.1 (Filtration). Let 7 denote an index set either countable or a subset of R,
we say that the collection F = (F;)ie7 of o-algebras is a filtration if for every s <t € T:
Fs C F

Definition 2.3.2 (Augmented Filtration). The augmented filtration is the filtration
obtained by including the collection of null sets N to the o-algebra F; = o (X, : u < t),
ie:

?t :J(ftUN)

Definition 2.3.3 (Stochastic process). Let (Q, F, (F;)ie7, P) denote a probability
equipped with a filtration (F¢)ie7.

A stochastic process X = (X;)ie7 is a collection of random variables defined on (€2, F)
taking values in a measurable space (E, )

Definition 2.3.4 (Adapted process). We say that the stochastic process X = (X;)ie7 is
adapted to the filtration F = (F})se7 if for every t € T we have that X; is F;-measurable.

Definition 2.3.5 (Modification and Indistinguishable processes). Let (Q2, F, (Ft)t>0, P) =
(Y, F', (Ft)e=0, P'), we say that X is a modification of X" if:

Vit P(X;= X)) =1
We say that X is indistinguishable from X' if:
P(X;=X/Vt)=1

Definition 2.3.6 (o-finite measure [Lin17]). We say that a measure space (X, F, u) is
o-finite if X is a countable union of sets with finite measure, i.e for {A,}neny € F we
have:

X = J A4, with p(4,) < oo, Vn €N
neN

Theorem 2.3.7 ([Lin17]). Assume that (X, F, ) and (Y,G,v) are two measure spaces, and
let F®RG denote the o-algebra generated by the measurable rectangles FxG, F € F,G € G.
Then there exists a measure p X v on (F & G) such that:

uxv(F xQG)=puF)v(G) foral FeF,Geg

If i and v are o-finite, this measure is unique and is called the product measure of u and
v.

Definition 2.3.8 (Measurable Process). A stochastic process X = (X;)¢>0 taking values
on a measurable space (E, &) is said to be measurable if:

Ax Q> (tiw) = Xi(w) € E
is measurable (with A C E), i.e:

VB e B(E): {(t,w)e AxQ:X,(w)e B} eB(A)oF
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Definition 2.3.9 (Progressively measurable process). A stochastic process X = (X¢)¢>0
is said to be progressively measurable w.r.t F if:

Vt: [0,t] x 23 (s,w) = Xs(w)

is measurable w.r.t B([0,t]) ® F

Theorem 2.3.10 (Kolmogorov’s continuity theorem). Let D C R™, be an open set,
and consider the process X = (Xg)gep and assume there exists a > 0,3 > 0,C > 0 such
that:

E[|Xg, — Xo,|"] < C|61 — 65"

then there exists a continuous modification X of X. Furthermore X is Hélder continuous
with exponent v < % on all compact subsets K C D, i.e:

|X91 - XGQ‘ < 0‘91 - 02|’Y

Integral Spaces

Definition 2.3.11 (M}, ). Let M} ([a,b]) denote the space of equivalence classes of real-

valued progressively measurable processes X = (X;);>0 € R? such that:

b
/ | Xs|Pds < 0o a.s
Definition 2.3.12 (MP). Let MP[a, b] denote the subspace of M [a,b] such that:

b
E l/ | Xs|Pds

< 00

10
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Fubini and Stochastic Fubini

Theorem 2.3.13 (Fubini’s theorem). Let (X, F, ) and (Y,G,v) be two o-finite measure
spaces, and assume that f: X x Y — R is u x v-integrable, i.e.

J[ 11wt ) < o

Then:
v [ Fayduly) and y [ Sz 9)due)

are p— and v—integrable, respectively. Moreover:

[ tdwxo) = [ | [ s duw = [ | [ g aw)

The functions y — [ f(z,y)du(xz) and x — [ f(x,y)dv(y) are defined v (a.e.) and v
(a.e.) respectively.

Theorem 2.3.14 (Stochastic Fubini for Brownian Motion [Fil09]). Let X =
(X (w,t,8))j0<t,s<1) be an R%-valued stochastic process satisfying:

o X is progressively measurable w.r.t Fr @ B([0,T7)
e sup |X(¢,8)] < o0
0<s,t<T
Then A(t) = fOT X(t,s)ds € M2 ,[0,T] and there exists a Fr @ B([0,T])-measurable
modification (s)of fOT X(t,s)ds such that ¢ € M2,.([0,T]), moreover:

/OT W(s)ds = /OT AW (1)

i.e.

/OT VOT X(t, s)dw(t)] ds = /OT VOT X(t, s)ds] 4w (1)

11
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Girsanov’s theorem, Equivalent martingale measures and Bayes theorem

Definition 2.3.15 (Absolutely continuous measures). Let ¢ and v be two measures
defined on (X, F), and define:

Ny={A e F:pulA) =0}
N, ={AeF:v(A) =0}

We say that v is absolutely continuous w.r.t g iff N, € N, and we write v < p, i.e

w(A)=0 = v(4)=0

Definition 2.3.16 (Equivalent measures). Consider the situation as described in
Definition 2.3.15, we say that v and p are equivalent iff A, € N, and N, C N,
ie. N, =N, and we write v ~ p, i.e:

u(A) =0 <= v(A) =0

Theorem 2.3.17 (Radon Nikodym derivative). Let (X, F, ) be a o-finite measure
space. Let v be a o-finite measure on (X, F) such that v ~ p. Then there exists a unique
non-negative function f on X which is measurable w.r.t F for which:

W(E) = /Efdu, VEeF

f is unique in the sense that if there is another non-negative measurable function g such
that:

V(E)Z/Egdu = f=g, p—ae

One usually denotes:
dv

=

Let W = (Wi, € R™ denote a Brownian motion on (0, F, (Ft)icpo11, P),
furthermore let ¢ be an R™-valued process (also valid for C") with
¢ € M2 .([0,T7), the process we will be interested in looks like:

Zi =& (peW) =exp (/Ot GsdW, — ;/Ot ¢>§ds> (2.1)

Proposition 2.3.18 (Application of Radon-Nikodym derivative). Let Q ~ P and
define Q(A) :=E[Zr1a]l = [4 ZrdP, where A € F and Z is defined as in Equation 2.1,
furthermore require that E[Z7] = 1, then Q defines a new probability measure on (0, F),

and
dQ

dP |,

Proof. Let {Ay}nen be a sequence of disjoint sets in F, we then have that @ defines a
measure as:

Q) = /@ZTdP —0

1 = E[Z7] = /Q ZrdP = Q(Q)

12
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neN

¢ (UN A”) B /u o, 21 = /QZTILU%N 4,4P =) Q(An)

As Z = (Z;)i>0 by construction is measurable as well as non-negative, it follows from
Radon-Nikodym theorem that:
dQ

-7
dpP T

Fr

Theorem 2.3.19 (Girsanov’s theorem [Ball7]). Let W = (Wi)cjor) be an m-
dimensional Brownian motion on (2, F, (Ft)cjor) P), let Z = (Zi)iejo,r) be defined
as in equation 2.1 with ¢ € MZ%C[O,T]. Furthermore assume that Z is a martingale w.r.t
P and let Q be a probability measure on (Q, F) defined via the Radon-Nikodym density
Zr, then:

t
We =W, — /0 bsds

defines a (Q, F)-Brownian motion on [0,T]

Often what makes Girsanov’s theorem hard to use is the requirement of Z being a
martingale under P, therefore the next theorem is quite useful:

Theorem 2.3.20 ([Bal17]). Let ¢ € M2.([0,T)), define My = [5 ¢sdWs,t € [0,T) with
(M) = [{ ¢?2ds, and let:

Zy = exp (Mt — ;(Mﬁ)

Consider the following properties:
() B [ed I e

(it) M = (My)seo,r) s a bounded martingale in L*(2, F, P) and
E[e%MT] < 00

(i) Z = (Zt)icjo,r) 95 @ uniformly integrable martingale.

< 0o (Nowikov’s condition)

Then (i) = (i) = (iii)
Theorem 2.3.21 (Bayes theorem [@ks03]). Let P and Q be two probability measures on

(Q,F) such that % = f with f € LY, F, P). Let X be a random variable on (£, F)
such that:

EollX[) = [ 1X(@)|f(@)dP() < o0

Let G be a sigma-algebra with G C F, then:

E[fX|G]

EelX19] = g1

13



Chapter 2. Theoretical Background

Stochastic Differential Equations

Definition 2.3.22 (1-dimensional Ito process). Let F € M} ([a,b]) and G €
M} ([a,b]), and W = (Wy)se[q be a one-dimensional standard Brownian motion on
(0, F, (Ft)telap), P) then a process on the form:

t t
Xy =X, +/ Fsder/ GsdWy
a a
is called an Ito process, this can also be rewritten in differential form as:
dX; = Fidt + GidWy

Theorem 2.3.23 (1-dimensional Ito formula [@ks03]). Let X; be an Ito process, given

by:
dX; = Fidt + GidW,

Let g(t,z) € CY2([0,00) x R) (one time differentiable in time, and twice differentiable in
space), then Yy = g(t, X;) is again an Ito process and:

B 0g dg 1 829 2
dYy = 20 (6, Xa)dt + 25 (8, X0)d X + 5 55 (8, Xp) (d X))

where (dX;)? = dX; - dX; is computed according to:

dt -dt =dt-dWy =dW,-dt =0
AWy - dWy = dt

Theorem 2.3.24 (Integral representation theorem w.r.t Brownian Motion
[Ball7]). Let W = (Wy)i>0 be an m-dimensional Brownian motion on (Q, F, (Fi)t, P),
where (Fy)¢ represents the augmented natural filtration. Let T > 0, then we can represent
every Z € L*(Q, Fr, P) uniquely as:

T
Z —E[Z] +/ HydW,
0

where H € M?([0,T)) is (Ft)¢-adapted.

Theorem 2.3.25 (Martingale representation theorem [Ball7]). Let M = (My).c(o,7)

be a square integrable martingale with w.r.t (Fy);. Then there exist a unique process
H € M*([0,T)) such that:

T T
M, = E[My] +/ HodW, = M, +/ HydW, a.s
0 0

Let b(t,z) = (b;(t,x))1<i<m and o(t,x) = (o(t,x)i;j)1<i<m be measurable functions on

1<j<d
[0, 7] x R™

14



2.3. Stochastic Analysis

Definition 2.3.26 ([Ball7]). Let X = (Xi):eju,7) be a stochastic process defined on
(Q, F, (Ft)eefo,r); P), it is said to be a solution of the SDE (Stochastic differential equation)

(*) dXt = b(t,Xt)dt+O'(t,Xt)th
X, =xze&R™

if:
« W= Wi)epm €R?is a Brownian motion on (9, F, (F¢)sep0,7], P) and
o Vt € [u,T] we have:

t T
Xt:x—l—/ b(s,XS)dS—i—/ o(s, Xs)dWs

Definition 2.3.27 (Strong solution). We say that equation 2.2 has strong solutions if for
every standard Brownian motion W = (W;); on (Q, F, (F;)i, P), there exists a process
X that satisfies equation 2.2.

Definition 2.3.28 (Uniqueness in distribution). We say that for the SDE in 2.2, there
is uniqueness in distribution if given two solutions X* on (¢, Fi, (F})s, PY),i = 1,2 have
the same distribution, i.e.

x4 x?
Theorem 2.3.29 ([Ball7]). Let X = (Xi)icpur) be a stochastic process defined on

(Q,F, (Fiepo), P), furthermore let n € L*(Q, F,P) be Fy-measurable and consider
the SDE:

{dXt = b(t, X;)dt + o(t, X;)dW; 2.2)

Xy =17
where b, o satisfies:

e b,0 are measurable functions such that: 3L > 0, M > 0 such that Vz,y € R™ Vi €
[u, T]

b(t, )] < M(1+ |«

o(t,2)] < M(1+ [«
b(t, ) — blt, )| < Lle —
o(t,2) + ot )| < Llz —y]

Then 3AX € M?([u,T)) satisfying 2.2 and the solution is strong and strongly unique.
Assumption 2.3.30. Throughout this thesis, unless otherwise specified, we will assume
that our probability space (2, F,F = (F;)i>0, P) are such that:

o [ is augmented with it’s respective measure, i.e F; = F; = o(F; UN) and

e [ is right-continuous, i.e.
Fir = Fpt+ = ﬂ Fu

u>t

15
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2.4 Levy processes

Definition 2.4.1 (Levy process [Ken]). A stochastic process X = (X;)i>0 is a Levy
process if:

1. Xg=0
2. X has independent increments, i.e V0 <t < u :

X, — X is independent of Xy, — X, VO <r<s<t
3. X has stationary increments, i.e.
VO<s<t: X,— X, <£X,,
4. X is stochastically continuous:
Ve>0: }LZ%P(‘XH}L—XH >e€)=0
5. X has cadlag sample paths

Definition 2.4.2 (Infinitely divisible [App+04]). A random variable X is said to be
infinitely divisible if V n € N there exist X, 1,..., X, , such that:

n
XL3 X,
k=1

Proposition 2.4.3. If X = (X;)i>0 is a Levy-process, then ¥t > 0 X, is infinitely divisible.

Definition 2.4.4 (Levy-measure). A Levy-measure is a Borel-measure v defined on
R¢ = R%\ {0} such that:

/ 1A |zPv(de) < oo
RY

Theorem 2.4.5 (Levy-Khintchine theorem [App+04]). Let p be a probability measure
on R?, then there exist:

¢ yER?

o A cR¥™4: Positive semi-definite symmetric matriz (u”" Au > 0,Y u € RY)

e v a Levy-measure on R such that ¥V u € R%:

ou(u) = exp (i('y, u) — %(u,Aw + /Rd [e““’fC> —1—i(u,z)1(Jz| < 1)} V(d:n))

(v, A,v) is called the characteristic triplet of X .

16



2.4. Levy processes

Definition 2.4.6 (Characteristic exponent). The function ¥ : R? — C:
1 ,
U(u) =i{y,u) — §<U,A’LL> + /d [e““"‘> —1—id(u,z)1(|z] < 1)} v(dx)
RO

is called the characteristic exponent of the Levy-process X

Theorem 2.4.7 ([App+04]). If X = (X;)i>0 is a Levy process, then the characteristic
triplet of each random variable X; takes the following form:

(Vo) Ay Vi) = (s tA )

where v, A and v are as described in Theorem 2.4.5, the characteristic function takes the
following form:

E[e" )] = exp (‘P(t) (U))

- %(u,Au) [ [0 = 1= i)l < D] vld)

0

17
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2.4.1 Compound Poisson Process (CPP)

Definition 2.4.8 (Compound Poisson process). A compound Poisson process (CPP)
with intensity A > 0 and jump size distribution F);(dz) is a stochastic process:

N(t)
Y(t)y=> Ji
=1

where Jj, are iid with distribution F;(dz) and N(¢) is a Poisson process with intensity A,
independent of (Jg)g>1

Proposition 2.4.9 (Charactersitc function of CPP [Tan03]). The characteristic
function of a CPP I(t) is given by:

Ele™ ()] = exp ()\t /R (e — 1) FJ(dx))
Proof
E[¢®] = E [ew NS Jk]
—E [E[emZivz T |N, = n]}
5 8 (5] P

n€eNg

— Z ﬁ E[eiqu] X e—At();th!)n

neN k=1

=3 (B[emn]) e (A;')

neN

_ )\tz

neN

_ z’u.J
— g M AE[]

= exp (AL(E[e™] )

Xt ( [ éFydn) 1))

(
= exp ()\t et } FJ(dﬂs)>

)\ﬂE qu])

= exp

18



2.4. Levy processes

Proposition 2.4.10 (Characteristic triplet of CPP). Let I(t) be a CPP as described in
Definition 2.4.8, we then have that the characteristic triplet of I is given by:

(v, A, v) = (A/ xFJ(dx),O,/\FJ>
|z|<1
Proof. From Proposition 2.4.9, we have:
E[e™ )] = exp ()\t/R(eiw - 1)FJ(dx)>
= exp (t¥(u))
Now:
/R [ — 1 —iuzi(fe| < 1)] AF(dr) = A/R[em _1]F(dx) —mA/qux\ < 1)Fy(da)
_ A/R[em _1)F (dx) —i<)\/R:L‘Il(|:L‘| < I)FJ(d:r),u>

From this, we infer that:

iy, ) — i<>\/Rx]l(|x] < I)FJ(dx),u> ~0

0
v=2A xFj(dx)

lz|<1

Proposition 2.4.11 ([BBKO8]). Assume that I is a CPP, g a continuous function and
that s — W(ug(s)) € L'([0,t], F, P), then:

E [exp (i& /Stg(u)df(u))] = exp (/st W(Gg(u))du)

Where ¥ (x) is the cumulant function of I(1) i.e:

U(z) = A /IR (€% — 1)Fy(dy)

Proof. Since g is a continuous function on [s,t] we know that there exist M > 0 such
that |g(u)| < M, Yu € [s, t], furthermore from Proposition 2.1.16, we know that g may
be approximated by simple functions:

n
h(u) = Z Ly ) (w), where: s =ug <up <--- <u, =t
k=1

E [exp (2‘9 /St h(u)d[(u))] =E [exp (i& z": k[ (ur) — I(“k—l)])]

k=1

Now as I is a CPP (and therefore a Levy-process), we know that it has independent

increments and has a stationary distribution, meaning that: I(ug) — I(ug—1) 4
I(up —up—1) = I(Ag), leaving us with:
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Thus:

20

Theoretical Background

s

E [exp (z’@ i ag[I(ug) — I(uk_l)]>] =

k=1

E [exp (i01(Ag))]

b
Il

1

I
s

exp (V(0ay)Ag)

e
Il

1

= exp (i \P(Hak)Ak>

k=1

E {exp <i9 /:g(u)dl(u)ﬂ = Al,icrgoE [exp <i9 /: h(u)dl(u))}

= Alirgo exp <Z \I/(Qak)Ak>

k=1

DCT N
='exp ( hmo Z \I'(Gak)Ak>

A
ey

~ exp ( / t q/(eg(u))du>



2.4. Levy processes

2.4.2 Esscher Transform for CPP
Let Y ~ Fy(dy), we then have:

Ble™] = [ ¢ Fy(dy)
R
Furthermore, we denote:

0 - dQ"_ eGY
7= p = B

Now let I(t) denote a CPP with intensity A and jump-distribution J ~ F;(dz), in this
case we get:

SH1(T)

70 = g

In order for Z%(T) to be well defined, we need E[e?/(T)] < oo, now from Theorem 2.4.5
in combination with Proposition 2.4.9, we have:

E[e?(1)] = exp(TW(~i)) = exp (AT (E[e"] - 1))

Meaning that we need E[e?’] < oo for Z%(T) to be well defined.

Notation 2.4.12. For simplicity and ease of notation, we define:

£(0) = (i) = ME[e"] — 1)

We can now rewrite Z%(T') as:

ZO(T) — eHI(T)fé"(G)T

Proposition 2.4.13. 2% = (Zg(t))te[O’T] is a (P,TF)-martingale.

)

_ g {ee[usmm)—f(sm ’ ;s}

Proof. Let 0 < s <t <T:

E[Z°(t)|Fy] = E [e““)-ﬂeﬁ

— o EO I [601(#8)}

_ O OI(5) £ (O)(t—3)

69[(5) —£(0)s

— 2(s)
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Proposition 2.4.14 ([BBKO08)). I(t) is a CPP under Q° with intensity Ao = AE[e?]
Proof. We start off by calculating the characteristic function under QY:
Ego [eiul(t)} ) [eiuI(t)ZG(t)]
) [eiul(t)eel(t)—g(e)t}
= exp(—£(0)1) exp (M(E[e“H0)7] — 1))
= exp (M(E[e™ 7)) - Xt(E["] - 1))

= exp (AtE[eeJ(eWJ —-1)]- E[ee“’]>
)

= exp (ME[E[Z%(1)(e™ — 1)

——
:)\Qe
Thus:
Eqo [eiul(t)} = exp (t\Ier (u)) , where: W (u) = Ago (EQ9 [eied] — 1)
[ |

Lemma 2.4.15 ([Exercise MAT4770, Spring 2021]). Let I(t) be a CPP under P with
intensity A, and jump distribution J ~ Exp(u), then for < p, we have:

A
Ag = MH and J; ~ Exp(p — 0)

ILL_

Proof. For the Esscher transform to be well-defined, we must have that E[e?/] < oo, now:
o
E[e’] = / 9% e M d:
0

B ol
Gf,ue

_{oo 0>p

0

To find the distribution of J under (), we can derive it’s characteristic function:

Eq[e™] = Eq[e™! W] = exp (¢(iu + 6) — £(6))

E(iu+0) —&(0) = A (E[e(iu+9)J] _ 1) 1 (E[e”] B 1)
— )\E[GGJ(eiuJ o 1)]
= )\/OOO Pt e _ 1) Fy(dx)

— )\/ eﬁm[eium _ 1]Me—uzdx . 0 — I
0 0—pu

22



2.4. Levy processes

_ M [ —1)(p — B)e” D2y
0 —puJo
—dq [ e~ UFR(da)
0

Meaning that J g Exp(pn —0) [
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Chapter 3

Mathematical Finance

3.1 Market Model

For the time being consider r = (7¢),c0,7] to be a deterministic interest rate process.
Furthermore assume that we have the following probability space (€2, F, (ﬁt)te[O,Tb P)

Definition 3.1.1 (Money market account). We define the money market account B(t) as a
solution to the ODE:
dB(t) = r(t)B(t)dt

with initial condition B(0) = 1, this gives the solution:
B(t) = oJo T(s)ds
Consider the following processes:
o B = (Bi)ejo,r) the money market account
o dS; = p(t, S)Sidt + o(t, Sy)SdWy the risky asset.
Let p and o be defined so that the conditions in Theorem 2.3.29 are met.

Let ¢ = {¢i,t € [0,T]} be two stochastic processes defined on the above probabil-
ity space. Denote ¢ = (¢°, ¢'), where:

o« @) represents the number of units invested in the money market account at time t.

¢} represents the number of units invested in the risky asset S at time t.
Definition 3.1.2 (Trading strategy). We say that ¢ = (¢°, ¢') is a trading strategy is it
is (Ft)eejo,r-adapted and:

¢'rB e M'([0,T]), ¢pS e M'([0,T])) ¢'oS € M?([0,T))

Definition 3.1.3 (Value of portfolio). The value of a portfolio with trading strategy ¢ is
given by:
VO(t,S) = ¢)B;y + ¢1 Sy, t€[0,T]

Definition 3.1.4 (Self-financing strategy). We say that the trading strategy ¢ is self-
financing if:

dV?(t,S;) = $)dB, +nidS;, t € [0,T]
Definition 3.1.5 (Arbitrage opportunity). An arbitrage opportunity is a self-financing
strategy ¢ with:

V(0,8) =0, V¥T,Sr) >0, P(V4(T,Sr)>0)>0

25



Chapter 3. Mathematical Finance

3.2 Fundamental theorems of asset pricing

Theorem 3.2.1 (First Fundamental theorem of asset pricing). The following are
equivalent:
1 There are no arbitrage opportunities

7 there exists an equivalent martingale measure Q ~ P such that the process

(S)iepo = <%tt)te[0 - is a (Q,F)-martingale.

Definition 3.2.2 (Attainable claim). We say that a claim H is attainable if there exists
a trading strategy ¢ = (¢°, #') such that:

VOT,Sr) = H a.s

We assume that H is Fp-measurable as well as H € M2([0,T])

Definition 3.2.3 (Complete market). We say the market is complete if all contingent
claims in Definition 3.2.2 are attainable.

Theorem 3.2.4 (Second Fundamental Theorem of Asset Pricing). An arbitrage-free

market is complete if and only if there exists a unique equivalent martingale measure
Q~ P.
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Chapter 4

Interest rate theory

4.1 Zero Coupon Bonds and interest rates

Definition 4.1.1 (Zero Coupon Bond [Fil09]). A zero coupon bond (ZCB) with maturity
T guarantees the holder one dollar to be paid out at maturity 7. We denote the time ¢
price of the zero coupon bond as P(t,T")

We will assume the following:
e There is a frictionless market for T-bonds for all 7" > 0
o P(T\T)=1forall T

o P(t,T) is differentiable in 7.

Definition 4.1.2 (Simple forward rate [Fil09]). The simple forward rate for [S,T]
prevailing at time ¢t < T is defined as:

1 P(t,S)— P(t,T)
T-5  PtT)

F(t,5,T) =
Definition 4.1.3 (Continuously compounding forward rate [Fil09]). The continuously
compounded forward rate for [S,T] prevailing at t < T is given by:

W P@ET)—-InP(t,S)
T-S

R(t;S,T) =

Definition 4.1.4 (Instantaneous forward rate [Fil09]). The instantaneous forward rate
with maturity 7', prevailing at time ¢ is defined as:

_Olog P(t,T)

FT) ==

Definition 4.1.5 (Short rate [Fil09]). The instantaneous short rate at time ¢ is defined

as:

(o) = gie.n) = (-2

T=t

27



Chapter 4. Interest rate theory

4.2 Swaps

Definition 4.2.1 (Fixed Interest rate swap). An interest rate swap is a forward contract
in which one stream of future interest payments is exchanged for a fixed interest rate.

Some clarification:
o N represents the nominal value, think of it as the amount you loan/lend.
e 0<Ty< Ty <--- < T, asequence of future dates.
e 0 =1T;—T;, 1 a fixed leg between payments
e k a fixed rate.

0

—
I } } } } } } |
T T T 1

t Ty Th Tiov T Tia Th1 Ty

We use the following notation for the simple forward rate:

FT) = F(t,t,T) = % <P(tlT) - 1)

This means that we can write:

1 1 1 1
F(T._ 1. T) = ) =<\p !
( i—1 ’L) E_E—l <P(E_17E) > 5 (P(E—l?ﬂ) )

Exchanging a floating rate with a fixed-rate payer-swap contract has the following
specification:

o Pay kdN (-)
o Receive F(T;—1,T;)0N (+)
Cash flow at time T;:
F(T;—1,T;)0N — k6N = [F(T;-1,T;) — k]0ON

Time t-value for ¢t < T at time T;:

POT)F(Tios. 1)~ k0N = P T) (5 (G — 1) = K ) o

Pt Ti)

=———"—"F"-N—-P@{,T;)N — P(t,T;) k0N
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4.2. Swaps

Proposition 4.2.2. We have the following relationship:
P(t,T;)

—— = P(t,T;—
PTTy T
Proof. We use a classical arbitrage argument:
First, we note that:
P(,T)) 1
— =P, 1)) =————
Pty L PE )

This is the time ¢-value of receiving ﬁ at time 7T;. Our strategy will be:

e at time ¢: buy T;_1-bond (—P(t,Ti—1))

o at time 7;_;: receive (4+$1), and immediately reinvest in 7;-bonds, we buy W
number of T;-bonds.

e at time T;: we have W

1 1
—P(t,T;) +81, (_ P(Tithi)) TPToLT)
t Ti T;
This means that we have a risk-free profit of W meaning that in order to avoid
arbitrage we must have that:
P(t,T;)
—— = P(t,T;—
PT 1y LT

Thus from the above proposition, we get the following time t-value for ¢ < Tp:
N[P(t, Ti—1) — P(t,T3)] — k0N P(t,T;)

Total payer cash flow:
n
— S IN[P(t, Ti) - P(t,T))] - k6N P(t, )]
=1

N(P(t,Ty) — P(t,T,,)) — /iéNzn: P(t,T;)
i=1

A receiver interest rate swap corresponds to changing the sign of the cash flows, this
yields:

Cp(t) = =Co(1)

Result 4.2.3. The "fair" fixed rate K = Rgyqp(t) should be chosen such that C,(t) =
—C,(t) = 0, this gives:

P(t,Ty) — P(t,Ty)
03 P, Th)

RSwap( )
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Chapter 4. Interest rate theory

4.3 Short rate models

Consider the following probability space (2, F, (F¢):e(o,7), ), the market model consists
of:

e Money market account B = (B(t)); with B(t) = efo ()
o Short rate process r = (7(t)):

We assume the following short-rate dynamics:
dr(t) = b(t)dt 4+ o(t)dW (t)

Where r = (7(t))e>0 is a process satisfying the necessary conditions given in Theorem
2.3.29.

Furthermore, the market is assumed to be arbitrage-free, meaning that there 3 Q ~ P
such that:

Q

dP :5t(’Y‘W)

Fi

Result 4.3.1 (Relationship between zero coupon bonds and the short rate). We
can express the Zero Coupon Bond price as follows:

T
P(t,T) = Eg [eft r(wdu

.Ft:| , Vite [O,T]

Proof. By the First Fundamental theorem of asset pricing (Theorem 3.2.1), we have that
to avoid arbitrage, all tradable assets should be (@, F)-martingales after discounting,
meaning that:

P(t,T)
B(t)

[

Now P(T,T) =1, and B(t) is Fi-measurable, this gives us:

P(.T) = Eo [BB((;))

) = g - e

d
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4.3. Short rate models

Proposition 4.3.2 ([Fil09]). Considering the above setting, then we have that the process
r = (1(t))icpo,r) have the following Q-dynamics:

dr(t) = (b(t) + o()y()") dt + o (H)dW (1) (Q)

Proof. Let W = (Wy)icpo,r) € R™, and let Fy = o(Ws : s < t), also let v € R™, as well as
v € M3.([0,7T]). By assumption there are no arbitrage, thus & (y e W) € M?([0,T7), this
is also a (P, F)-martingale. Girsanov’s Theorem 2.3.19, then tells us that the Q-dynamics

takes the following form:
dWR(t) = dW (t) — y(t) I dt
This yields:
dr(t) = b(t)dt + o(t)dW (1)
= b(t)dt + o (t)[dWO(t) + ~(t)Tdt]

b
b
= (b(t) + o (6" (1)) dt + o (H)AW 2 (t)
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4.4 Affine Term Structures
Consider the general SDE:
dr(t) = b(t, r(t))dt + o(t, r(t))dW?(t), (Q) (4.1)

Assume that b and o are such that they satisfy the necessary conditions given in Theorem
2.3.29, meaning that a solution exists and is strongly unique.

Definition 4.4.1 (Affine Term Structure). A short rate model r = (r(t));>0 is said
to provide an ATS (Affine Term Structure) if the Zero Coupon Bond P(¢,T'), can be
expressed as:

P(t,T) =exp (—A(t,T) — B(t,T)r(t))

Where A, B are smooth C'-functions, meaning they are continuous and have continuous
first derivatives.

Proposition 4.4.2 ([Fil09]). The short rate model r = (r(t))i>o0 provides an ATS if and
only if the diffusion and drift terms take the form:

a,a,b, B are continuous functions, furthermore A and B solve the Ricatti equations:
1
AL, T) = 5a(lt)fz?(t,T) —b(t)B(t,T), A(T,T)=0
1
OB, T) = ia(t)BQ(t, T) - B(t)B(t,T), B(T,T)=0
4.41 Vasicek model

Consider the probability space (2, F, (Ft)iec[o,7], @) and let the dimension d = 1.

Proposition 4.4.3 (Vasicek Model). The Vasicek model is an Ornstein—Uhlenbeck process
with the following dynamics:

dr(t) = a[m — r(t)|dt + ocdW?(t)
Here a,m, o are real-valued constants, with o > 0.

Let 0 <t <T we then have an explicit solution given by:

T
r(T) = e_a(T_t)r(t) +m[l — e—a(T—t)] + J/ e—a(T—u) 7@ (w)
t

Furthermore, the Vasicek model belongs to the class of Affine term structures where:

B(t,T) = é 1= 1]

2 T
A(t,T) = =mB(t,T) — m(T —t) — %/ B%(u, T)du
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4.4. Affine Term Structures

Proof. This follows from applying Ito’s Formula on g(t,z) = e*x:

dle®r(t)] = ae®tr(t)dt + e*dr(t)
= acr(t)dt + ¢! (alm — r(b)]dt + odWO(1))
= ame™dt + o dW9(t)
Thus:

T T
r(T) = e *TDp(t) + am/ e~ T=W gy, + 0/ e M= qwe (u)
t t

T
- [
t

We want to find an expression for — ftTr(u)du:
T T
r(T)—r(t) =am(T —t) — a/t r(u)du + a/t AW (u)
4
T T
—a /t r(w)du = +(T) — r(t) — am(T — 1) — & /t AW (u) (4.3)

By plugging in the expression for r(T') as found in Equation 4.2, into Equation 4.3 and
dividing by « yields:

- / Y rwydu = Lo 1) () + T — =0T 4on(T — 1)+ / ' g[e*a@*“) — 1] dWC(u)

(@] o

=—B(t,T) =—b(T—t) =—c(T—u)
(4.4)

T
= —BT) 0T~ )~ [ (T~ waW ()
Now:

T
P(t, T) _ EQ l:e—ft r(u)du

g

e—B@ﬂUMU—MT—QEQ{e_ﬁTdT—mmwaq
¢(T — u) is a deterministic function, we thus have:

_ /tT o(T = w)dWC(u) ~ N (0, /tT AT — u)du)

Furthermore if X ~ N'(u,0?), we have:

ox (t) — E[eitX] — ez‘ut—%UQtz

Thus:

1 T

£ {e_ I c(T—u)dWQ(u)] _ [l er-w
Leaving us with:

T
-3
=—A(t,T)

P(t,T)=exp | =b(T —t) (T — u)du—DB(t, T)r(t)
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Chapter 4. Interest rate theory

4.5 HJIM-modelling

We have seen how the short rate and the zero coupon bond are related, however, we also
have the relation: .
Pt 7) = ¢ I

where f represents the forward rate, the Heath-Jarrow-Morton (HJM) approach consists
of modelling the forward rate directly:

df(t,T) = a(t, T)dt + o(t, T)dW (t)
T T
T =101+ [ alsTids+ [ o(s. )W (s
0 0
Consider (Q,F, (Ft)eo,r], P) as the objective probability space, and let a =

(a(t, T))iecjo,r) denote an R-valued process and let o = (o(t,T'))e[o,r) be an RZ-valued
process, i.e o(t,T) = (o1(t,T),...,04(t, T)). We impose the following conditions:

o (HIJM.1) a and o are progressively measurable w.r.t B([0,t]) ® F;
. (HIM.2)
T T
/ / la(s,u)|dsdu < oo, VT
o Jo

. (HIM.3)

sup |lo(s,u)|| < o0, a.e. VT
s, u<T

4.5.1 P-dynamics

Proposition 4.5.1 (Dynamics of In P(¢,T)). We have that the dynamics of In P(t,T') is
given by:

dln P(t,T) = r(t)dt — / "t ) dudt — / " ot W) dudw (1)
t t

Proof. Quite involved, so we start on the next page.
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4.5. HIM-modelling

We have the following relationship: In P(¢,T) = — ftT f(t,u)du, this can be rewritten as:

In P(t,T) /fOudu—// sududs—// (s,u)dW(s)du
—/t f(O,u)du—/O /t a(s,u)dsdu—/o /t o(s,u)dudW (s)

In order to get cleaner expressions, we split up the integral in the following way:

I Il Il
i T T

0 S t
Hence 0 < s <t <

T
T, and:
T T gt
A

We will now replace the integral parts containing ftT with the above:

lnP(t,T):—/ 0udu+/ Oudu—// sududs—i—// (s,u)duds
0

=In P(0,T),(1) =(3)

// (s,u)dudW (s +// (s,u)dudW (s)

Now let’s rewrite this again, here (z)" means that one used Fubini on the following part:

InP(t, T)=(1)+ (2) + (4) + (6) + (3) + (5)

This means that Fubini is applied to (4) and (6):

= /Ot /sta(s,u)duds: /Ot /Ouoz(S,U)dsdu: (4)’
// (s,u)dudW (s // (s,u)dW (s)du (6)

Here we used Fubini (Theorem 2.3) and Stochastic Fubini (Theorem 2.3.14), with:

and:

s<u<t 0<s<u
—
0<s<t 0<u<t
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Chapter 4. Interest rate theory

We would also like to recall, that:

r(t) = F(t.1) = £(0,1) +/Ota(s,t)ds+/0ta(s,t)dW(s)
(g
r(u) :f(O,u)—i-/O oe(s,u)ds+/0 o(s,u)dW (s)
A8

/Otr(u)du = /Ot (0, u)du + /Ot /Ou a(s,u)dsdu + /Ot /Oua(s,u)dW(s)du
=) =(6)’

=(2)

This yields:

In P(t,T) +/ u)du + (3) + (5)

=InP(0,7) +/ du—// Sududs—// (s,u)dudW (s)

Which then finally yields:

dln P(t,T) = r(t)dt — / " (t, u)dudt — / U ot w)dudW (1)

Notation 4.5.2 (Volatility process). We will use the following notation for the volatility
process:

v(t,T) = — /tTo(t,u)du

Lemma 4.5.3. We have that for every maturity T, that the dynamics of P(t,T) can be
expressed as:
; T 1 5
— = [r(t) —/ a(t,u)du + §||v(t,T)H ] dt + v(t, T)dW(t)
t
Proof. For simplicity, consider d = 1, we will use Ito’s formula on e* with = = In P(¢,T):
1
dP(t,T) = P(t,T)dIn P(t,T) + 5 P(t,T) [dIn P(t,T))?
T
— P(L,T) [r(t)dt _ / olt, w)dudt + (t, T)dW(t)]
t
1
+ 5Pt T) (u(t, T))? dt

Collecting dt-terms and dividing by P(t,T) gives:

dP(t,T)

_ T J 1 2l g -
PHT) T(t)_/t a(t,u)du + o (v(t,T))”| di +v(t, T)dW (1)
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4.5. HIM-modelling

Corollary 4.5.4. The discounted zero coupon bond process has the following dynamics:

d [ngj)} = Pg( ? ( lo(t, T)|I* — /t Ta(t,u)du> ar+ X g(’g)v(t,T)dW(t) (4.5)

Proof. This is just an application of Ito’s product rule:

| = D+ P D1 g | < arte 0
P(t,T) . P(tT) 1 P(t,T) )
—r = ZD [ awydude+ 3 2 D ot Par
+ D Dute, Tyaw (@) - 1) g5t§>dt
_PE,T) (1 P(t,T)
BD) Hv t,T H — (t u)du) dt + B0 v(t, T)dW (t)
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Chapter 4. Interest rate theory

4.5.2 (-dynamics and absence of arbitrage

Let v(t) = (71(t), .., va(t)) € M2([0,T]) be an Fi-adapted process, furthermore assume
that &(ye W) is a (P, F)-martingale, then from Girsanov’s Theorem (2.3.19) we know
that 3 Q ~ P such that

AW (t) = dW (t) — ~(t)Tdt

is a -Brownian motion, yielding the following Q)-dynamics for f:
df (t,T) = [a(t,T) + o(t, T)y(t)T"]dt + o (t, T)dW?(t) (4.6)
Plugging the Q-Brownian motion into Equation 4.5 yields:

T
d [Pétét?)} N P&t? <;Hv(taT)’2 - /t a(t’u)duﬂ(t’Th(t)Tr) "

P(t,T)
B(t)

+

v(t, T)dW?(t)

Theorem 4.5.5 ([Fil09]). We have that P]ét(’g) is a Q-martingale if and only if:

T
—oft, T = Sl )P~ [ altu)du (4.7)

and the Q-dynamics of f are given by:

T
df(t,T) = /t o(t,u)du - o (t, T)T"dt + o (t, T)AW (1)

And the discounted T-bond price satisfy:

P(t,T)

pO.1)BE ~ ST )

Proof. As a consequence of the Martingale Representation Theorem (2.3.25), we get that
in order for Q-martingality there cannot be any drift, i.e.

%Hv(t,T)HQ _ /tTa(t,u)du o, Ty =0
)

T
—oft, T = Sl D)~ [ altu)du
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4.5. HIM-modelling

In order to get the desired dynamics, we take the partial derivative w.r.t 7" on LHS and

RHS of Equation 4.7 where:

a% [0t D)™ = o(t. T)H (1)

and:

o [l nIe] -

([ o] |

=1

S

I
(]~ %’\Qv

/t oi(t,u)du x o;(t,T)

ﬁ.
%H

o(t,u)du - o(t, T)T"
t

This leaves us with:

T

o(t, T)y(1)TT = / o(t, w)du - o(t, 7)™ — a(t, T)

t

Now plugging this into Equation 4.6, yields:
T
df(t,T) = [a(t,T) +/ o(t,u)du - o(t,T)I" — a(t,T)| dt + o(t, T)dW(t)
t

= /T o(t,u)du - o(t, T)T"dt + o(t, T)dW(t)

Suppose that the arbitrage condition in Equation 4.7 holds, then:

Pt,T)] P(,T)
d[ B0 }: B0 o(t, T)dW(t)
I

Pt,T) 1 P(T)
{P(O,T)B(t)} ~ P(0,T)B(t)
)

= & (- T) o W)

v(t, T)dW @ (t)

P(,T)
P(0,T)B(1)
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Chapter 4. Interest rate theory

4.6 Estimating the Term Structure
In the market we can only observe: P(0,T}),...,P(0,7,) for maturities T1,...,T,,

however it could be that we need P(0,7;) where the ZCB with maturity 7, is not
observable.

Estimated Term Structure

1
100 »¢ .
1
\N/
o T >< : N/
c 0.75 ! VA
@ ! X
c 1
2 |
2 0.50 .
@]
O 1
2 |
9 0.25 :
1
1
0.00 :
T T, Ts T T, Ts

Time
Figure 4.1: Example of estimated term structure

Typical methods to estimate these term structures are regressions and interpolation
methods. We will look at parametric estimation methods, in particular, exponential-
polynomial families as these methods are often used by central banks. For instance, the
Norwegian Central Bank uses the Svensson method [21c].

4.6.1 Exponential-Polynomial Families

Let P, ..., P, be the observed ZCB’s with maturities 11, ...,T,, the goal will be the
following:
min | Py(T;) — Pi|?

One proposal is the Nelson-Siegel Curve

Ins(T, 21, 22, 23, 24) = 21 + (22 + 23T)e” 7
0

where one has the following link between Py and fyg:

T
Py(T) = exp (-/0 frs(us Q)du>
The Svensson curve is given by:

fs(T,0) = 21 + (29 + 23T)e =T + 2 Te %7
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4.7. Forward Measures

4.7 Forward Measures

Consider the following probability space (€2, F, (Ft)icpo,1], @)), furthermore let
X € LY, F,Q) as well as Fpr-measurable. The goal of this section is to study:
B(t)
t)=Eg | ==X
") = Eq |5
Notation 4.7.1. We use the following notation:
P(t,T
ZT(t) := #
P(0,T)B(t)

d

T 2
Proposition 4.7.2. Assume that Eq [e%fo llo(s. DI ds} < 0o VT, then we have that:

ZTt) = & (-, T) e W), t <T
is a Q-martingale, furthermore there 3 QT ~ Q such that:

Q"

o =2

Fi

and:
dWT(t) = dw?(t) — v(t, T)dt

defines a QT -Brownian motion.

. 1 Jy (s, 1)) ds - :
Proof. Since we assume that Eg |e2 Jo ’ < oo VT, it follows from Novikov’s

condition (2.3.20) and Theorem 4.7, that Z7(¢) is a Q-martingale. Girsanov’s Theorem
(2.3.19) justifies that 3 QT ~ Q such that

dQ" T
—| =Z(t
and that dW7(t) = dW®¥(t) — v(t, T)dt defines a QT-Brownain motion. [

Proposition 4.7.3 ([Fil09]). Let X € LY(Q, F,Q) as well as Fr-measurable, we then have
that:

and:
7T(t) = P(t, T)EQT [X‘ft]
Proof. We get from Bayes theorem (2.3.21) the following:
d T
Eq [\X Id%}

o]

Eq [|X127(T)]
- Z70)

- X
=Ee {Pm,T)B(T)}
<Eg[IX]] < oo

Eor{|X]] =
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Chapter 4. Interest rate theory

The second part also relies on Bayes theorem:

E [ng?; J-‘t}
Eqr[X|F] = Tl
Eq [dQ Fi t]
Eg [XZT (T) ft}
= 770) (4.8)
We recall that Z7'(t) = %, now from Equation 4.8 we get:
B(t
ZT(t)EQT [X|ft] = EQ[XZT(T)’.Ft] < P(t, T)EQT [X|ft] = EQ |:B((T))X th] = TF(t)
|

Lemma 4.7.4 ([Fil09]). Let S > 0 and S <T'. Then the T-bond discounted S-bond price
process:
P(t,S) P
Pt,T) P

(07 S) T
< <
(O,T)gt(US’T.W ), t<S<T

is a QT -martingale. Where we define:
T
osr(t) = —ors(t) = v(t, S) — v(t,T) = / o (t, u)du
S
Moreover, the T'- and S-forward measures are related by:
dQ%| _ P(t,S) P(0,T)
dQT Fi - P(t7T) P(O7S)

= gt(O'SyT [ ] WT)

Proof. Quite involved, so we start on the next page:
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4.7. Forward Measures

Q7-martingality:

Let u <t <S5 <T, we then get:

P(t,S) T
AR VIOUS ] M Eq [Z7(T)|F.]

()

Now from Proposition 4.7.2 and the Tower law of conditional expectation (Theorem
2.2.8), we get that:

[ [ P.s
Eq |Eq [P&T; Z7(T)

g

]

ZT (u)
[ P@t,8) P,T
Eq 7PEt,T; 4P(0,(T)B)(t)
P(u,T)
P(0,7)B(u)

[ P(t,5)
Eq B(t) Fu P(u, S)

P(uT) - P(u,T)
B(u)

7|

Where the last equality comes from the fact that the discounted zero coupon bond process
is a @-martingale.

Explicit expression:

From Proposition 4.7.2, we have that: P(t,T) = B(t)P(0,T)&(v(-,T) ¢ W), this
yields:

= P D) /Ot[v(u,S)—v(u,T)]dWQ(u)—;/Ot (o, )11 = lfo(u, T)]*) du

=(+)

Now: dW®(u) = dWT (u) + v(u, T)du, this leaves us with:

1

() = [ [t 8) = ol DIWT (@) + [ fo(8) = ol Dot )= 5 [ (ot ) = o, 7)) du
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Chapter 4. Interest rate theory

Now let’s collect the du-terms into one integral, and work with the inner expression
1 2 2
[v(u, $) = v(w, T)o(u, T) = 5 (I[o(w, I = [o(w.T)|?)
1 1
=v(u, S)v(u, T) = [|lv(u, T)|* - S llv(w, 9)I* + 5!\U(U7T)H2

=o(u, 8ol T) ~ g lo(e, T = S llo(u, $)|?

— S, 8) (TP
= Lllos ()]
Thus:
g(z’ S; - igg IS% o ([ s (w) - & [ osr()] )
P(0,5)
= P(O,T)gt (US,T o WT>

Radon-Nikodym derivative:

Q5| dQs aQr| \
dQT |z dQ |5\ dQ |-
= Z5(t )[ZT( £~

P(t,S) P(0,T)B(t)
P(0,8)B(t) P(t,T)
P(t,S)P(0,T)
P(t,T)P(0,5)

=& (US,T L4 WT)
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4.8 The LIBOR market model

4.8.1

Introduction

4.8. The LIBOR market model

Definition 4.8.1 (LIBOR-rate). The LIBOR-rate L(t,T) is defined as:

L(t,T) = F(t,T,T + )

1

4]

Typically LIBOR has the following Tenors:

e O/N (Overnight)

e 1 Week

e 1 Month

e 2 Months

e 3 Months

e 6 Months

e 12 Months

(

P(t,T)
P(t,T +9)

The rates are calculated by a trimmed average provided by Panel Banks, meaning that it
works as a market survey. Let’s say that there were 16 Panel Banks: Bi,..., Big. Each
Bank B; would submit a borrowing rate r; to Intercontinental Exchange Benchmark
Administration (ICE) . It would then be sorted, and then one would cut the highest 25%,
and the lowest 25%. For further information, one can consult [Exc23].

Example 4.8.2. Assume that the Panel Banks provide the data below for a 3-month tenor.
First, one collects the data, then sort it in ascending order, followed by trimming the

data:

0.043
0.046
0.039
0.046

0.056
0.058
0.037
0.042

0.049
0.052
0.045
0.034

0.050
0.041
0.044
0.057

0.034
0.042
0.046
0.052

0.037
0.043
0.046
0.056

After the data is trimmed, one takes the mean:

0.039
0.044
0.049
0.057

0.041
0.045
0.050
0.058

0.042 0.043 0.044 0.045
0.046 0.046 0.049 0.050

1
3 (0.042 4 0.043 4 0.044 + 0.045 + 0.046 + 0.049 + 0.050) = 0.04550

One also has conventions for the number of decimals, which are currency specific.
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Chapter 4. Interest rate theory

In a Market model, one is interested in modelling only the relevant T’s, meaning that
one finds a model for each T;. In the market, there are essentially three types of interest
rate derivatives: caps, floors and swaptions. By swaption, we mean a call/put on a
swap.

Definition 4.8.3 (LIBOR-Caplet). A caplet with reset date T and settlement T44 pays
the holder: LIBOR minus strike « if it is positive:

S(F(T;T,T+6) — k)" =0(L(T,T) — k)"
Definition 4.8.4 (LIBOR-Floorlet). The opposite of a caplet, it has the following payoff:
§(k — L(T,T))*

We assume equidistant times T, = md,m = 0,1,..., M, furthermore we will work on:
(0, F, (Ft)eefo, 1) Q™M) WM (t) is a QT™-BM. In addition L(0,7;) > 0 are given for
m=1,....M—1:

1/ P(0,T}) )
LO,Ty) =~ [—22m) 4} =0,...,M—1
05 =5 (pom g 1) ™
We get the following timeline:
t Ty Tyt T, Thy Thv—1 Ty

The dynamics of L(t,Tps—1) are given by:

dL(t, Trg—1) = L(t, Tag—1)N(t, Tog—1)dW (8), t < Thry
J

t 1 t
L(t, Tavr—1) = L(0, Tpr—1) exp (/0 A(s, Tyg—1)dW ' (s) — 5/0 ”)‘(SaTMl)HQdS)

Here: t — \(t,Thr—1) is assumed to be an R%valued bounded deterministic measurable
function.

Since

1 (Tm-1 2 L(t,Th-1)
E gf IA(s,Tar—1) 17 ds < d ) =& (N-.Tv_ W
oTu |€270 0o an L0, Tor 1) t( (vTpr—1) e ))
We have that L(t,Ths_1) is a QT -martingale. The idea will be to iterate backwards, so
that L(t,T},_1) will be martingales under Q™ for m > 2, we thus need valid measure
changes from Q*™ to Q71 on Fr, _,
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4.8. The LIBOR market model

One defines:

dQTMq
dQTm

_ T
- ETIMfl (OTIVI—LTM oIV )
Fry_q

Where:

OL(t,Tpr—1)
OTwvi—1,Tmr (t) = 5L(t TMfl) +1

At Thr—1), t < Thr—

Let K € R, now as:

oy, o e )7 < N Tar—1) | < K

A8
lfTM_l ||0 (s)”zds Lir K
IEQTM [62 0 Tv—1Ty } <e2"M-1R < o
Furthermore:
dQTM—l dQTM—l T
Eoru | ~30m =Eom | Ygomi | ‘f o| = & (o e W) =1
Thr—1 Th—1

We thus have that Q77 -1 ~ QT and from Girsanov’s Theorem we have that:
AW (t) = dW™ (t) — 0Ty 1,Tu (t)dt

defines a QT -1 Brownian Motion on Fros -

Lemma 4.8.5 ([Fil09]). Let X be a T,-contingent claim, we then have that for
t<Tyn<T,

n(t) _ P(tT,) X

n E .
Pt,T,) P T, < [P(Tm,Tn)

7
Proof. We already have that 7(t) = P(t,T),)Eqr. [X|F], and from Lemma 4.7.4, by
using S =T, and T' = T,,, we have:

QT
QT

=)

This is a Q7#-martingale, now in combination with Bayes Theorem, we get:

P Tmmi P O,Tn ]
EQTn [P((Tm,Tn)) P((O,Tm)) ft
EQTm [X|.Ft] = P(t,Tmm) P(0,Ty) ]
P(t,Tn) P(O’T’m)
— P(t7Tn) X
- wery e el
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Chapter 4. Interest rate theory

4.8.2 LIBOR-caplets

We will consider a caplet with reset time T}, 1 and settlement 7, and derive the T;,-price.
Meaning that we will be interested in:

Cpl(vaTn—la Tn) = 7T(jjm)

= P(Tm, T,)Eqm, [5 (L(Ty-1,To1) = 5)*

7]

Proposition 4.8.6 (Price of LIBOR-caplet [Fil09]).
Cpl(Ti, Tn—1,Ty) = 0P (T, T) [L(Ton, Tn—1)P(d4-(Trn, Tho-1)) — K®(d— (T, Tro—1)]
where:

mytn— Tn_
Mo} 4 4 [ A (s, T )| ds

K

d:I:(Tran—l) = ln( T 1/2
(S22 I, T Pds)

Proof. We have the following dynamics for L(¢,T,,—1):
dL(t,Tp—1) = L(t, Tp_1)\(t, T_1)dW T (t)

where W1r is a QT»-Brownian motion and t < T},_;

We also recall that:
L(t, Tp1) = L(0, To-1)& (A(, Tuor) e W)
L(Ty1,Tyr) = L(O, Ty 1)ér, (A, Thor) e W)
Leaving us with:

L(Tn1, 1) = L(t, Tu ) (A, Tuer) e W)

Tn—l T 1 Tn—l 2
— L(t, Tp_1) exp / (s, Ty )dW T () — 5/ IA(s, Taor (s) || 2ds
t t

We are interested in the T,,-price, giving us:

L(Tw1, T 1) = L(To, Tur) E7 (A Tmr) e W)
—_———

Fr,,- measurable

Fr,, independent

Furthermore:

Tn -1 T Q Tn Tn -1 2
[ A ™) 9 (o0, [ I Tl ds
m Tm

Now let b2 = /"1 [\(s, Ty_1)||*ds, and Z ~ N(0,1), then:

Tn—l T 1 Tn—l 2 d 1 2
/ A(s, Tor )dW T () — 5/ IAGs. T (9)Pds £ b2 — S
m Tm

F1.| = Eqn [(x exp (b2 - 317 - “ﬂ

This leaves us with:

Eqra {(L(Tnl,Tnl) —r)t

ZB:L(Tn71 7Tn71)
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4.8. The LIBOR market model

In () + 307

1
(oo (17 167) ) 20 oo 22 EEW
Now this gives us:

+
(:B exp <bZ — ;b2> — I€> = (mexp <bZ — ;b2> — /{) Liz>ay}

Taking the expectation yields:

Egr, l(xexp (bZ — ;b2> — I€> j = /: (x exp (bz — ;b2) - /-c) fz(z)dz

= :c/doo exp (bz - ;b2> fz(2)dz —/i/d(:o fz(z)d=

1

=(1) =(2)

Let’s rewrite (1):

) 2 S
(1) _ / ebz—%bz 1 e_%dz _ / 1 ef%(fosz+b2)dz
dy d

v 2T 1 V2T
1] 1 2
_ —=(2-b)
= — e 2 dz
/dl V 27T

This is just an ordinary u-substitution, whit « = (2 —b), now z = dj gives u = dy —b = d,
so we have:

[ folu)du = PWU > &) = P(U < ~d;) = ©(~})

I (Z) + 1 J7 7 IA(s, Tuo1) | %ds
T, 1/2
(S5 IN(s, Tm) s

d+(Tm,Tn_1) = —dll =

And then we calculate (2):

2) = /doo f2(2)dz = P(Z > dy) = P(Z < —dy) = ®(—dy)

1

With —d; =d_ (Tm;Tn—l)'

Plugging all together, yields:

+

CPUT, Tr—1,T) = P(Tin, T)SE [(m exp (bz - ;bQ) - /-/.;) ]
-T:L(T'nfl,Tn—l)

= P (T, T7) [L(Tyny T 1)@ (dy Ty, Tpo1)) — 6®(d_(Tpy Troo1)]
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Chapter 5

SOFR- Secured Overnight Financing
Rate

5.1 Introduction

Following the LIBOR scandal, the Federal Reserve and regulators in the U.K. have come
up with a replacement called the Secured Overnight Financing Rate (SOFR) . There are
also other RFR alternatives (Risk-Free Reference Rates) who work similarly: SONIA
(Sterling Overnight Index Average) managed by The Bank of England. One could also
mention €STR (Euro Short-Term Rate) [Gro23].

On November 30, 2020, the Federal Reserve announced that the LIBOR would be
phased out and eventually replaced by June 2023. Banks were also instructed to stop
writing contracts using the LIBOR by the end of 2021, and that all contracts using the
LIBOR should wrap up by June 30, 2023 [Hay22].

SOFR is fundamentally different from LIBOR. The Federal Reserve Bank of New York
collects transaction data from the overnight Treasury Repo market. It then calculates a
volume-weighted median interest rate. Which then gets published at 08.00 AM (Eastern
Time) the following business day [ARR21].

This means that SOFR is backwards looking as it is based upon overnight transac-
tions. Furthermore, it cannot look beyond 24 hours.

Key differences between LIBOR and SOFR/RFR’s

1. Calculation Method: LIBOR is calculated based on submissions from Panel Banks.
SOFR is based on the overnight repo market.

2. Tenors: LIBOR has multiple tenors, while SOFR has one: overnight. Meaning that
LIBOR is forward-looking while SOFR is backwards-looking.

3. Validity: Following the LIBOR scandal, one has seen that LIBOR has been more
prone to manipulation, as one can give higher or lower rate submissions altering the
trimmed mean. SOFR is transaction based, meaning that it is harder to manipulate.

4. Secured vs unsecured. Any collateral does not back up the loans that involve LIBOR.
In the SOFR situation, the repo transaction is collateralized by a high-quality bond
such as a US-Treasury note [HSB22].
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Chapter 5. SOFR- Secured Overnight Financing Rate

Definition 5.1.1 (Discrete overnight SOFR [SS20]). The discrete overnight SOFR is

defined as: ) )
Ry(T))=— —=——"r———1
) =7, (P(Ti,Tﬁdi) )

Where:

e d;: denotes the day count fraction multiplied by the number of days the overnight
rate applies. I.e. d; = 1/360 on business days, and d; = 3/360 on fridays.

Definition 5.1.2 (Backward-looking compounding SOFR-average [SS20]). The
backwards-looking compounded average over the period [S,T] is defined as:

RB(ST)—il (ﬁ[ler-R . —)
T) = iRa, (Ti)] — 1

T-5\;4
e N: total number of days in the applicable period.
e S<TN1 <---<Ty<T
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Figure 5.1: O/N, 1M and 3M SOFR-rates

This figure is collected from [Fed23] and displays the following SOFR rates: green:
O/N, blue: 1M-average and red: 3M-average. Here the 1M-average and 3M-average are
calculated according to Definition 5.1.2.

If we look at the green O/N rates, we see a spike in September 2019. This was related

to quarterly corporate tax payments due September 16. This led to a demand-supply
mismatch [AAS20].
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5.1. Introduction

As discussed in [SS20], one has that RP(S,T) is Fr-measurable. This is unsuitable as it
does not incorporate market expectations about future rates. This leads to the following
definition.

Definition 5.1.3 (Forward-looking term-SOFR rate [SS20]). The forward-looking
term SOFR rate over the period [S,T] is defined as:

R(S.T) = T — : S [P(Sl‘,T) _1}

We see that the term SOFR rate is just a simple forward rate evaluated at time t = S
(See Definition 4.1.2 p.27, i.e R(S,T) = F(S,S,T)).

Proposition 5.1.4 ([SS20]). We have the following relationship between the forward-looking
term SOFR rate RF(S,T) and the backwards-looking SOFR rate RP(S,T):

RF(S,T) = Egr[R"(S,T)|Fs]

Proof. We start by calculating the expectation:

' (f iy 1)

]:5] - 1) (5.1)

Eqr [RP(S,T)|Fs| = Egr | 7—

1 N
= Ti—S (]EQT [H[l + dszi( z)]

i=1

Now: Rg,(Ti) = R¥ (T}, T; + d;), this means that:

1+ diRy (T3) = m
This yields:
N N 1
Egr Ll‘[l[1+de (T3)] ] = Egr EIIP(TTMZ) IS]

For simplicity we let T;11 = T; + d;, this gives us the following timeline:

I Il Il |
i T T 1

S=1 T TN Ty =T
‘We observe that:

N

P(S,T) = P(Ty, Tn11) = [ [ P(T3, Tis1)
i=1

This gives us:

Eqr lH :n,T +d;)

S] = Far L’(;,T)‘fs] - P(Sl, T)

Plugging this into Equation 5.1, yields:

Eqr [RP(S,T)|Fs] = TiS <P(Sl’ - 1> = RF(S,T)
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Chapter 5. SOFR- Secured Overnight Financing Rate

It should also be mentioned that SOFR is closely related to EFFR (Effective Federal Funds
Rate). This is an overnight rate reflecting the rate banks and depository institutions
lend/borrow to maintain the reserve requirements given by the Federal Reserve.

FRED 24} — Secured Overnight Financing Rate
— Effective Federal Funds Rate

6

Percent
w

e MLLM% J j

b I.J'
| 1 g

201901 2019-07 2020-01 2020-07 2021-01 2021-07 2022-01 2022-07 2023-01

IS R |

Source: Federal Reserve Bank of New York

Figure 5.2: SOFR and EFFR

As mentioned earlier, we have that SOFR is backwards-looking and cannot give any
indications beyond 24 hours. However, the CME Group publishes daily a set of forward-
looking interest rate estimates called CME Term SOFR Reference Rates Benchmarks.
They have the following tenors: 1M, 3M, 6M and 12M.

CME term SOFR 01 May 2023

5.2
5.1 ® ®
o
> ]
£
o 50
]
(]
o
4.9
@
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1 1 1 1
1M 3M 6M 12M

Foward-looking period

Figure 5.3: CME term SOFR
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5.1. Introduction

They use SOFR futures for calculating the term rates. The calculation method can be
found at [Lim23]. Some of the reasons why futures were chosen were because of their

liquidity. This represents the market’s view on the rate; furthermore, this does not
require expert judgment or a survey of market participants.
300000
il
100000
_.Mmuml d|.1ﬁnumhuiinmmu.uﬂIm.mu.lilwlu MIM IMMI i ‘

.@‘ sﬁq e" s?' @“ \s@‘ s @’9 e" s & @@‘ s r:PQ e" é@ @fs\ & @eﬂ \\o

600000

500000

400000

Volume in contracts

1M m3M

Figure 5.4: Daily volume of SOFR futures, source: [HSB22]

We see that there are some significant differences between the volumes. This is further
discussed in [HSB22], where some of the explanation could be of the calculation methods
for SOFR futures, i.e. arithmetic and geometric. However, it is also mentioned that there
may be a boost in demand for IM-SOFR futures when LIBOR is fully phased out.
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5.2 SOFR futures

Let (Q, F, (Ft)t>0,Q) denote our probability space, and let ) be the risk-neutral prob-
ability measure defined via the money market account B(t) as numeraire.

Definition 5.2.1 (Futures contract [Bjo19]). A futures contract on X with delivery T,
is a financial asset with following properties:

1. For all t with 0 < ¢ < T, there exists in the market a quoted object f(t,T; X) known
as the futures price of X at time ¢, with delivery T.

2. At time T of delivery, the holder of the contract pays: f(T,T;X) and receives the
claim X.

3. During an arbitrary interval (s, t], the holder of the contract receives:

In typical futures contracts, the underlying asset X could be oil barrels, corn, cattle etc.
In our situation, the underlying asset is an interest rate. The typical settlement is a cash
settlement.

Some reasons to enter a futures contract:
e Speculation: By trading futures, one can make money by differences in quotes.

o Hedging: One could hedge against higher/lower interest rates. For instance,
someone paying a floating rate might buy futures to lock in a future interest rate.

We will be interested in SOFR futures, and such futures can be found at CME (Chicago
Mercantile Exchange) . CME uses the following convention for quoting interest rate
futures:

100 - R

Here R will represent the implied SOFR rate. Let’s say we observe a 3M-SOFR futures
today (March 23) with settlement Jun 23, quoted at 96.6. This would mean that the
implied 3M-SOFR rate (annualized) over the period March 23 - June 23 would be:

(100 — 96.6)% = 3.4%

Further specifications on how CME quotes 3M-SOFR futures can be found in [Grol9].
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5.2. SOFR futures

When dealing with SOFR. futures, one distinguishes between 1-month- and 3-month
futures, as they are not based upon the same calculation methodology:

Definition 5.2.2 (SOFR 1-month arithmetic average [SS20]). The 1-month SOFR
arithmetic average of the daily reference rate observed over the period [S, T is defined as:

R™(8,T) ZRd

Where:

e N: total number of days in the month

e S<TN1 <---<Ty<T

Definition 5.2.3 (SOFR 3-month geometric average). The 3-month SOFR geometric
average of the daily reference rate observed over the period [S,T] is defined as:

RAM(S,T) = %s (ﬂu + diRy.(T})) — 1)
B i=1
As futures contracts are free to enter, we get that:
Eg [RW(S,T) — Mg, S,T)‘}}} =0, (=1,3
Furthermore, one uses the following convention:

RYM(8,T) ~ / $)ds and R¥M(S,T) ~ —— (e JE rsyas 1)
T-5 T-S
This gives rise to the following definitions:

Definition 5.2.4 (1-month SOFR futures [SS20]). We denote the time ¢ rate of the
1-month futures starting to accrue at time S and with settlement on time T as:

.

Definition 5.2.5 (3-month SOFR futures [SS20]). We denote the time ¢ rate of the
3-month futures starting to accrue at time S and with settlement on time 7T as:

‘7))

1 T
FH(E S T) = —Eq [ /S r(s)ds

f3M(t78,T):Tl_S< [ Js
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Proposition 5.2.6 (Vasicek dynamics of 1M/3M-SOFR futures, [Exercise
STK4530, Autumn 2021]). Assume that the short rate has the following dynamics:

dr(t) = afm — r(t)]dt + cdW?(t)

Then the dynamics of f*M(t,S,T) is given by:

1
dftM(t,8,T) = 7—gBtS T)odWe(t)

and the dynamics of f3M(t,S,T) is given by:

df3™(t,8,T) = < M8, T) + TiS) B(t, 8, T)odW®(t)

Where:
B(t,S,T) = é {e_a(s_t) - e_a(T_t)]
Proof. From Proposition 4.4.3, we have that:
r(s) = e G Hr@) +m[l —e D] 4 o /ts eI (u)
Now: fM(t,5,T) = +5Eq {fg r(s)ds]]—}]:
Eq [r(s)| i) = r(t)e ™0 4 m (1 - eol)

U
—aS —aT

AR P ———

704(T s [r(t) — m]e® +m

Giving rise to the following dynamics:
—as —aT

df'™M(t,8,T) = “————°

T =5 " [(r(®) = m)e!]

Let’s work with the differential part first:

d[(r(t) — m)e™] = d[r(t)e®] — md(e™)
= ame®dt + oe®tdWO(t) — ame™dt
= oe®tdW (1)

Thus:

p M 57 e—aS _ e—aT

f (L, S, T) = Ta(T=9)
1

= _——_B(t,5T @Q

oe®tdW @ (t)
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5.2. SOFR futures

Now for f3M(t, S, T) we must study fST r(s)ds:

We have the following timeline:

I ]
T T

t S u 5 T
namely t < S <wu < T, this gives us:

/T r(s)ds = Lt) [e_o‘(s_t) — e_o‘(T_t)} +m(T - S5) —

s a
T rs

+U/ / e~ gW e (u)ds
S Jt

=(*)

]
T

m [e—a(S—t) _ e—a(T—t)
(07

Now by additivity of the integral, we see that:

s S s
f =1+
t t S
This leaves us with:

(*):/T</S —als=w) gy @y +/ —als=u) gy Q y ))ds
_// —als=u) gy Q(y ds+// ~ W (u)ds

=(1) =(2)

By Stochastic Fubini, we get:

// —elemu W (u ds—// —olm) dsd W9 (u) = (1)

S<s<T u<s<T
<~
S<u<s S<u<T

Now this leaves us with the following:
T

/ / ~als=w) g Q (u)ds — /S /je‘o‘(s_“)ddeQ(u):(Q)’

We now calculate the inner integral in (1)" and (2)’ respectively:

We can then define:
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We are thus left with:

T () [ o—a(s—t) _ —a(m—t) M T _a(S—t)  _—a(T—t)
/Sr(s)dS—T[e —e }+m(T—S)—E{e —e }

o T
+ 2 / S(u, t, S, T)dW(u)
a Jt

_ (T(t)a_m) [0 = T0] 4 (7 — 5) 4.7 /t St 8, 1) AW )

Ft—independent

(5.2)

As the last part is Fi-independent,we get:

Eg |exp </5Tr(s)ds> .7:,5] = exp [(r(t)—m) {e_a(s_t)_efa(Tit)} +m(T — S)}

a

o T
x Eg [exp (@ /t S(u,t, S, T)dWQ(u)>

Since ¥ is deterministic, we have that:

o T 0 10.2 T 5
Eq |exp E/t Y(u,t, S, T)dWS(u) || =exp ig/t ¥ (u,t, S, T)du

This leaves us with the following expression:

exp (/STr(s)ds>

Eq

.7-}] =exp (A(t,S,T) + B(t, S, T)r(t)) := g(t,r(t)) (5.3)

where:

m

1 0.2 T
A(t, S, T) =m(T — S) [e—a(S—t) _ e—a(T—t)} + 5@/ 2 (u,t, S, T)du
t

(07

B(t,8,T) = [eals=0 _ gmatr-y]
) ) a
This means that we have:

FM(,8,T) = lg(t,r(t)) — 1] (5:4)

T7-5

We note that Eg [exp (fg r(s)ds)

ft] is a @-martingale, thus from the Martingale
Representation Theorem 2.3.25, we can neglect the dt-terms of g(¢,7(¢)):

We apply Ito’s Formula as g(t,7) € C%2([0, 00] x R), giving us:

Org(t,x) =0, dpg(t,x) = g(t,x)B(t,8,T), Orag(t,x) = g(t,x)B*(t,5,T)
dr(t)? = o%dt
y
dg(t,r(t)) = B(t,S,T)g(t,r(t))cdW?(t)
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5.2. SOFR futures

This gives the following dynamics for f3M(t, S, T):

dr3M(t, S, T) = g d9(t.r(1))

= T;—S’B(t’ S, T)exp (A(t,S,T) + B(t, S, T)r(t)) cdW®(t)
= ﬁB(t, 5, T) [(T — ) M (t,8,T) + 1] adWe(t)

_ < ML, 8,T) + T18> B(t, S, T)odW(t)

To get a bit better grasp of the SOFR futures rates f'™ and f*™ we include a graph of
possible Q-dynamics:

a =030, 0=003 te0,5,,]

0.075 W, o
(t. S0 Taar)

f:!-\f
Pt S0 Tapg)

0.070
0.065
0.060
0.055

0.050 (/|

0.045 | W
1 1 1

0 Sia S

Figure 5.5: Realization of M (¢, Sy, Tias) and f3M (¢, Sa3pr, Tsar) for ¢ € [0, Sias)
Here we have assumed that the quotes for 1M and 3M futures differ. We took:

1
SO, S1s Tuar) = (100 = 95.025) - 7~ 0.0498

1
M0, S3ar, Tsar) = (100 — 95.160) - 7~ 0.0484

Furthermore, we have S1p; = Ssyr = 6 months, and f1M, f3M

Brownian motion.

are generated by the same
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5.3 Interest rate swap with SOFR-futures as floating

Proposition 5.3.1. The fized swap rate K;foSOFR in a swap with 1M/3M-SOFR as floating
is given by:

IM-SOFR _ 2i=1 P(t,T) f™M (¢, T;-1,T3)
' 71'1:1 P(t7Ti)

, 0=1,3

Proof. In this swap, we have the following specification, at time 7T;:
e Pay x/M—SOFRsN ()
e Receive f*™M(t,T;_1,T;)0N, ¢=1,3 (+)

Cash flow at time 7T;:
fZM(t,T’ifl,T’i)(SN _ KfM*SOFRé‘N _ [feM(tazﬁiflaT’i) _ KfM*SOFR]dN’ (= 1,3
Time t-value for t < Ty at time T;:
P(t7 Ti)[fEM(tv T%—la T‘Z) - REOFR](SN: (= 1,3

Total payer cash flow:

n

Cf;M_SOFR(t) — (SNZP(t, E)[ng(tyﬂ—lyﬂ) o HfM_SOFR], = 17 3

i=1

/ﬁifM —SOFE ghould be chosen such that:
EqlCp! 59T (1)| Rl =0

Thus:

> P T) ™Mt Timy T) = Y P, Trg =500
=1 i=1

4

o—sorr _ i1 P T)fM (4, T, Th)
t i-1 P(t,Ti)
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5.3. Interest rate swap with SOFR-futures as floating

Let us consider the case where we look at £ =3, n =3, and § = 13 . For simplicity, we

12
choose the Vasicek model as this gives an explicit formula for f3 (¢, S, T) as described
in Equation 5.4.

tr(t),a = 0.25,m = 0.035,0 = 0.02, r, = 0.0425

0.046

m am |

0.040

0 T_u Ty
2
Figure 5.6: Realizations of t — r(t),t € [0, Tp]

Here we see two realizations of [0, Tp] > t — r(t). In the graph below, we see the effect of

the time horizon and the starting point for the fixed rate K?M —SOFR,

ts kM SOFER o = (.25, m = 0.035, 0 = 0.02, r, = 0.0425
0.045

0.044

=

0.043 |- |

0.042 h ‘-

i ' '$ '

0.041

0.040

0.039

1
0 T_n Ty
2

Figure 5.7: Realizations of t — kM ~5OFE 1 ¢ [0, Ty

Here we took two realizations of [0, Tp] 3 t — k3 SOFE For t = 0, we got:

KAM—SOFR _ 2 P0,T) M0, T, Ty)

= 0.042
?:1 P(O> TZ)
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5.4 Options on SOFR futures

Consider a call option on SOFR futures, with exercise time 7 < § < T and strike k, the
price at time t < 7 for £ = 1,3 is given by:
B(t)

C™M(t,7) : = Eq {B(T) (FM(r.8.1) ~ )"

Prop_4.7.3

J—}] P(t, 7)Eq- [( FM 8.y~ k)

7
Here we use the convention that ()™ = max(z,0). From Theorem 4.7 p 38, we have:

aqT

0 =& v(-, 1) e W)

Fi

T 2
Assuming Novikov’s condition holds, i.e: Eq [eéfo lo(s,mll ds} < oo we get from

Girsanov’s theorem, that
AW (t) = dW®(t) — v(t, 7)dt

defines a Q™-Brownian motion.

Proposition 5.4.1 (1M-SOFR futures Caplet [Lecture STK4530]). Consider a call
option on the IM-SOFR futures with exercise time 7 <'T' and strike k. Let

dftM(t, S, T) = =M (t, S, T)dW?(t)

Where XYM (t,S,T) is assumed to be a deterministic and bounded function. The price at
time t < T is given by:

M (¢ ) = Pt T)\/ /t "SI (4, S, T)2du [d(d) + o(d)]

Where:
B M8, T) + I SIM (u, S, TYv(u, 7)du — K

d
VTS (u, 8, T)2du

And @, ¢ represents the cumulative and density function of a standard-normal distribution
respectively.

Proof. The QQ"-dynamics are given by:

df*M(t,8,T) = S'™(t, S, T)u(t, 7)dt + M (¢, S, T)dW (t)
N[
FM (76 T) = FM(4, S T) + / TSI (4 S, TYo(u, 7)du + / TSIM (S YA ()
— t 3

xT

m

Let ,
b2:/ S (4, S, TY2du
t
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5.4. Options on SOFR futures

We are then left with the following:

Bo- |(/™ (7. 5.T) )

.7-}] :E[(mjtm—l—bZ—/{)ﬂ

z=f1M(¢,5,T)

where Z ~ N(0,1), this yields:

E {(w+m+b2— R)+} (x+m+ bz — k) o(2)dz

x=f1M(¢,S,T) a /R

Furthermore:
rT+m+bz—r>0 < 2> $ =d
This yields:
/R(az +m+bz— k)T p(2)dz = (x+m — k) ;O o(z)dz +b ;O zp(z)dz
(4)

By symmetry of the normal distribution we have: P(Z > d') = P(Z < —d'), where we

define:
r+m—=kK

d:=—d =
b

furthermore zp(z) = —¢/(2), thus:

4

Leaving us with:

(A) = (z+m — Kk)®(d) + bp(d)
— bl (d) + p(d)

Now from Proposition 4.7.3 p.41, we get:

C™M(t,7) = P(t,7)Eqr [( M7 8. T) — k)| 7,

P, 7)\/ /t "SI (4, S, T)2du [d(d) + o(d)]
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5.5 Hedging with SOFR-futures

For SOFR futures, we have two pricing approaches: arithmetic (1M) and geometric (3M).
In this section, we will look at some relationships between them.

5.5.1 Hedging 3-month arithmetic with 3-month geometric

Consider the case where we want to hedge:

1 T
XIS, T) = / rudu (5.5)
- S

We want to hedge an arithmetic interest rate over the 3M period [S, T']. The only available
product for hedging a 3M period in the market is the 3M futures contract f3M(t, S, T).
Proposition 5.5.1.

J4 Bqlr(u)| Fdu
(T —8)f3M(t,S,T)

2
arg min Eq [(XgMA(S, T) — as f3M (¢, S, T))
at€R

7 -

Meaning that the optimal weighting a3 in 3M-SOFR futures will be:

G3M _ fsT Eq[r(u)|Fildu
b (T = 8)f3M(t,8,T)

Proof. We have that the 3M-SOFR futures f3M(¢,S,T) is based upon a geometric
average, giving us the following hedge:

2
argmin Eq [(X?’MA (8,T) — ar f3M(t, S, T))
at€R

]-"t]
Now, fix t and denote:

Glar) == Eq [(X?’MA(S, T) - aifM (1, 8.17))’

7
Expanding the square yields:

Gla) = Bq [(X3M(5,1))2\F) - 20,5°M (1, 5. T)Eq [XSMA(S, T)

ft] + a2 (1, 8, T))?

Taking the derivative w.r.t. a; yields:

%G(at) = -2 (¢, S, T)Eq [XSMA(S, T)
t

]'-t} + 2a,[f3M (¢, S, T))?
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5.5. Hedging with SOFR-futures

Since:
d? _ 3M 2
QG(at) - 2[f (t7 S? T)] >0
da;

We have that the minimum is obtained by setting the derivative equal to zero, i.e.

d

d—atG(at) =0

Now:
(&Gmg_o
)
o — BolX4(S,7)|7)
S, 8,T)
Furthermore:
1 T
EoX™!4(5, 1)\ = 7= [ Balr(w]7

Yielding:

. _ _Js Eqlr(u)| Fildu
YT = 8) M (¢, S,T)
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5.5.2 Affine Term Structure-setting

Proposition 5.5.2. Consider the above setting, and let r = (r(t))i>0 be a model that provides
ATS, meaning that:

dr(t) = [b(t) + B()r)]dt + \/a(t) + a(t)rt)dWP(t)

a,a,b, B are continuous and deterministic functions. This gives us the following:

2
arg minEq [(XBMA(S, T) — arf3M(t, S, T))
at€R

d

_ r(t)(T - S) + fST [ b(s)dsdu + fST [ B(s)g(s)dsdu
(T — S)f3M(t,S,T)

Where:
o(s) = exp ( /t ’ ﬁ(v)dv) ( /t Yo IOy )y + g [r(t)])

Proof. Since r = (r(t))i>0 is a model that provides ATS (Affine Term Structure), as
described in Proposition 4.4.2, as well as above, we have the following dynamics:

dr(t) = [b(t) + B(t)r(t)]dt + \Ja(t) + a(t)r(t)dW(t)

Here b, 3, a, a are deterministic continuous functions. Now from the dynamics, we get
that for u > ¢:

+/ ds+/ ds+/ \/ )+ a(s)r(s)dW®(s)  (5.6)

Each term is assumed to be Ito-integrable, i.e in M?2([0,T]), and by
Fi-independence, we get:

Bo | [ als) + als)r(=)dwe(s)] =0

And again by F;-independence in combination with Fubini, we get:

Eq [/tu[,b’(s)r(s)]ds] = /tuﬂ(s)EQ [r(s)]ds

This leaves us with the following:

/S olr(uw)| Fldu = r(t)(T — S+/ / b(s dsdu+/ /ﬁ s)Eq[r(s)]dsdu (5.7)

Overview of time-interval:

I ] ] ] ]
T T T T T

t S $ u T

Thus in our setting we have: ¢t < S < s < u < T, proceeding as in Equation 5.6, we have:
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5.5. Hedging with SOFR-futures

+/ b(v dv+/ dv+/ Ja(w) r@dWOv)  (5.8)

Now let g(s) := Eqg|r(s)], applying the expectation to 5.8 yields:

/ dv+/6

Taking the derivative w.r.t. s and using the fundamental theorem of calculus gives us
the following:

g'(s) =b(s) + B(s)g(s)

We have initial condition g(t) = Eq[r(t)], this is an ordinary differential equation with

solution:
g(s) = exp (/ts B(v)dv) (/: e )i AL () dw + g(t))

We have that g(s) = Eq[r(u)] appears in Equation 5.7, this gives us the desired result.
|

5.5.3 Bounding the hedge with available instruments in the market

‘We now denote:

1 T 1
XgMA(S, T) = mL 'l“udu = ﬁZ(S, T)

1 T
FMA(L S, T) = —Eq / rudu
S

T-S T-8

ft] L Eol2(5,T)|F)]

Now from Jensen’s Inequality 2.2.9, we have that for Z,¢(Z) € LY, F,Q), with
p(x) =e"
exp (Eq[Z(S,T)|F]) < Eq lexp(Z(S,T))|F

)
exp (T = §)F*MA(1,8,T)) < Eq lexp(Z(S,T))|F (5.9)
Now from definition 5.2.5, we have:
1 T
M8, T) = —— (EQ els ot ]—“t] - 1)
r-=5 —eZ(8,T)
4
Eqlexp(Z(S,T)|F] = (T — 8)f*M(¢,8,T) + (5.10)

Now by inserting 5.10 into 5.9 yields:

In[(T — 9)f3M (¢, S,T) + 1]
(T- )
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Chapter 5. SOFR- Secured Overnight Financing Rate

5.5.4 Hedging three-month arithmetic with 1M-SOFR futures

We still want to hedge:
1 T
X3MA (S, T) = m/g rudu

However, now we will not use the available 3M-SOFR future contract, rather we will
hedge by buying (at, b, é) 1IM-SOFR future contracts at time ¢. Here [S, 7] will still
denote a 3M period, we get the following timeline:

3M

I ] ] ] ]
T T T T T

t S T Tom T

Our hedge will in this case look like:

2
Juemin Eq [(X?’MA(S, 1)~ [acf™ (1, S, Tunr) + b f M (8, Tins, Tonr) + cof ™M (¢, Toas, 7)) )
at,be,ce) ER

ft}
Denote:

2
Glag,bi, ) = Eq {(X?’MA(S, 1) = [acf™ (1, S, Tiar) + b fY (8, Tins, Tonr) + cof ™M (¢, Toas, T) )

7
Expanding the square yields:
Glas, bi, er) = Bq [(X*M4(S,T))?| 7]
— 2BQ[X3MA(S,T)|F) [af ™ (¢, S, Tiag) + bof ™ (&, Tiar, Tona) + o f Y (¢, Tonr, T)|
+ap[fM (S, TP
+ 2a, f"™M(t, S, Tiur) [btflM(t, Tine, Tonr) + eef™ (¢, Tonr, T)]
+ Mt T, Towr))?
+ 2bicy {flM(t, Tine, Tone) £ (¢, Ton, T)}
+ LMt Tonr, T))

Fix t, to ease the notation we denote (as, by, c;) = (x1(t), z2(t), 23(t)) = x4 furthermore
let:
(flM(t7 Sa TlM)) flM(ta TlMu TQM)? flM(ta TQM; T)) = (at7 /Bt) ’Yt)

We also let:

Eq [(X*M4(5,1))|F] = pi

Eq[X*MA(S,T)|F] = ¢
This leaves us with:
G(x¢) = pt

— 2q¢ [oy1 (t) + Braa(t) + vers(t)]

+ajmy(t)?

+ 201 (1) [Braa(t) + yix3(t)]

+ Biaa(t)?

+ 2By o (t)x3(t)

+ Y as(t)?

70



5.5. Hedging with SOFR-futures

To get a bit better grasp of G(x;) we include a level plot:

25

25 20

15

10

Figure 5.8: level Curve G(x;) = k, where all constants are set to one

NB! Figure 5.8, is purely for illustration purposes, this will not be a realistic representa-
tion of G(x;).

We will be interested in obtaining a minimum of G(x;), meaning that we will be
interested in the following:

VG(xt) = (00, G(Xt), 02, G (%), Oy G(x4))
Where:
O, G(%1) = —2qr0v + 20321 (1) + 20y [Biw2(t) + Y3 (1)]
0y G(Xe) = —2q13 + 2672 (t) + 254 [au1 (£) + s (t)]
Oy G (x0) = —2qry + 277 w3(1) + 2 [cw (8) + Bz (t)]

To verify that G obtains a minimum we need the Hessian matrix H(G) of G. This will
be a 3 x 3 matrix with entries:

0*G

H@lis = 5,5

1=1,2,3, j=1,2,3
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Chapter 5. SOFR- Secured Overnight Financing Rate

Meaning that our Hessian matrix looks the following:

207 20uf 204
H(G) = [2048; 2B} 28w
200ve 28 297

9%G(x)
8x12

setting 0, G(x) = 0, i.e we must solve:

Now as > 0 for i« = 1,2,3 we know that the minimum should be obtained by

VG(x:) =0 (5.11)
Now Equation 5.11, gives arise to the following matrix equation:

o? By auye| |wa(t) o

2 B Biv| |zt =q|B| &= Mxi=b
VP oo Bl |xs(t) Y
~——

N——
M Xt b

Now:
det(M) = of [atﬁf% - Oétﬁt%ﬂ — afy {55’% - 5{%?} + e [5}20&% - Oltﬁt%ﬂ
= oSyt (B — 1) [ow (e + v¢) — Be(Be + 1)

In order for det(M) # 0, we must have:

ar #0, Bt #0, v #0
B # v, Ve # —(cu + Br) (5.12)

Thus the optimal weight %X; will then be:
% =M""'b

Now if the Condition 5.12 does not hold, one approach could be:

3
minimize Z zi(t)
P (5.13)
subject to Mx; = b

Assume that %X; is the optimal solution to 5.13, this method is very much related to Basis
Pursuit [CDS98].
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5.5. Hedging with SOFR-futures

5.5.5 Simulation of Error distribution

To say something about how good the hedge in Proposition 5.5.1, we study:
ERy(t) : = X3Ma(8 Ty — a3M 3M (¢, 8, T)

1 T
=7 S’/ du—ﬁ i Eqr(u)|Fi]du

= (/S r(u)du — ST Eolr (u)]fﬂdu)
We will also study the Error distribution from Section 5.5.4, now this will correspond to:
ERy(t) = X*M2(8,T) — (ar f™ (£, S, Tias) + bef ™ (¢, Tiag, Tonr) + & f M (¢, Torr, T))
We choose the Vasicek model for simulation:
dr(t) = a[m — r(t)|dt + cdW?(t)

For calculating X3M4 (S, T), we use the closed expression for |, ST r(u)du as described in
Equation 5.2 p.60:

/S " ) du = (r(t)a_m) [0 — e 0] (T - 5) 4 /t L S, 8. 7AW )

Where:
E(uv ¢, S, T) = [e—a(S—u) o e—a(T—u)} ]l[t,S) (u) + |:1 B e—a(T—u)} ]l[S,T] (u)

For simplicity we fix ¢ = 0, meaning that we will study: ER;(0) and ER»(0), using the
Vasicek model, where the parameters are as shown below:

a=0.25 m=0.035,0=0.02, r(0) = 0.0425
0.054
0.051

S 0.048

0.045

3M

0.042 '
0 S T

Figure 5.9: Path of Vasicek model for u € [0, T
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Chapter 5. SOFR- Secured Overnight Financing Rate

3M-arithmetic vs d%M 3M-SOFR futures calculations:

We have that:

g _ s Eqlr(w)| Fildu
LT = 8) M (t, S, T)

For calculating f3M(t, S, T) we have from Equation 5.4 p.60, that:

M8, T) = g [exp (A(t, S, T) + B(t, S, T)r(t)) — 1]
Where:
A8, T)=m(T—8) - [e*Of(S*t) - e*a(T*ﬂ + 1o / ' 2 (u,t, S, T)du
b ) a 2 a2 t Y )
1
= — *Q(S*t) _ 70‘(T7t)
B(t,S,T) " [e e }

We are interested in the case where t = 0, giving us:

v S Eglr(uw)du
W = T ) M (0.5.T) 0.995

3M-arithmetic vs (ao, bo, ¢o) IM-SOFR futures calculations

In this simulation we had that Condition 5.12 were met, as we got:

ap = 0.0423
By = 0.0421
Yo = 0.0420

Furthermore, the optimal weight Xy turned out to be:

1
a3 By o qovo 0.501

X0 = |8 aoBo Bovo q0B0| = | 0.501
¥ oo Bovo q070 —0.004

Here:
qo = Eq[X3MA(S,T)] = 0.0421
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5.5. Hedging with SOFR-futures

3M-arithmetic vs 3M-geometric SOFR futures:

Histogram of ER,(0), Spr, ~ 0.01, ng, = 10°

[CJER_1(0)
mean(ER, (0))

1.50x10* |

1.00x10* F
..|||||||‘HHH HHH H i

|
—0.03 —0.02 —-0.01 0.00 0.01 0.02 0.03
Value

Frequency

Figure 5.10: Simulation of ER;(0)

Here we see the distribution ER;(0), we see that the mean of ER;(0), ER1(0) = 0, this
indicates that one average hedging X3M4(S,T) where one takes ag = 0.995-positions in
3M-SOFR futures would be a good hedge. We also have that Eg[ER;(0)] = 0.

3M-arithmetic vs (&0,30,60) 1M-SOFR futures

. M, 6
Histogramof ER, " (0), 8 ppttine ™ 0.01, n;, =10
om0
4 mean(ER, "(0))
1.50x10" [
-
b 4
S 100x10° |
=]
o
[}
| .
(T
5.00x10° F
0 -

- |
—0.03 —0.02 —-0.01 0.00 0.01 0.02 0.03
Value

Figure 5.11: Simulation of ER™(0)

Here we see the ER2(0) distribution under the assumption that M is invertible. Here we
have taken the following position in 1M-SOFR futures:

(a0, bo, &) = (0.501,0.501, —0.004)
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Chapter 5. SOFR- Secured Overnight Financing Rate

We see that the mean of ER} ™ (0), ER)" " (0) = 0, which then again indicated that on
average taking the above position at time t = 0 would be a good hedge.

To illustrate this a bit further, we can take a look at the error distribution where
one naively chooses a strategy in 1M-SOFR futures, for instance, the following weighting;:

(éo, bo, &) = (0.33,—0.33,0.33)

. (dy, 6n= éy) . ; ~ . _ 6
Histof ER, (0), S ppiovioc) 0.01, n,, =10

| D Elrigl:i:‘ — (.33, “RHJ(U)
. merm(EH?,U'"' ”[0])
1.50x10" -
>
b 4
P 1.00x10 I
3
o
g
e
5.00x10° | |
ol

0.008 0.018 0.028 0.038 0.048
Value

Figure 5.12: Simulation of ERé&O’BO’éo)(O)

Now, the weights that we have calculated are weighing in SOFR, futures rates, not the
actual position one would take at CME, from earlier we remember that SOFR futures at
CME are quoted the following way (modified to our example with decimals):

Q™M(t,8,T)=1— f™(t,8,T), ¢=1,3

To get more intuition about the weighing in SOFR futures, we construct an example:

Example 5.5.3. Assume that we have a loan of 30 million over a 3M period. From the
contract, it is agreed upon that the rate we will pay is the floating 3M-arithmetic rate
X3Ma (S T) plus an additional risk-premium of 200 bp (basis points).

We want to hedge against rising interest rates, so if f™ increases, then Q™ decreases.

Case 1: Hedge by taking position in 3M-SOFR futures. From previous calculations,
we got dgM = 0.995. This will correspond to the position in the 3M SOFR futures rate.
Now a 3M SOFR futures are based upon a notional of 1 million dollars. Meaning that we
would need 30 contracts to cover our loan amount. We can not take a fractional position,
meaning that we, in this case, would take one position in the futures rate. Since we want
to hedge against rising interest rates, we would take 30 short positions here.
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5.5. Hedging with SOFR-futures

Case 2: Hedge by taking position in IM-SOFR futures. From our simulation we got
(a0, bo, &) = (0.501,0.501, —0.004) ~ (0.5,0.5,0.0). Now IM-SOFR futures has a notional
of 5 million dollars. So to cover our loan, we would need six contracts. These would be
covered by taking three positions in the first futures contract, three in the middle futures
contract, and zero in the last. The type of position would be a short position.

We see that for all our simulations, the error distributions seem to be normally distributed.
This is not surprising as in each simulation, and we take a normal random variable:
J ST r(u)du as described in Equation 5.2 p.60, and subtract a constant/linear combination
of constants. This is a new, normally distributed random variable with an altered mean.
We can also address the normality via a QQplot:

(@ — Q) plot of ER,(0) vs N( ER,(0), 5% ))

0.04

o

o

N
T

Sample Quantiles
o
g

-0.02

-0.04

L L L L L
—0.04 -0.02 0.00 0.02 0.04

Theoretical Quantiles

Figure 5.13: (Q-Q) plot of ER;(0)
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Chapter 6

ESG swaps

6.1 ESG

ESG stands for Environmental, Social, and Governance. ESG metrics are becoming
more critical for the financial sector in the European Union. The European Union have
established a new taxonomy for sustainable activities [21a].

This taxonomy is implemented so the EU can be carbon neutral by 2050. The goal is to
help investors and companies contribute to the Paris Climate Agreement. It will enable
companies and issuers to access financing consistent with these goals.

One such contribution could be to access cheaper financing, for instance, by lower-
ing the fixed swap rate if certain ESG criteria are met. In our case, this will be when a
firm manages to get below a certain ESG risk score. We take a look at what the different
letters could represent:

e Environmental: Carbon emissions, usage of renewable energy, waste generation etc.
e Social: workforce rights, human-rights policies, customer satisfaction etc.

e Governance: management structure and diversity, CEO pay ratio, crisis
management, transparency, codes of conduct etc.

We will not go into detail regarding the ESG risk score, however, we propose a model
and highlight some implications.
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Chapter 6. ESG swaps

6.2 Case study

Our modelling approach will be based on the ISDA document [21b], particularly the
interest rate swap between SBM Offshore and ING, where Sustainalytics set the ESG
risk score. The deal has the following specifications:

o It gets added a positive or negative spread to the fixed rate set at the inception of
the swap, based upon SBM’s ESG score set by Sustainalytics.

o At the beginning of every year during the contract’s life, ING sets a target ESG
score.

o If the score has been met, a discount of 5-10 basis points is applied to the fixed
rate.

e If the score has not been met, a 5-10 basis points penalty is applied to the fixed
rate.

We consider the ESG criteria to be Fy-measurable. We will also take a constant discount
d. To exemplify this deal pretend that the original fixed rate was set at x = 0.07, with a
discount /penalty d = 0.005 and the contract length is n = 4 years.

Assume that SBM Offshore met the criteria the first three times but did not meet
the last time. That would give rise to the following ESG fixed rate sequence:

KES¢ =0.065, KF¥5¢ =0.060, K¢ =0.055, KF59=0.060

Trajectory of K=°¢ = (K=>%(0))7,

0.075
@ 0.070 L
3 KESe
g_ 0.065 . o
2 KESG KESG
[
<« 0.060 [ o] [ o]
& 0.055 . o
0.050
To T, T, T, T, Ts
Time

Figure 6.1: ESG-fixed rate trajectory
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6.3 General setup

We will take this deal as motivation but generalize a bit further:

Assumption 6.3.1. We assume the following:

o N represents the nominal value. Think of it as the amount you loan/lend.

e 0<Ty< Ty <--- < T, asequence of future dates.

e 0 =T;—T, 1 a fixed leg between payments

e k the fixed rate from the original swap, i.e. without ESG-link.

e d basis points added or subtracted to the fixed rate x

o {A;}, sequence of events, where: A; = {X, < C%SG} i.e. the sequence of events

measuring if the ESG-risk score at time 7;: X7, is below the ESG-criteria C7;, or not.

Definition 6.3.2 (ESG fixed rate process). Let K¥9¢ = (KF5C¢ (w))™_ | denote the ESG
fixed rate process, we define it recursively as:

K0 (w) = (K% () = d)1a, (w) + (K27 (W) + d) e (w), 022
Where:
E{5(w) = (k= d)1a, (W) + (5 + d) 140 (w)

Notation 6.3.3. Let Z = {ki,...,ky,} represent an index set. Furthermore, let
ki< - <k<-<kp<--- <k, We then define:

G

€L

{(klakl,km)}
) = A NAR N NAL N Ay, N NAR N A, NN Ay,

Result 6.3.4. Let n € Ny := {k : k > 2,k € N}, consider the above situation. Let
T, ={1,...,n} and ZLv*" = {2,...,2n}, (A;)icz denotes the event that the ESG criteria
are met. Let ji < j2 < -+ < jigmven € N furthermore | 7Zven| and |Z,| denotes the
cardinality of the respective sets.

We can then express K9 (w) as:

KESCG (w) = [k — dn]1

() 4] (

i€Ln

{(G1sesdizBoen) )}
+ Z [k —d(n—a)]l U ( ﬂ Ai) (w)

OCEI2Er;Uen ]1##3'151}8”‘61” €Ly
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To get a better grasp of Result 6.3.4, we include the following graph:

Figure 6.2: Possible outcomes of KF5%(w)
For a general n, we have 2™ possible paths, and the unique values will be
k+idyie{n—2k:k=0,...,n}

We will have [{n — 2k : k = 0,...,n}| = n+ 1 unique values. With () number of
possible paths leading to the value x + id.

Thus for n = 3, we have 23 = 8 possible paths, and 3 + 1 = 4 unique values:
Kk+3d, k+d, k—dr—3d

We see that there are (?) = 3 different paths yielding a result of x + d, which in this case
are: ffs, fsf and sff.
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KESY(w) = [k — 3d]1 ) Ai| (w)
i€l3
3 (jlw’wj‘IOE‘ven‘)
+ Y |k-dB-a)1 U (ﬂ Ai> (w)
ae{2,4,6} {177 gpven (1,23} \i=1

The number of unique possible outcomes will be [{2,4,6}|+1 = 4. If we fix «, say, a« = 4,
we get the value k + d, and there are 3 paths leading to this result. Now for j; < jo, we
see that j1,j2 € {1,2,3}, leads to the following set-combinations:

(1,2}, {1,3} and {2, 3}

Namely 3 sets, where we got the index of where the criteria were not met. And this
corresponds to the following expression:

3 {(41,52)}
U [mAi] ](w)

J1#£j2€{1,2,3} Li=1

[k —d(3—4)1

=k +d] |1(AT N AT N A3)(w) + 1(AS N Ay N AS) (w) 4 1(A; N AS N AS) (w)
=ffs =fsf =sff

This shows that the expression provided in Result 6.3.4 is reasonable and behaves as one
would like.
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Proposition 6.3.5. Let us denote kE5¢ (i) .= Eq[KF5%(w)|F:]. We then have
that for t < Tjy that:

kE9C (1) = k — d - D(3)

; {15 jlzgven‘)}
+ > [i-al > Eq [(HH(AZQ

aEIﬁ”E" jl#"'#j‘IDELvenl =1

4

Proof. KF5%(w) is as described in Result 6.3.4:

Bq |KFSC(w)|F| =[x~ d-iEq [ﬂ (m Al> (@)
=1

.

i {(G15esdizBoen) )}
+ Y |k—di-a)Eq |1 U (ﬂ Al) (w)|Fe

aeIQE;ven {jl?ém?éj‘zgven‘} =1
Now:
[ 7 {(jlv“'vjlzgven‘)}
Eq |1 U (ﬂ Al> (w)|F
L {]17575.7‘15'0577,‘} =1
i 7 {(jlv"ﬂjlzgven‘)}
= Z EQ 1 (ﬂ Al> (OJ) ]:t]
jl#“-?éj‘zgven‘ L =1
Furthermore:
Eq []1 <ﬂ Al) (w) ft] =Eq lH 1(4) ft]
=1 =1
=s(l=1,i)
and:
1 {(jlvn:j‘IOEtven‘)} 7 {(jlwnyj‘zgvenl)}
Eq [1 (ﬂ Al) (w) ft] =Eq [(H ﬂ(!‘h)) (w) ft]
=1 =1
:f(l:l,l,]‘za‘)

Eq[K5C(w)|F] = [k —d-i]s(l = 1,1)

+E > > F(=1,1,jizBven))

OLEIQEZ-Uen jl#---#j‘zgven‘

—d > [i—a] > FU=1,1,jizEven))

04€12Ei1)en jlf...fjlz(]i?ven‘
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We collect k¥ and d-terms:

EQ[K PG (W) Rl =k [s(l=1,0)+ Yoo fU =10 zmen)

aelﬁven j17é'-~7éj‘zgven|

=M (i)

—d|i-s(l=149)+ > |[i—qa] Yoo =14, fizpeen))

aez‘ﬁ’uen jl#...#j‘zgvenl

=D(i)
= kM(i) — d - D(i)

‘Where:

)

D(i) =i+ Eq [H 1(4)

=1

Fi

+ > [i—d > Eq

OéEIQEi-“en jl?é---#j‘zgven|

i {(j17""j|Ig”en\)}
<H ]l(Al)>

=1
;t]

{(]1 ----- j|I£‘ven‘)}
+ Z EQ 1 U (ﬂ Al)

OCEI2Eiven jl?é“'#j‘zgven‘ leZ;

4

and:

Fi

+ D >, Eg

OAEIQEZ-Uen jl#“'#.j‘zgvenl

7 {(jlw'wjllgven‘)}
<H 1(A1)>

=1

M(i) = Eg [f[ 1(4)
=1

Let’s rewrite M (i) on set notation again:

(9

Fori=1,...,n, we have:

{(jlw-vj‘zguen|)}
Q; = Z U (m AZ) U ﬂ A with Q(Ql) =1
CVGIQE_L-Uen Jl##]lzgven‘ leZz lEIZ
=H; =L

Now as H; N L; = 0, and H; U L; = €, in addition to exploiting the linearity of the
expectation operator we get:

Fi

4

€T,

{01 gBven) )}
M@)=Eq |1 || > U (ﬂAl) U

aEIfi”e" jl#“'ij‘rgvenl leT;

= Eq [1(2)|F]
—1

Leaving us with:

Eq[K[°C(w)|Fi] = & — d- D(i) := x5 (i)
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Chapter 6. ESG swaps

6.4 Zero Coupon Bond ESG-swap

Proposition 6.4.1. Consider a zero coupon bond swap, i.e where the situation is as described
in Section Section 4.2, we then get that the
ESG-swap rate process k5% = (kF5C(i))i=1,. n is given by:

RS9 (i) = k7P — d- D(i)

Where:

HZC’B _ P(ta TO) B P(t7Tn)
! 52?:1 P(uﬂ)

And D(i) is as described in Proposition 6.5.5
Proof. Now from Section Section 4.2 we have that:

K:ZC'B _ P(ta TO) B P(t7Tn)
! 52?:1 P(mﬂ)

Thus:

wE59 (i) = k7P — 4 D(i)
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Chapter 7

Numerical Simulation

7.1 Introduction

To grasp the ESG-swap rate process £7°¢, we need a model for the ESG-risk score

process of the company. It could be logical with a downward trending score since the
company will be incentivised to enter such an agreement.

There are many possible alternatives to model such a model, so we impose the fol-
lowing model for the ESG-risk score:

X(t) = 100exp(—Z(t))
Here Z(t) is an OU-process given by:
dZ(t) = —BZ(t)dt + cdWO(t) + dI%(t)

Where:

N()
k=1

Furthermore ¢ and W are assumed to be independent, now for J ~ Exp(yu), we have:

(@) = g (), BLJ] = and VarlJ) =

An explicit solution is given by:

dle® Z ()] = d[e®)Z(t) + ®1dZ(¢)
= BeP' Z(t)dt + P [—BZ(t)dt + cdWO(t) + dI?(t)]
= 0P dWO(t) + PLdI (1)
4

2(t) = ﬁt+/ Bt=) Qs +/ Bt=5)q12s) (7.1)

87



Chapter 7. Numerical Simulation

Proposition 7.1.1 (Characteristic function of Z(t)). The characteristic function of Z(t)
is given by:

A
1- iueﬁtl/u> ?

w2
Eg [exp(iuZ(t))] = exp (iuZ(O)e_ﬁt) <_45[1 - e_zﬁt]> ( 1= iul/n

Proof. Since I? and W% are independent we have that:

Eg[e™ZW] = exp (iuZ(O)e_ﬁt> Eq [exp (zu /Ot e_ﬁ(t_s)dWQ(s))} Eq [exp (w /Ot e_ﬁ(t_s)dIQ(s)ﬂ

The normality of deterministic Ito-integrals gives us the following;:

¢ t
zu/ e Bl aw @ (s) NN(O, —u2/ G_QB(t_S)dS>
0 0
4

Eq {exp <zu /Ot e_ﬁ(t_s)dWQ(s))] = exp (—Z;[l — e_wt])

From Proposition 2.4.11 p.19, we have:

E [exp (zu /Ot eﬁ(ts)dl(s)ﬂ = exp (/Ot \I/(ueﬁs)ds>

To ease some notation, we write:
U(z) = Nepp(z) — 1), where: pp(x) = / e (dy)
R

We start with calculating pp(z) with Fj(dy) = pe "1y o) (y)dy :

oo
pr(x) = /0 e dy = T

1—z=
o
Giving us:
1 1
1 1—x= 1=
L s sl
I Im 7
Now:

W(ue ) = Npr(ue ™)) = 1)
—\ (M‘) B
1—iuefsi/p) f

A Biue P51/
T B\ 1—iuef1/p
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7.1. Introduction

We observe:

h(s) : = In[1 — iue ?%1/4]
4

Biue™ 1/
1 —duelsl/p

Leaving us with:

By using Proposition 7.1.1 we can find the expectation of X (¢):
Eq [X ()] = Eq [/-170)]
_ 1 N 1+eP1/p
_ Bt M 25t
_exp(Z(O)e )exp<4ﬁ[1 e ]>< T+ 1/

Now if 8 > 0, one can find:

lim Eq[X (t)] = exp (415 + 1+11/,u>

t—o0

ESG-risk score with underlying process X(t)
X(0) =20, B = - 0.05, 0= 0.02, A = 20, p = 150

20
o .
518 -1
O
o
X
2 16
(ID «
U)
Wy 1

To T4 T, Ts Ts
Time

Figure 7.1: ESG-risk score with underlying process X ()

The blue dots represent the observed ESG-risk score at the relevant observation times.
The solid dark line represents the ESG-risk score between observation times, and the
underlying orange process describes our continuous time ESG-risk score process X (t).
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7.2 Simulation of Zero Coupon Bond ESG-swap

In this section, we will look at a numerical simulation of the ESG-swap rate process
/QESG = (RFSG (1))i=1,...4. We will simulate different scenarios. These will be when the
ESG-criteria CFSC is reasonable and when the ESG criteria are unreasonable.

By unreasonable, we will look at the extremes, i.e. where the criteria are met all
the time and where the criteria are never satisfied. This will show the effect of the
discount and penalty, respectively.

After analysis, one has concluded that the model described in Figure 7.1 is a good
fit for the counterparty company in this ESG swap.

Parameters
. X(0)=20 = Z(0) = —In (2%)
e 5 =-0.05
e 0=0.02
e A=20
e 1 =150

We will use a stepsize of dt = ﬁ, and since the calculation is based upon Monte Carlo
simulations, we will establish the analysis on 1 Million simulations.

Agreement /specifications

o For simplicity, we will assume that our ESG criteria process CFSC
(C':,%SG){Z-:LWA} to be Fp-measurable.

e 0 = 1 meaning that the time between observations times 7T; and T;_1 is one year.
o We assume that the penalty/discount d = 0.005.
o We will also, for simplicity, set:

ZCB _ P(t,To) — P(t,T})

— = 0.07
! 53y P(t,Ty)
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7.2. Simulation of Zero Coupon Bond ESG-swap

Reasonable criteria

o CPSG = (17.8,16.8,15.8,14.8)

20 L] 1 1 1 I

1 1 1 1

1 1 1 1

| 1 1 1

® 1 1 1

18 1 1 1 1
—_— 1 1 1

o 1 Y 1 1
8 1 ] 1 1
| 1 1 1

g 16 1 1 1 1
[72) ! —_— 1
< 1 1 4 1
1 1 1 1

8 1 1 ~ 1
1 1 1 1

w 14 1 1 1 1
1 1 1 Py

1 1 1 T

1 1 1 1

1 1 1 1

12 1 1 1 1

1 1 1 1

1 1 1 1

Figure 7.2: ESG-risk score where ESG-criteria is reasonable

In this figure, we see the underlying ESG risk score process. Here the dark-solid lines
represent the criteria C’%S G. The blue dots represent the ESG-risk score at time T;. In
this particular realization, we see that the criteria are not met at 77 and 75, and then
met at T3 and Ty.

After 1 Million simulations, we got:

ESG ZCB ESG
Cr, Ki Ki

7, 178 0.070 0.071
T, 16.8 0.070 0.070
T3 15.8 0.070 0.068
T, 14.8 0.070 0.065

Simulation of KtESG
0.075
ESG
ko o(1)
0.070 A - - L et
o S M
g E5(3) kEe)
a 0.065 o o
[\
2
N
0.060
0.055
To T4 T, Ts Ty Ts

Figure 7.3: ESG-swap rate when ESG-criteria is reasonable
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unreasonable criteria, where criteria are always met

o CFSG = (24,23,22,21)

24— i
1 1

—
1 1

1 —

1 1 1
21 1 [ —
o 1 1 1 1
Q L4 1 1 1 1
8 1 1 1 1
« 1 1 1 1
1 1 1 1
$ 18 ® 1 1 1
o 1 1 1 1
1 1 1 1
ﬁ 1 l 1 1
1 1 1
15 1 + 1 1
1 1 ® 1
1 1 1 1

1 1 1
1 1 1 +
1 1 1 1
12 1 1 1 |
To T4 T, Ts Ta

Figure 7.4: ESG-risk score where ESG-criteria is unfavourable for lender

The blue dots are always under the dark solid lines, meaning the criteria are always met.

After 1 Million simulations, we got:

ESG ZCB ESG
Cr, K} Ky

T 24 0.070  0.065
T 23 0.070  0.060
T3 22 0.070 0.055
Ty 21 0.070  0.050

ESG

Simulation of K,

A e e e e
ESG
o o (1) o
W] ESG
é 0.06 o N 2) o
& A ON
ESG
0.05 oK (4)0

Figure 7.5: ESG-swap rate, when ESG-criteria is not reasonable for the lender

Here we see the effect of how the discount d works. For each T}, we see that k¢

down by the discount d.

goes
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7.2. Simulation of Zero Coupon Bond ESG-swap

unreasonable criteria, where criteria are never met

o CFSCG = (15,14,13,12)

200 @ | | i i

1 1 1 |

1 1 1 i

1 1 1 1

1 1 1 i

+ 1 1 |

1 1 i

o 17.5 1 1 1 I
o) 1 1 1 |
8 1 1 1 |
1 1 1 i

5 1 1 1 |
= 1 ° 1 i
(ID 15.0 — 1 1 I
1 1 1 i

& S — ® 1
1 1 1 i

1 1 1 1

1 — °

12.5 ! ! ! !

1 1 1 ]

1 1 1 1

1 1 1 i

1 1 1 1

To Ty T, T3 Ty

Figure 7.6: ESG-risk score where ESG-criteria is unfavourable for borrower

The blue dots are consistently above the criteria, meaning that the criteria will not be met.

After 1 Million simulations, we got:

CESG  ZCB  BSG
T 24 0.070 0.075
TS 23 0.070 0.080
T3 22 0.070 0.085
Ty 21 0.070 0.090
Simulation of KtESG
0.10
ESG
0.09 o (4)0
ESG
% . “ (3)0
Q. ESG
g 0.08 L
2 <ES(1)
® o]
007 Kem -
T T T, T, T, Ts

Figure 7.7: ESG-swap rate, when

In this situation, d works like a penalty, and correspondingly &

ESG-criteria is not reasonable for the borrower

ESG

i increases.
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Chapter 8

Conclusion and further work

8.1 SOFR

In the SOFR studies, we examined the implications of different underlying calculation
methods for the SOFR futures. We studied a 3M-arithmetic interest rate:

1 T
X3MA (S, T) == ﬁ/ Tudu
- S

We bench marked taking a a; — f2M (¢, S, T) 3M-SOFR futures position against
taking a (g, by, &) — f*™M (¢, 8,T) IM-SOFR futures position.

For simulation purposes, we chose the following model for the integral of r = (r(¢)):>0:

/S " ) du = (W) [0 — e 0] (T - 5) 4 /t L St 8.7 AW )

Where:
S(u,t, S, T) = [e—a(S—u) _ e—a(T—u)} ]l[t,S) (v) + [1 _ e—a(T—u)} ]l[S,T] (u)

It should be mentioned that this may not be a realistic representation of r, and should
be addressed accordingly. As discussed in [BM13], a solution could be multi-factor mod-
els, as one source of uncertainty could be too restrictive for realistic modelling approaches.

In [SS20], they consider 1-, 2- and 3-factor versions of Gaussian arbitrage-free short-rate
models. One should also take into account the market price of risk A;, coming from
Girsanov’s Theorem: dW®(t) = dW (t) — M\dt, to get suitable P-dynamics of the futures
rates: fM 0 =1,3

It would also be interesting to study term-SOFR, dynamics further. For instance,
in [GS21] the authors discuss how SOFR is related to EFFR, which then again is heavily
affected by US monetary policy rates. It would also be interesting to further study how
the CME term SOFR is inferred from the futures market.

95



Chapter 8. Conclusion and further work

From simulations we got a3 = 0.95 for the position in 3M-SOFR futures. An ideal hedge
here would be if this number equalled 1. Pretend that instead of hedging X3Ma (S, T),
we wanted to hedge:

x3Mc (S,T) := 7 i 3 [efsT r(u)du _ 1]

Namely a geometric average over the period [S,T], then:
2
G(az) := argminEg [(X?’MG(S, T) —a f3M(t, S, T)) ’]—“t]
at€R

Now following the same arguments as on p.66, one has:

s Eo[X3Me(S,T)|R)  fBM(t,S,T)

W= UM STy M8 T)

8.2 ESG

We imposed a model for ESG-linked swaps, which led to an ESG swap rate process
kPS¢ = (kP59 (i), giving a penalty/discount depending on whether the criteria were
met or not.

We remember that the criteria A; looked like the following;:
A; = {Xg, < C£5CY

This means that our ESG-fixed rate process heavily depends upon the OU-process
X (t) and the criteria CFESG. It could be hard to establish "reasonable" criteria. In our
simulation, we took CF9¢ = (C’%S @);>1 to be Fop-measurable, this could lead to some
uncertainty as one would have to "know" even more about the company’s development.
Maybe a more reasonable approach would be to take CFS¢ to be Fr,_,-measurable.
However, this would again add to the complexity.

In our modelling approach, we modelled directly under ). However, the market one op-
erates in is under P, meaning that it would have been suitable with an Esscher-transform
of X (t), which then by Proposition 2.4.14 implies that we would still have a CPP, but
with altered intensity Ag and jump-size distribution F?(dz)

In our case we have I(t) = Ziv:(tl) Jr with N(t) ~ Pois(At) and J ~ Exp(p), and
from Lemma 2.4.15, with 6 € (—oo, i), we have:

_ A
- =

AQ and J 2 Exp(u—0)

Furthermore, X (¢) is company dependent, meaning that to get reasonable estimates

of the necessary parameters included, data accessibility is crucial to impose a suitable
model.
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As highlighted in [BKR22], there are several problems associated with ESG scoring,
including;:

e Measurement: measure the same indicator using different ESG metrics.
e Scope: ratings based upon different sets of ESG indicators.
o Weight: different views on the relative importance of ESG indicators.

Consider the case where the ESG score S is defined as a linear combination of weighted
ESG metrics X i.e.

m
S = Z ijj
7=1

How many metrics Xy, ..., X,, should one choose? And how should one choose the
weights w1, ... wy,? In [Bil+21], it is even highlighted that rating agencies can have
opposite opinions on the same evaluated companies.

If one looks at the expression KF5¢(w):

KESC () = [k — dn]1 ﬂ Ai| (w)
1€Ly

+ Z [k —d(n—a)]l U (ﬂ A;

aEI2E7;Uen ]1¢"‘#j|1511€7l‘€zn ZEITL

{(jlwwj‘Igven‘)}
) (w)

We see that it tracks every path, and for each n there are 2"-possible paths, meaning
that as n increases, the complexity increases. Furthermore, this expression is rather
general, meaning that one must rely upon Monte Carlo simulations to get an estimate of
kP5C (7). At the same time, its generality also gives greater flexibility for other types of
stochastic models for the ESG-risk score.
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Nomenclature

kPG ESG-swap rate process

R Extended real-line i.e [—00, 00]

R, Positive real line including infinity, i.e [0, 0o]

R RY\ {0}

13 Transformed characteristic exponent of Levy process, £(6) := ¥(—i0)

M (t,8,T) 1-month SOFR futures
f3M(t,8,T) 3-month SOFR futures

KFESG ESG fixed rate process

L(t,T) LIBOR-rate

v(t,T) Volatility process, where: v(t,T) = — ftT o(t,u)du
ZT(t) Radon Nikodym derivative where: Z7 (t) = %
1M 1-month

3M 3-months

ARRC Alternative Reference Rates Committee

ATS Affine Term Structure

Borel-measure Measure defined on the o-algebra of Borel sets

CME Chicago Mercantile Exchange

CPP Compound Poisson process

cadlag right continuous with existing left limits

DCT Dominated Convergence Theorem

EFFR Effective Federal Funds Rate

ESG Environmental, Social, and Governance

HIM Heath-Jarrow-Morton

ICE Intercontinental Exchange Benchmark Administration
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Nomenclature

LIBOR
O/N
oU
RFR
SDE
SOFR
SONIA
ZCB
€STR

102

London Interbank Offered Rate
Overnight

Ornstein Uhlenbeck

Risk-Free Reference Rates
Stochastic Differential Equation
Secured Overnight Financing Rate
Sterling Overnight Index Average
Zero Coupon Bond

Euro Short-Term Rate



Appendix A

Estimating parameters for interest rate
models

Definition A.0.1 (ARMA (p,q)). A stochastic process Y = (Y;);>1 is called an ARM A(p, q)
process, if it has the following representation:

p q
Yi=p+Y ¢;(Yiej —p)+e— Y Opeiy
=1 k=1
Where:

o ¢ are iid with E[e;] = 0 and Var[e;] = 02 as well as independent of
Vi-r=M,...,Yim1)

A special case of an ARM A(p, q) is AR(p), we have the the following relationship:
AR(p) = ARM A(p,0)
We will be interested in AR(1), meaning that:
Yi=p+oYior —pl + &

Maximum likelihood AR(1)

Consider the case when ¢; ~ A(0,02), in order to find the MLE estimates: 8 = (i, ¢, 02),
one can use the conditional likelihood function L(0]Y7). We note that Y;|Y;_1,i > 2 is
Markovian, meaning that the conditional likelihood takes the following form:

LOM) = [ fripvi, wilyi-—1)
=2

Furthermore Y;|Yi—1 ~ N (u + ¢[Yi—1 — ], 02), meaning that:

r T w

n—1 p
LO) = ( 1 ) T exp (5 s = G+ 0luis )
1=2 w

1(0lY1)=(n—1)In ( L ) _ ! z”: [yi — p— Plyi1 — M])]2
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Appendix A. Estimating parameters for interest rate models

Now from [Rem13], it follows that the MLE estimates are approximate:

1L -
ni:l
b= 2io(Yi=Y)(Yi1 = Y)
im1(Yi —Y)?
1 & =
bo=——72 Vi1 =Y = o(Yia = V))"
=2

Now recall that the Vasicek model looks like:
dr(t) = a[m — r(t)|dt + cdW?(t)
With explicit solution:
T
r(T) = e~ *Dr0) + m[1 — e ™)) 4 a/ e T e (v)
0

Ty ! o g
=m+e “ [r(0) m]—l—a/o e AW (u) (A1)

Proposition A.0.2 ([Rem13]). One can express the Vasicek model as an AR(1)-process:
re=m+¢(rg_1 —m)+e, k=1,...,n (A.2)

Where:

o 1 :=71(kh), here r is as described in Equation A.1.
e h is an equidistant time-interval between r; and r;_1.
o« p=e

.« o~ N (0,5 [1-¢7)

Thus in order to estimate m, ¢ and o2 = % [1 — ¢?] from Equation A.2 one can plug it
into the approximate MLE AR(1)-estimates.

There are also other expressions for the MLE estimates like the following from [FP15]:
51500 — SoSo1

"= SoS1 — S8 — So1 + Soo
n3z
TS —m
1 n
5% = > Ik — b1 (k)]
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Where:
1 & 1 &
So==> Tk, S1== Tho1
"= =1

1 & 1 &

So0 ==Y Th-1Tk—1, So1 == Y Tk-1Tk

n n
k=1 k=1

Furthermore:

e Bla)=1 [1 - e‘ah}

o Us(t)=m-a-B(s,t)+rs[l —aB(s,t)]

e B(s,t)= é [1 _ e—a(t—s)]

Typically we will not observe the short-rate r. However, zero coupon bond yields are
observable, often called the yield term structure. The idea is to establish the connection
between the zero coupon yields and Affine term structures:

P(t,T) = e BEDT= and P(t,T) = exp (—A(t, T) — B(t,T)r(t))

This gives us the following relationship between ATS and zero-coupon yields:

A(t,T) + B(t,T)r(t)
T—t

R(t,T) =

Let 7 =T — t; we can then express the short rate. For the Vasicek model, we have the
following:

1
a0'2 0'2
A-(0) = ( - m) [T = B-(0)] + | ~B(6)

This again gives us the following expression for the short-rate:

TR(t,t+ 1) — A (0)
B(6)

r(t) ==re(t) =

Let Ry,..., R, represent the observed annualized zero coupon yields with maturities
Ti,...,Tn, Mmeaning that:

Ry := R(kh,kh + 1)

This yields:

We have that R = (Ry,..., R,) are observable, while » = (r1,...,r,) are not. We note
that:
A, (0)+ B, (0
Ry = k( )+ k( )Tk — g(m)

Tk
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Appendix A. Estimating parameters for interest rate models

Here ¢ is a linear function of r, meaning it is invertible and strictly increasing. This
means that:

fo(R|Ry) =

Here:

In our case we have g; = g, with:

dg(r) _ | PO = L1 0 1=k
87“[ 0 7l7£k

This means that J, is a diagonal matrix, giving us the following determinant:

_ H 1 B
k=1 k=1 Tk
And again from [Rem13] we get that:

ol
1611 =1 [ug(rnl

=1(0]g ' (R1)) — In(|Jy(r)])
1 1 n 2 n B
:(n—l)ln<m> 202 3O |l = m= ot —m)| _kz::l

ﬁrk
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Appendix B

Scripts Chapter 5

B.1 SOFR: Dynamics of f'M (¢, Siyr, Tiar) and f3M(t, Ssar, Tanr)
using Revise

#stats etc.
using Random
using Distributions

#plotting histogram and LaTeX labels:
using Plots
using LaTeXStrings

#Vasicek dynamics of SOFR futures rates:
alpha = 0.30
sigma = 0.03

function B(t,S,T)
return (1/alpha)*(exp(-alpha*(S-t))-exp(-alpha*(T-t)))
end

function fiM(t,S,T, dt, initial)
Simulates 1M-futures rates for t<= S
Args:
t {Float64}: initial start point
S {Float64}: start observation period
T {Float65}: end observation period
dt {Float64}: stepsize
inital {Float64}: inital futures rate
Returns:
dfiM(t,S,T) = 1/(T-S)*B(t,S,T)*sigmaxdW {Q}(t)
time = range(t, S, step=dt)
n = length(time)



Appendix B. Scripts Chapter 5

Random.seed! (1)

Z = rand(Normal(0,1), n)

f1_r = zeros(n)

f1 r[1] = initial

for i in 2:n
£f1 r[i] = f1 r[i-1] + (1/(T-8))*B(time[i-1],
- S,T)*sigma*sqrt(dt)*Z[i]

end

return f1 r
end

function f3M(t,S,T, dt, initial)
Simulates 3M-futures rates for t<= S
Args:
t {Float64}: initial start point
S {Float64}: start observation period
T {Float65}: end observation period
dt {Float64}: stepsize
inital {Float64}: inital futures rate
Returns:
df3M(t,S,T) = (£3M(t,S,T)+1/(T-8))*B(t,S,T)*sigma*dW {Q}(t)
time = range(t, S, step=dt)
n = length(time)

Random.seed! (2)
#W(t) d= sqrt(t)z, Z ~ N(0,1)
Z = rand(Normal(0,1), n)
£f3 r = zeros(n)
£f3_r[1] = initial
for i in 2:n
£f3_r[i] = £3_r[i-1] +
(£3_r[i-1] + 1/(T-8))*B(time[i-1], S,T)*sigma*sqrt(dt)*Z[i]
end

return £3_r
end

Random.seed! (3)
#time params:

t =0

dt = 1/360
#1M-futures:

SIM = 6/12

TiM = S1M + 1/12
#3M-futures:
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B.1. SOFR: Dynamics of f*™(t, S1ar, Tiar) and f3M(t, Sar, Tanr)

S3M = S1M
T3M = S3M + 3/12
#simulation

time = range(t, S1M, step=dt)
n = length(time)

Z = rand(Normal(0,1), n)

f1 = zeros(n)

f3 = zeros(n)

(100-95.025)*1/100
(100-95.16)*1/100

f1[1]
£3[1]

for i in 2:n

f1[i] = £1[i-1] + (1/(TIM-S1M))*B(time[i-1],

— S1M,TiM)*sigma*sqrt(dt)*Z[i]

£3[i] = £3[i-1] + (£3[i-1] + 1/(T3M-S3M))*B(time[i-1],
— S3M,T3M)*sigma*sqrt(dt)*Z[i]

end

plot(f1, label = L"f~{iM}(t, S_{1M},T_{1MP)", title

L"\alpha = 0.30,\; \sigma = 0.03,\; t\in [0,S_{1M}]", legend= :topleft)

plot! (£3, label = L"f {3M}(t, S_{3M}, T_{3M})")
xticks! ([0, n/2 ,n], ["O", L"\frac{S_{iM}}{2}", L"S_{1M}"])
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B.2 SOFR: Simulation of s} —50FE

using Revise

#statistics and distributions
using Random

using Distributions

using Statistics

#data-wrangeling:
using DataFrames

#for numerical integration:
using QuadGK

#plotting histogram and LaTeX labels:
using Plots
using LaTeXStrings

# _____________________________________________________________________
#time parameters

TO = 1/12

T1 = 4/12

T2 = 7/12

T3 = 10/12

timepoints = [TO, T1, T2, T3]
n_steps = 10000

#We use that Vasicek is ATS, i.e P(t,T) = exp(-A(t,T)-B(t,T)r(t))

function r_Vasicek(alpha, m,sigma, r_t, time_interval, n_steps)
Args:
#Vasicek parameters:
alpha{Float64}: speed of reversion
m{Float64}: long term mean level
sigma{Float64}: volatility
r_t{Float64}: initial value of r = (r(u))

#time:

time_interval (vector): the time interval we model measured in
< years.

n_steps (int): number of timesteps we partition over

Returns:
it simulates the process: r = (r(u)), for u in [t_start, t_end]

#time partition:
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B.2. SOFR: Simulation of 2"~ %

t_start = time_intervall1l]

t_end = time_intervall[2]

dt = (t_end-t_start)/n_steps

n_steps = length(collect(t_start:dt:t_end))

#initializing r:
r = zeros(n_steps)
r(i1] = r_t

#Standard normal rv's
Z = rand(Normal(0,1), n_steps)

for i in 2:n_steps
r[i] = r[i-1] - alpha*(m-r[i-1])*dt + sigma*sqrt(dt)*Z[i]
end

return r
end

function B_ZCB(t,T)
ans = -(1/alpha)*(exp(-alpha*(T-t))-1)
return ans

end

function A_ZCB(t,T)
integral, _ = quadgk(u -> B_ZCB(u,T)"(2), t,T)
ans = m*B_ZCB(t,T) - m*(T-t) - (1/2)*sigma”(2)*integral
return ans

end

function P(t,T, r_t)
ans = exp(-A_ZCB(t,T) -B_ZCB(t,T)*r_t)
return ans

end

#Calculating f 3M(t,S,T), again using ATS structure:
#f3M(t,S,T) = 1/(T-S)*(exp(A(t,S,T) + B(t,S,T)r(t))-1)
function Sigmal(u,t,S,T)

ans = exp(-alpha*(S-u)) - exp(-alpha*(T-u))

return ans
end

function Sigma2(u,t,S,T)
ans = 1-exp(-alpha*(T-u))
return ans

end

function B(t,S,T)
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ans = (1/alpha)*(exp(-alpha*(S-t))-exp(-alpha*(T-t)))
return ans
end

function A(t,S,T)
first_part = m*(T-S) - m*B(t,S,T)
cl 2, _ quadgk(u -> Sigmal(u, t, t, S)7(2), t,S)
c2 2, quadgk(u -> Sigma2(u, t, S, T)"(2), S,T)

ans = first_part + (1/2)*(sigma”2/alpha~2)*(cl_2 + c2_2)

return ans
end

function f_3M(t,S,T, r_t)
ans = (1/(T-S))*(exp(A(t,S,T) + B(t,S,T)*r_t) - 1)
return ans

end

#time t-value of kappa in 3M SOFR-futures rate swap
function kappa_t(t, r_t)
Args:
t{Float64}: vector of time points i.e [0,T1]
r t{Float64}: vector of realization of interest rate model

Returns:
above = sum(P(t,T_{i}*f~{3M}(t,T_{i-1}, T_{i})), i = 1:n)
below = sum(P(t,T_{i}), i = 1:3)

kappa_t_3M_SOFR = above/below
ZCB_prices = map(T -> P(t,T, r_t), timepoints[2:end])
f_3M_rates = map((x, y) -> f_3M(t, x, y, r_t), timepoints[l:end-1],
— timepoints[2:end])
above = sum(ZCB_prices.*f_3M_rates)
below = sum(ZCB_prices)
ans = above/below
return ans

end

#Vasicek parameters:
alpha = 0.25

m = 0.035

r_0 = 0.0425

sigma = 0.02

#time:
t_start = 0
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B.2. SOFR: Simulation of 2"~ %

t_end = TO
dt = (t_end-t_start)/n_steps
t = collect(t_start:dt:t_end)

#initialization of stmulation
n_sim = 2

R
K

zeros(length(t), n_sim) #Vasicek rates
zeros(length(t), n_sim) #fized rate kappa for each pair (t,r_t)

Random.seed! (1234)

for i in 1:n_sim
#Vasicek realization:
r = r_Vasicek(alpha, m, sigma, r_O, [t_start,t_end], n_steps)
#collect the time t rate and time t kappa:

R[:, i] = r

K[:, i] = map((x,y)-> kappa_t(x,y), t, r)
end
R
K[1]

#plot of rates
plot(R, layout = (1,1),
legend = false,
title = L"t \mapsto r(t),\alpha = 0.25, m = 0.035, \sigma =
< 0.02, r_{0} = 0.0425 "
)
xticks! ([0, 10_000/2 ,10_000], ["0", L"\frac{T_{0}}{2}", L"T_{0}"])

#plot of kappa_t
plot (X, layout=(1,1),
legend = false,
title = L"t \mapsto \kappa_{t} {3M-SOFR},\alpha = 0.25, m =
— 0.035, \sigma = 0.02, r_{0} = 0.0425"
)
xticks! ([0, 10_000/2 ,10_000], ["O", L"\frac{T_{0}}{2}", L"T_{0}"1)
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B.3 SOFR: Hedging 3M-arithmetic SOFR

using Random

using Distributions
using Statistics

using StatsPlots #ggqplot

#for matriz operations and linear programming
using LinearAlgebra

using JuMP #lp-problem setup

using HiGHS #lp-solver

#data-wrangeling:
using DataFrames

#for numerical integration:
using QuadGK

#rerun calculations easier:
using Revise

#plotting histogram and LaTeX labels:
using Plots
using LaTeXStrings

#Vasicek parameters:
alpha = 0.25

m = 0.035

r_t = 0.0425

sigma = 0.02

#time parameters
t =0

S =1/12

TIM = 2/12

T2M = 3/12

T = 4/12

function Sigmal(u,t,S,T)
ans = exp(-alpha*(S8-u)) - exp(-alpha*(T-u))
return ans

end

function Sigma2(u,t,S,T)
ans = 1-exp(-alpha*(T-u))
return ans

end
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B.3. SOFR: Hedging 3M-arithmetic SOFR

function int_r_start_stop(low,up, t)
The integral: integral(r(u)du, low, up) as described in Eq (5.5)
-~ p.66
Args:
low{Float64}: lower integration limit
up{Float64}: upper integtation limit
Returns:
the integral: int_low_up r(u)du
if t > low
return "Please chose t <=low"
end

#Sigmal ts N(0, int_t_low cl_2 du), Sigma2 is N(O, int_low up c2_2

— du)
cl_ 2, _ = quadgk(u -> Sigmal(u, t, low,up) (2), t,low)
c2_2, _ = quadgk(u -> Sigma2(u, t, low,up) (2), low,up)

cl = sqrt(cl_2)
c2 = sqrt(c2_2)
Z = rand(Normal(0,1))
ans = ((r_t-m)/alpha)*(exp(-alpha*(low-t))-exp(-alpha*(up-t))) +
m* (up-low) + sigma/alphax*(cl*Z + c2+Z)
return ans
end

function integrand E_Q_r(u, r_t, t)
ans = exp(-alpha*(u-t))*r_t + m*(l-exp(-alpha*(u-t)))
return ans

end

#int S T E Q[r(u)|F_t]du:
integral E_Q_r, _ = quadgk(u -> integrand E_Q_r(u, r_t, t), S,T)

integral E_Q_r

# Calculating a_hat_3M:

function B(t,S,T)
ans = (1/alpha)=*(exp(-alpha*(S-t))-exp(-alpha*(T-t)))
return ans

end

function A(t,S,T)
first_part = m*(T-S) - m*B(t,S,T)
cl_ 2, _ quadgk(u -> Sigmal(u, t, t, S)7°(2), t,S)
c2_2, _ = quadgk(u -> Sigma2(u, t, S, T)"(2), S,T)

ans = first_part + (1/2)*(sigma”2/alpha”2)*(cl_2 + c2_2)
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return ans
end

function f_3M(t,S,T)
Vasicek representation of £7{3M}(t,S,T) as described in Eq. (5.4)
ans = (1/(T-S))*(exp(A(t,S,T) + B(t,S,T)*r_t) - 1)
return ans

end

f_3M(0,8,T)

a_hat = integral E_Q_r/((T-S)*f_3M(0,S,T))

# ____________________________________________________________________________________
# 3M-arithmetic vs (a,b,c) IM-SOFR futures:
integrall , _ = quadgk(u -> integrand E_Q_r(u, r_t, t), S,TiM)

integral2 , _
integral3 , _

quadgk(u -> integrand E_Q_r(u, r_t, t), TiM,T2M)
quadgk(u -> integrand E_Q_r(u, r_t, t), T2M,T)

f_IM_S_TIM = (1/(T1M-S))*integrall
f_1M_TIM_T2M = (1/(T2M-T1M))+integral?
f_IM_T2M_T = (1/(T-T2M))*integral3

#variable naming to be more consistent with MSc Thesis:

a=f_ IM S TiM #alpha, I use alpha in Vasicek, hence a:
beta = f_1M_TIM_T2M  #beta

gamma = f_1M_T2M_T #gamma

futures = [a,beta,gamma]

#E_Q[X~(3M_4) (S, T)|F_t] = q:
q = (1/(T-8))+*integral E_Q_r

#matriz of coeff:

M= [a7(2) axbeta a*gamma;
beta”(2) a*beta betaxgamma;
gamma~ (2) a*beta beta*gamma]

#vector of wvalues:
b = q.*[a;
beta;

gamma]

#optimal weight of futures:
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x_hat = inv(M)*b

# incase M 1s not invertible:
# Define optimization problem
model = Model (HiGHS.Optimizer)
@variable(model, x[1:3])
@objective(model, Min, sum(x))
O@constraint(model, M * x .== b)

# Solve optimization problem
optimize! (model)

# optimal wvalue

x_tilde = value. (x)

# Simulations:

n_sim = 107(6)
#constants:

#int S T E Q[r(u)[F_t]du:
integral E_Q_r, _ = quadgk(u -> integrand E_Q_r(u, r_t, t), S,T)
futures_weighted_M_inv = x_hat'futures

futures_weighted_BP = x_tilde'futures

Random.seed! (1234)
X_3MA = zeros(n_sim)
for i in 1:n_sim
#aritmetic interest rate relaization:
X_3MA[i] = (1/(T-S))*(int_r_start_stop(S,T,t))
end

mean (X_3MA)

#elementwise substraction:

ER_1 = X_3MA .-(1/(T-S))*integral E_Q_r
ER_2_M_inv = X_3MA .-futures_weighted_M_inv

ER_2 random = X_3MA .-[0.33, -0.33, 0.33]'futures

# plotting of histograms:

#hedge with a_{t} {3M}- f~{3M}
mean_ER_1 = round(mean(ER_1), digits
sigma_ER_1 = round(std(ER_1), digits

3)
2)

#hedge with optimal (a_{tF ~{1M}, b_{t}{IM}, c_{t}{1IM})-f~{1M}
mean_ER_2_M_inv = round(mean(ER_2_M_inv), digits = 3)

sigma_ER_2 = round(std(ER_2_M_inv), digits = 2)

#not optimal 1M hedges, naive strategy:
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3)
2)

mean_ER_2_random = round(mean(ER_2_random), digits
sigma_ER_2_random = round(std(ER_2_random), digits

#ER_ 1
ticks_ER_1 = round. ([mean_ER_1 + ixsigma_ER_1 for i in -3:1:3], digits
o 3)

histogram(ER_1,
color =:lightblue,
xlabel="Value",
ylabel="Frequency",
title =
L"Histogram\; of\; ER_{1}(0), \; s_{ER_{1}}\approx
- 0.01,\;n_{sim} = 10~{6}",
labels = "ER_1(0)",
xticks ticks_ER_1
)
vline! ([mean_ER_1], 1w = 5, labels = L"mean(ER_{1}(0))" )

#ER_2 M _inv:
ticks_ER_2_M_inv = round.([mean_ER_2_M_inv + i*sigma_ER_2 for i in
— =-3:1:3], digits = 3)

histogram(ER_2_M_inv,
color =:1lightblue,
xlabel="Value",
ylabel="Frequency",
title =
L"Histogram\; of\; ER_{2}"{M_{inv}}(0), \;
- s_{ER_{2}"{M_{inv}}} \approx 0.01, \;n_{sim} = 10°{6}",

labels = L"ER_{2}"{M_{inv}}(0)",
xticks = ticks_ER_2_M_inv
)

vline! ([mean_ER_2_M_inv], lw = 5, labels = L"mean(ER_{2}"{M_{inv}}(0))")

#Naive strategy ER_2_random (0.33, -0.33, 0.33)
ticks_random = round. ([mean_ER_2_random + i*sigma_ER_2_random for i in
-~ -2:1:2], digits = 3)

histogram(ER_2_random,
color =:lightblue,
xlabel="Value",
ylabel="Frequency",
title =
L"Hist\; of\; ER_{2}"{(\hat{a}_{0}, \hat{b}_{0},
— \hat{c}_{0})}(0), \; s_{ER_{2}"{(\hat{a}_{0}, \hat{b}_{0},
— \hat{c}_{0})}} \approx 0.01, \;n_{sim} = 10°{6}",
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labels = L"ER_{2}7{(0.33,-0.33,0.33)}+(0)",
xticks = ticks_random
)

vline! ([mean_ER_2 random], lw = 5, labels =
— L"mean(ER_{2}°{(0,0,1)}(0))™")

#adressing normality:

# _________________________________________
x = ER_1[1:107(6)]
y = rand(Normal (mean_ER_1, sigma ER_1), 107(6))

qgplot(x,y, title =
L"(Q-Q)\; plot\; of\; ER_{1}(0) \;vs\;
— \mathcal{N}\left(\overline{ER_1(0)},
- s_{ER_1(0)}"{2})\right)",
xlabel = "Theoretical Quantiles",
ylabel = "Sample Quantiles")
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Scripts Chapter 7

C.1

Numerical Simulation For ESG swap rate

using Revise

using Random
using Distributions
using Statistics

using LinearAlgebra
using DataFrames

#using Combinatorics
using Plots

function create_array(dims: :Array{Tuple{Int,Int},13})

end

n
Args:

dims{Array{Int64}}:

vector of tuples, where each element corresponds to
matrix-dimension

Returns:
Array of matrices A = (M_{1}, ..., M_{n})
Each matrix can take on different dimensions, i.e.:
dimensions = [(m,n), (k,1), (r,q), ...]

The array will return an initialization of zero matrices

arr = Array{Array{Float64,2}}(undef, length(dims))
for (i, dim) in enumerate(dims)
arr[i] = zeros(dim...)

end

return(arr)
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function all_perm(xs, n)

end

Args:
xs{Vector}: input vector of what should be permutated
n{Int64}: desired length of vector

Returns:

generates permutation of elements in vector xs of length n

all_perm([0.0, 1.0], 2) = [0.0, 0.0],[1.0, 0.0], [0.0, 1.0],
[1.0, 1.0]

all_perm([0.0, 1.0], 3) = [0.0, 0.0, 0.0], [0.0, 1.0, 0.0],
(1.0, 0.0, 0.0],

return(vec(map(collect, Iterators.product(ntuple(_ -> xs, n)...))))

function OU_CPP(z0O::Float64, beta::Float64, sigma::Float64,

—
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lambda: :Float64, mu::Float64, dt::Float64,T end::Float64)
Description:

dZ(t) = -beta*Z(t)dt + sigmaxdW(t) + dI(t)

I(t): I(t) = sum_{i=1}"{N(t)}J_k, J_k ~ Exp(mu),

NB! Julia parametrize with 1/mu

Args:
z0{Float64}: inital value of the process Z(t)
beta{Float64}: mean-retreving parameter
sigma{Float64}: volatility parameter of Brownian Motion
lambda{Float64}: jump intensity of process, N(t)~ Pois(lambdaxt)
dt{Float64}: stepsize
T_end{Float64}: for how long the simulation should go

Returns:
X(t) = 100exp(-Z(t))
time = collect(0:dt:T_end)

n = length(time)

#number of jumps from [0,T_end] on each dt: N(dt) ~ Pois(lambda*dt)
N = rand(Poisson(lambda*dt) ,n)

#Brownian motion W~N(0,dt) on [0,dt]
W = rand(Normal(0,1) ,n)

#intialising Z(t)
z = zeros(n)
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z[1] = z0

#dZ(t) = -betaxZ(t)dt + sigmax*dW(t) + dI(t)
for i in 2:n

dI = sum(rand(Exponential(mu), N[i])) -

— sum(rand(Exponential (mu), N[i-1]))

z[i] = z[i-1] - beta*z[i-1]*dt + sigma*W[i]*sqrt(dt) + dI
end

#X(t) = 100exp (-Z(t))
x = 100*exp. (-z)
df = DataFrame(time = time, score = x)
return df
end

function simulation(n_sim, params, C_ESG, T_end, relevant_times)
Args:

n_sim{Int64}: number of simulations
params{Vector{Float64}}: the parameters in QU_CPP
C_ESG{Vector{Float64}}: ESG-criteria at time T_{i}
relevant_times{Vector{Float64}}: vector of relevant times, [T1,

o T2, T3, ...1,
expressed as a percentage of the year.

returns:
m{Matrix{Float64}}: matrix checking if criteria at time T_{i} is
— met or not.
Each row in the matrix corresponds to a simulation, i.e.
m = [0,0,0; did not meet any criteria
0,1,1; met criteria at T2 and T3
]
z0 = params[1]
beta = params[2]
sigma = params[3]
lambda = params[4]
mu = params[5]

#store matrixz of zeros, row = simulation number, col = agreed
— observation times
m = zeros(n_sim, length(relevant_times))
for i in 1:n_sim
#df_tmp: general simulation
df_tmp = QU_CPP(z0O, beta, sigma, lambda, mu ,1/360, T_end)
#get the relevant time points as df:
df_relevant = filter(row -> row.time in relevant_times, df_tmp)
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#get the score:
relevant_score = df_relevant.score

#check if X {T {i}} <= C~_{T_{i}} {ESG} for T {1}, ..., T {n}
ESG_criteria = relevant_score .<= C_ESG
ESG_criteria = Float64.(ESG_criteria)

#store ESG_criteria:
m[i, :] = ESG_criteria
end

return(m)
end

function D(i::Int, m::Matrix)
"
Args:
i{Int64}: index in sequence
m{Matrix}: matrix with measurements of whether criteria were met
< or not.

Returns:
D(i)-term in in E_{Q}[K_{i}"{ESG}(omega) |[F_{t}] = kappa_t -
- d*D(i)
if 1 > size(m) [2]
return println("You cannot evaluate D outside of agreed
< contract")
end

#adjusting for column dimensions im Boolean check:
m_adj = m[:, 1:i]

v = all_perm([0.0, 1.0], i)
possible_patterns = mapreduce(permutedims, vcat, v)

#use the row sum to determine how many errors/fails there are:
success_sum = collect(0.0:Float64(i))

#p is the indicator of successes for the trial:

p = zeros(size(possible_patterns) [1], i+1)

for k in 1:(i+1)
pl:, k] = Bool[success_sum[k] == sum(possible_patterns[j, :])
— for j=1:size(possible_patterns,1)]’

end
#turn p into Boolean object so that we can use findall:
p = Bool.(p)

#store row dimenstions, so that we can initialize array later
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row_dims = zeros(Int, i+1)
for i in 1:(i+1)

row_dims[i] = size(possible_patterns[findall(p[:, i]), :1)[1]
end

#initializing the needed dimensions

dimensions = [(row_dims[k], i) for k imn 1:(i+1)]
n

A: array of matricies, A=(M_1, ..., M_i)

Let i = 3:

M_1: matrix of patterns giving zero successes [0,0,0] (1x3)

M_2: matrix of patterns giving one succeses [0,0,1;
0,1,0;
1,0,0] (3x3)

M_3: matrix of patterns giving two succeses [1,1,0;
1,0,1;
0,1,1] (3x3)

etc.
"

A = create_array(dimensions)

for 1 in 1:(i+1)
A[1] = possible_patterns[findall(p[:, 11), :]
end

E_fails: (vector) Expecation of all linear combinations where:
E_fails[1]: expectation of all linear combinations giving all fails
(1 path)
E_fails[2]: expectation of all linear combinaition giving fails, but
1 success (multiple paths)
Let i=3: E_fails[1] = E[fff|F_t]

E_fails[2] E[lssf|F_t] + E[sfs|F_t] + E[fss|F_t]

etc.
n

E _fails = zeros(i+1)

for 1 in 1:(i+1)
s =0
for j in 1:size(A[1],1)
s += mean(Bool[A[1][j, :] == m_adjlr, :] for
— r=1:size(m_adj,1)])
end
E_fails[1l] = s
end

#represents I_{2i¢} {Even} = {2,...,2¢}
I_2 Even = collect(2.0:2.0:Float64(2*i))
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#represents vector of sum_{alpha in I_{2i} {Even}t}[i-alphal,
weight = i .- I_2_Even

#all success, all success but one, all success but two,
E_success = reverse(E_fails)

#=
i*E_{Q}[\cap 1(A_{1})|F_t] +

sum_[alpha \in I_2 Fven]Jsum_[j_1 != ... != j_I_alpha_Even]z
E {Q}[(\cap 1(A_{1}))[[j_{1} != ... != j_I_alpha_Even]]/|F_t]
=#

ans = i*E_success[1] + sum(weight.*E_success[2:length(E_success)])

return(ans)
end

#nice parameters:
z0 = -1log(20/100)
beta = -0.05
sigma = 0.02
lambda = 20.0

mu = 1/150

dt 1/360

0U_params = [z0, beta, sigma, lambda, mu]

#ESG criteria:

C_ESG_reas = [17.8, 16.8, 15.8, 14.8]
C_ESG_wins = [24.0, 23.0, 22.0, 21.0]
C_ESG_loss = [5.0, 5.0, 5.0, 5.0]

T end = 5.0

relevant_times = [1.25, 2.25, 3.25, 4.25]
n_sim = 107(6)
n_sim_unreas = 107(6)

m_reas = simulation(n_sim, OU_params, C_ESG_reas, 5.0, relevant_times)
m_wins simulation(n_sim_unreas, 0U_params, C_ESG_wins, 5.0,

< relevant_times)

m_loss = simulation(n_sim_unreas, 0U_params, C_ESG_loss, 5.0,

< relevant_times)

# ____________________________________________________________________________
#kappa_{t} {ESG} and kappa_{t} {ZCB}:
d = 0.005

kappa_t_ZCB = 0.070
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function kappa_t_ESG(i, m)
The ESG swap rate process
Args:
i (Int64): corresponds to T_{i}
m (Matrix): matrix showing wheter or not criteria were met at
< relevant T {il}'s
Returns:
The ESG swap rate process in ZCB case
ans = kappa_t_ZCB-d*D(i,m)
return round(ans, digits = 3)
end

#reasonable criteria:
println("(t, kappa_t_ZCB, kappa_t_ESG, C_ESG_reas, relevant_times)")
for i in 1:length(relevant_times)
println((i, kappa_t_ZCB ,kappa_t_ESG(i, m_reas), C_ESG_reas,
< relevant_times))
end

#wins all the time:
println("(t, kappa_t_ZCB, kappa_t_ESG, C_ESG_wins, relevant_times)")
for i in 1:length(relevant_times)
println((i, kappa_t_ZCB ,kappa_t_ESG(i, m_wins), C_ESG_wins,
— relevant_times))
end

#loss all the time
println("(t, kappa_t_ZCB, kappa_t_ESG, C_ESG_loss, relevant_times)")
for i in 1:length(relevant_times)
println((i, kappa_t_ZCB ,kappa_t_ESG(i, m_loss), C_ESG_loss,
<« relevant_times))
end
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