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ABSTRACT. We use white noise calculus and the Donsker Delta Function to find explicit formulas for the

replicating portfolios in a Black-Scholes market for a class of contingent T™-claims.

1. Introduction

As a motivation for this paper we start by considering the following problem from mathematical eco-
nomics:

Fix T > 0 and consider the following simple market model, with two securities:

1) A risk-free asset (e.g., a bank account), where the price A; per unit at time ¢ is given by the

differential equation

2) A risky asset (e.g., a stock), where the price S; per unit at time ¢ is given by the stochastic
differential equation
dSy = pu(t)Sidt + o(t)SdB; , Sp > 0 constant (1.2)

Here p(t), u(t) and o(t) are given deterministic functions with the property that

| (ot + o)+ (s)) ds < o (13)

For simplicity we assume that o is bounded away from zero. B; = Bi(w);t > 0,w € Q denotes 1-
dimensional Brownian motion starting at zero. The probability law of B; is denoted by P and the
o-algebra generated by {B(-)}s<: is denoted by F;. We refer to, e.g., [@] for more information about
stochastic differential equations.

Now let ¢ : [0,T] — R be another deterministic function such that fOT ¢?*(t)dt < oo, and define
t
2(8) = Z(t,w) / 6(s)dBu(w); 0<t<T (1.4)
0

Let F(w) be a contingent T-claim of Markovian type, i.e., given by

F(w)=h(Z(T)) (1.5)
where h : R — R is a bounded measurable function. Since this simple extension of the Black and
Scholes market is complete, it is well known that the claim F' can be hedged, i.e., there exist a replicating

(self-financing) portfolio for F' (see details below). The problem we study in this paper is:
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PROBLEM 1.1
How do we find explicitly such a replicating portfolio for F?

We now want to describe this in more detail:
Let (&,m:) be a portfolio, i.e., & = & (w),m: = m(w) are Fy-adapted stochastic processes interpreted
as the number of units held by a person at time ¢ of assets #1 and #2, respectively. Then the value
Vi = Vi(w) of this portfolio at time ¢ is defined by

Vi =& A+ Sy (1.6)
The portfolio is called self-financing if

This means that no external funds are added to the portfolio and that no funds are extracted from the
portfolio as time evolves. From now on we consider only self-financing portfolios. From (1.6) we get

Vi —mSt
_ 1.
b= (1.9
Substituting this in (1.7) and using (1.1)—(1.2), we get
dA
AVi = (Vi = mS) - + mdS,
= p(t)Vidt + 1S, ((1(2) — pl(t))dt + o(1)dBy)
Since o(t) # 0 for a.a. ¢, this can be written
dV, = p(t)Vidt + o (t)nSe (a(t)dt + dBy) (1.9)
where ) )
pu(t) = p
=27 7 1.1
a(t) = M (1.10)
Multiplying (1.9) by the integrating factor e Jo p(s)d57 we get
d <6 fo' p(s)ds‘/t) =e fO p(s)dSO'(t)’l’}tSt (O[(t)dt + dBt)
Hence
— [T p(s)ds Tfft (s)ds
e~ o POy oy +/ e Jo PO o (S, (alt)dt + dB,) (L.11)
0

Now suppose that F(w) is a given (European) contingent 7T-claim, i.e., F(w) is a given Fp-measurable,
lower bounded random variable. To hedge such a claim means to find a constant V) and a self-financing
portfolio (&, n:) such that the corresponding value process V; starts up with value V; for ¢ = 0 and ends
up with the value

Vr(w) = F(w) a.s. (1.12)

at time 7. Vp is then the market value of F' at time 0. We also require that the process {Vi}.epo, 1) is
(t,w)-a.s. lower bounded. By (1.11) combined with (1.8) we see that it suffices to find Vj and a process
u(t,w) such that

e o Ot ) Z vy 4 / Cutw) (alt)dt + dB;) (1.13)

and

P /0 u?(s,w)ds < co| = P /0 lu(s,w)a(s)|ds < co| =1 (1.14)
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and such that {fg u(t,w) (a(t)dt + dBt)} - is lower bounded. If such a process u(t,w) is found, we
telo,
put

t

= efo p(s)dsa(t)flSt_lu(t,w) (1.15)

and solve for & using (1.8). It is well known and easy to see by the Girsanov theorem that if

/T a?(s)ds < 0o (1.16)
0

then Vj is unique and given by
—fT (s)ds
VW ==Eqg |e Jo r F (1.17)
provided this quantity is finite), where enotes expectation with respect to the measure efine
ided thi ity is fini here Eq d i ith h defined
on Fr by

T T
dQ(w) = exp [—/O a(s)dB;s — %/0 o?(s)ds | dP(w) (1.18)

so that ,
B, ::/ a(s)ds + By (1.19)
0

is a Brownian motion with respect to Q). To find u(t,w), there are several known methods:

a) If the claim F(w) is of Markovian type, i.e.,
F(w) = h(Sr(w))

for some (deterministic) function A : R — R, then u(¢,w) can (in principle) be found by solving
a (deterministic) boundary value problem for a parabolic partial differential equation. See [BS],
[M], and [D, Section 5D] for details.

b) For some not necessarily Markovian type claims F(w) one can (in principle) apply the Clark-Ocone
theorem (as extended by Karatzas and Ocone [KO]) to express u(t,w) as follows:

u(t,w) = Eq [DyF|F] (1.20)

where D, F is the Malliavin derivative of F' at t. The problems with this formula are:
i) It is in general difficult to compute conditional expectations
and
ii) the Malliavin derivative D, F only exists under additional restrictions on F. For example, it is not
sufficient that F' € L?(Fr, P) and it does not exist for the F' given by (1.5) if h is not differentiable.
The purpose of this paper is to give an alternative approach based on white noise calculus and the
Donsker delta function. We will show how this approach gives explicit formulas quickly and with easy,
intuitive proofs, once the basic white noise calculus has been established. We illustrate this by using the
method to solve Problem 1.1. See Theorem 3.9. and Corollary 3.10 together with the remarks following
the corollary. Although Problem 1.1 could also be solved by Method a) and - with some additional work
- by Method b), it is conceivable that the white noise approach can cover some cases which are not well
adapted to Methods a) and b). Moreover, it may give new insights. See (3.32) and the corresponding
remark.

In Section 2 we briefly recall some of the basic white noise theory. Then in Section 3 we give a special
representation of the Donsker delta function and combine it with white noise calculus to compute explicitly
the hedging strategies requested in Problem 1.1. In Section 4 we prove a similar formula for the n-
dimensional case.

2. White noise, Hida distributions and the Wick product

Here we briefly recall some of the main concepts and results from white noise theory. For more information
we refer the reader to [HKPS] and [HOUZ]. Our notation will follow that from [HOUZ].
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From now on we will assume that our Brownian motion is constructed on a white noise probability space
(Q,F, P) and we let (S) and (S)* denote the space of stochastic test functions and the space of stochastic
distributions (Hida distributions), respectively.

Using the Hermite functions e1(x), ez(z), ... (which form an orthonormal basis for L?(R)) and the Her-
mite polynomials hy,(z); n=0,1,2,..., one constructs an orthogonal L?(P) basis
{Hoz (w)}aeI

where 7 denotes the set of all multi-indices & = (a1, va, . . .) of arbitrary but finite length, where a, as, . ..
are non-negative integers. Thus every X € L?(P) has a unique representation

X(w) = anHa(w); ca €ER

where
1X1132p) = Ep[X?] =) _alc? (2.1)

and where a! = aylag! -+ when a = (a1, a0,...) € Z.
The space (S) of stochastic test functions can be described as the set of all X (w) =Y, caHa(w) € L*(P)

such that
|| X]

or = Za!ci(QN)qa <oo forallge R (2.2)
where

(2N)P =201(2.2)%2 ... (2k)P% ... if B= (B, Pa,...) ET
Similarly, the space (S)* of Hida distributions can be described as the set of formal series X(w) =

Y o CaHo(w) such that there exists ¢ € R such that

IX]15, 4 == ale(2N)"" < o0 (2.3)
[e3

Thus we have
(S) C L*(P) C (9)*

The family of seminorms || - ||o,x;k € R gives a natural projective topology on (S) and an inductive
topology on (S)*. With these topologies (S)* becomes the dual of (S). The action of F(w) = aaHa €
(S)* on f(w) =>",baHs € (S) is given by

<F f>= Za!aaba (2.4)

*

One of the important features about the Hida space (S)
Wi(w) for all t € R. More precisely, if we define

is that it contains the singular white noise

Wi(w) =) eit)He, (w) (2.5)

i=1

where ¢; = (0,0,...,1,...) with 1 on the ith place, then W;(w) € (S)* for each ¢ and we have the crucial
identities

d . *
EBt(w) =W (in (S)*) (2.6)
and .
Bi(w) = /0 Wsds (integration in (S)*) (2.7)

The last identity can be generalized considerably by means of the Wick product:
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DEFINITION 2.1
The Wick product X oY of X(w) =3, aaHa(w) € (S)* and Y (w) =", bgHg(w) € (S)* is defined by

(XoY)(w) = aabsHarpw) =D | D aabs | Hy(w)

a,B vy a+pB=y

For example we have
(B; o By) (w) = B (w) — t (2.8)

and more generally

(/R cb(s)st) o (/Rw(s)st> = (/R ¢(s)dBS> . (/Rz/;(s)d&,) — /Rqs(s)w(s)ds (2.9)

for all ¢, € L?*(R). Some important properties of the Wick product are listed below:

XeS),Yel) = XoY e(S) (2.10)
Xe(S),Ye(S) = XoY e(S) (2.11)
XoY=YoX (commutative law) (2.12)
XoYoZ)=(XoY)oZ (associative law) (2.13)
Xo(Y+2Z2)=XoY+XoZ (distributive law) (2.14)
XoY=X'Y if X or Y is deterministic (2.15)
E[X ¢Y]=E[X]:E[Y] (when defined) (2.16)

Using the associative law we can define Wick powers
X"=XoXo---0X (n times)
More generally, if

f(z)= Z apz®
k=0

is entire, i.e., an analytic function of the complex variable z in the complex plane C, we can - for some
X € (8)* - define the Wick version

foX) = i ap X € (8)* (2.17)
k=0

For example, if ¢ € L?(R) is deterministic, then

exp? { /R as(s)st} — exp [ /R H(s)dB. — /R af(s)ds} (2.18)

We also mention the chain rule in (S)*: Suppose t — X; : R — (8)* is continuously differentiable and
let f: C — C be entire such that f(R) C R and f°(X;) € (S)* for all ¢, then

d o _ e d . .
o (X)) = f2(X) o 2 X in (S) (2.19)

Finally we recall the following important connection between Ito integration and the Wick product:

Let u(t,w) be an Fi-adapted process such that E[f;7 u?(t,w)dt] < co. Then u(t,w) o W; is integrable in
(8)* and

b b
/ u(t,w)dBt(w):/ u(t,w) o Wi(w)dt (2.20)
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(See [LOU], [B] and [HAUZ, Theorem 2.5.9] and the references therein). As a simple example to illustrate
the above, first note that by the chain rule we have

d dB
pn [exp®[Bt]] = exp®[By] ¢ d—tt = exp®[B] o Wy

and hence .
exp®|By] = exp®[Bo] + / exp®[Bs] o Wids
0

t
= 1—|—/ exp®[Bs)dBs
0
which is a direct proof (without using the Ito formula) that exp®[B,] is a martingale.

The Hermite transform

In white noise analysis one makes use of several different transforms, the most popular being the S-
transform and the Hermite transform, H. The construction of these transforms depends on the particular
choice of Hermite functions as a basis for L?(R). When expanded along this basis, the H-transform can
be defined as follows

DEFINITION 2.2
Let X(w) = Y, aaHa(w) € (S)*, then the Hermite transform of X (with respect to the basis {ex}r),

denoted by HX or X, is defined by

HX(2) = X(2) = Z aq,z® € C  (when convergent) (2.21)

where z = (21,22,...) € CN (the set of all sequences of complex numbers), and

2% =225 g (2.22)

if a = (aq,q9,...) € Z, where z;) =1.

One can verify that the sum in (2.21) converges for all 2 € CI (the set of all finite length sequences of
complex numbers), and that any element in (S)* is uniquely characterized through its H-transform. We
recall the important relation

H[IX oY](2) = HX(2) - HY (%) (2.23)

(2.23) can be extended to cover Wick-versions, so in general
HIfF(X)](2) = f(H[X](2)) (when convergent) (2.24)
if f: C — C s entire, f(R) C R and f°(X) € (8)*.

While the basis of Hermite functions is necessary for the definition of the topological structure in the
Hida distribution space, it turns out that other bases may be convenient for computational purposes. If
we remain within L?(P), the Wick product can be expanded along any orthonormal basis for L?(R), see
[HOUZ, Appendix D: Base invariance of the Wick product]. In what follows we will sometimes specialize
the theory to Wick powers of smoothed white noise. Within this context a different version of the H-
transform can be considered. By abuse of notation, we do not distinguish between the (strictly speaking,
different) versions of the transform.

Given any ¢ € L?(R), we define the smoothed white noise, w(¢) = w(¢,w), by

w(g,w) == /R o(5)dB,(w) (2.25)

If we consider the context of random variables on the form X (w) = >3, arw(¢)°¥, then it is convenient
to make use of the following formulation, see [GHLOUZ, §4.1):
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PROPOSITION 2.3
Let ¢ € L*(R) with ||¢||r2r) = 1. Suppose X(w) = Yo garw(p)®® € (S)*, and define f(z) =

Z;OZO apz® for = € C. Suppose y — f(x +iy) is integrable with respect to the measure e’y2/2dy on
R for all x € R and put

Fa)= [ fosiner I

Suppose V (w) := F(w(¢,w)) € L*>(P). Then X (w) = V(w) a.s., i.e.,

o0 3 .2 dy
X(w) = y /2 27 2.26
(W) /—oo f($ * Zy)e V21 lz=w(¢,w) ( )

3. The Donsker delta function and the first main theorem

Donskers J-function is a generalized white noise functional which have been treated in several papers
within white noise analysis, see, e.g., [H], [K] and also [HKPS] and the references therein. For completeness
we give an independent presentation here.

DEFINITION 3.1

Let Y : Q@ — R be a random variable which also belongs to (S)*. Then a continuous function

oy () : R —(5)"

is called a Donsker delta function of Y if it has the property that

/R dWdy Wy = g(Y)  as. (3.1)

for all (measurable) g : R — R such that the integral converges.

PROPOSITION 3.2

Suppose Y is a normally distributed random variable with mean m and variance v > 0. Then dy is unique
and is given by the expression

(1) = e’ [—@} € (&) (3.2)

PROOF

Let Gy (y) denote the right hand side of (3.2). It follows from the characterization theorem for (S)* (see
[PS]) that Gy (y) € (S)* for all y and that y — Gy (y) is continuous for y € R. We verify that Gy
satisfies (3.1), i.e., that

| awGrtay =atv) s (33)
First let us assume that g has the form
gly) = e for some A € C (3.4)

Then by taking the Hermite transform of the left hand side of (3.3), we get

H[ /| g(y)Gﬂy)dy} - [ Gy wlay

1 (y—Y)?
_ Ay
=/ e exp | —~+—|d
/R V21 P l 2v 4
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where Y = Y (z) is the Hermite transform of Y at z = (21, 2o,...) € CN. The expression (3.5) may be
regarded as the expectation of e*Z where Z is a normally distributed random variable with mean Y and
variance v. Now Z := Y —m+7Y is such a random variable. Hence (3.5) can be written as E[e*Y —m+Y)],
which by the well known formula for the characteristic function of a normal random variable is equal to
exp[\Y + $A%v]. We conclude that

- 1 1
H [/ g(y)Gy(y)dy] = exp[\Y + 5)\271] =H |exp®[\Y + 5)\21)]
R
= Hlexp[AY]] = H[g(Y)]
This proves that (3.3) holds for functions g given by (3.4). Therefore (3.3) also holds for linear combina-

tions of such functions. By a well known density argument, (3.3) holds for all g such that the integral in
(3.1) converges.

It remains to prove uniqueness: If H; : R — (§)* and Hs : R — (S)* are two continuous functions such
that

/R o) Hiy)dy = g(Y): i =1,2 (3.6)

for all g such that the integral converges, then in particular (3.6) must hold for all continuous functions
with compact support. But then clearly we must have

Hy(y) = Ha(y) fora.a. ye R

and hence for all y by continuity.

LEMMA 3.3

Let ¢ : [0,T] — R,¢ : [0,T] — R be deterministic functions and such that fOT [v(s)|ds < oo and
T
||¢H[207T] = fo #?(s)ds < 0o. Define

Y(t) = /Ot O(s)ds + /Ot 6(s)dB,, 0<t<T (3.7)
Then
_ 02 2
o f e [‘ (y2|_¢1[%m *T T(;) oW+ ol
PROOF

This is just an application of the fundamental theorem of calculus plus the chain rule in (S)*: Define
H:[0,T] — (S)* by

(y - Y1)

H(t) = exp® | —
) l G

1;0§t§T (3.9)
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Then
dH
Mﬂ:H@+/—Eﬁ
0
2
oy
=exp® |—
2||¢H[o 7]
T o 02
o[ [y @] 4wy,
0 oo,z t 1611%0,7)
2
Y
= exp®
l Mol 71
T —Y(t 02 Y (¢
+/ exp® | - (y2 )71 8= YO ey + g0y W)t
) T A
.
We are now ready for the first main result in this section:
THEOREM 3.4
Let ¢:[0,T] — R, : [0,T] — R be deterministic functions such that
T T
0<”M%EM:L &@ms<m(md0§A o?(s)ds < 0o (3.10)
Define
Y (t,w) /¢cm+/¢ s)ds; 0<t<T (3.11)
Let f : R — R be bounded. Then
T
FY(T)) = Vo + /0 w(t,w) o (alt) + Wy)dt (3.12)
where
f) Y
Vo = / exp |— dy (3.13)
R \/%HM‘[O,T] 2H¢||[20,T]
and
f) o| _=Y®)?| y-Y(@)
u(t,w) = ¢(t) / ——exp® | — o dy (3.14)
R V27|90, 2H¢HﬁLT] H¢HﬁLT]
PROOF
We now combine Proposition 3.2 and Lemma 3.3 to get, with ¢(s) = ¢(s)a(s)
(y —Y(1))**
f(y)é / exp® | -T2 | dy
/ " %ﬁwmm 206112,
:/799@ v y+/7y.
R V27(|¢l]j0,7) 2119117 1 R V27|8|[j0,1)
T Y(t ~-Y(t
[ e |- T 4T gatn + semigar ) ay
0 2H¢||[0T ||¢H[07T] (3 15)

) T fy
_%+A¢®<L¢mwmﬂ

(y—Y)?| y—Y()
200l | 9111

— V4 /T u(t,w) o (alt) + Wy)dt

exp® | —

dy) o (aft) + Wh)dt
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In the application of Theorem 3.4 the following result will be useful:

PROPOSITION 3.5

Let p(z) = ax®+bx +c, where a, b, c are real constants. Let 1 be as before and suppose that 2|al||1||* < 1,
where ||1)||* = [ ¢¥*(s)ds. Define

Y(w):/Rz/)(s)st
Then

dac — b2)|[o]|?
exp®[aY®? +bY 4] = Klzl exp {Kd)? (aY2 +b0Y +c+ w>} (3.16)

where the constant K, is defined by

Ky =1+ 24|[¢[]2 (3.17)

PROOF

We expand the Wick product along a base with ¢ := % as its first base element, and note that
Y (w) = ||¢]|w(é). With reference to Proposition 2.3, consider

F(z) 1= eallIP2 40|z +e (3.18)

Fix x € R. Then

F(z) = / ) f(xﬂ'y)e*“”%

o0 2 2 2 2 d
:/ colll[? (@2 —y?+2i o) bl | (o) +e g—y? /2 DY
— 00

V2T

o0
:/ eall¢l\2r2+bl\w\\m+cei(2ml\¢\\+b)\|wlly*(%+allwll2)y2ﬂ
oo V2m

(3.19)

_ az[|v|[+0)?[|v]?
_ ealllPebliyllate L -Gl

1+ 2al[y||?

In this calculation we made use of the familiar formula

M)

1 / jat— 3242 1 _a?
— e dt = e 1 3.20
V2r Jr V203 ( )

W

Hence
V(w) = F(w(y))
Qaw@)+6)2|¢]|2
— eaw(w)2+bw(¢)+c . ;6_ 2+dal(]|2
V14 2al[y]?
1 2 202 (19|12 w(@) +2ab] || 12w (@) + 567 19] 12
_ 760”1)(@ +bw(¢)+C67 Tr2al|9]2
V1 2al[y[]? (3.21)
1 aw ()2 +2a2 9112w (1) 2 +bw () +2ab[ |9 |12 w () +et2ac| ]2 =262 9] 12w ()2 —2ad] 9] 2w (¥) — 162|912
P — 1+2al|y]]?
V1 + 2al[y[?

1

1
= el+2a||¥]|?

V1 24|92

Therefore the result (3.16), (3.17) follows from Proposition 2.3.

2 (4ac—b2)||]|?
(aw(d") +bw('¢')+c+ P] ) c L2(P)
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COROLLARY 3.6

Under the same conditions as in the previous proposition, we have

exp®a(y — V)] = K" explaK;*(y — Y)?]

PROOF

Just note that b2 — 4ac = 0 in this case.

COROLLARY 3.7
Let ¢(t), Y (t) be as in Theorem 3.4. Let t < T and assume that

T
2 = 2(s)ds > 0
161127 / ¢ (s)ds >

Then
! eXpo _ (y B Y(t))OQ _ 1 exp _M
o]0,y 2([11% 1 e,z 2/[1, 1

PROOF

Put 1 (s) = ¢(s)X[o,, in Corollary 3.6. Then a = _W’ and we see that

[0,T]
sfaltyl? = Weloa _ 19lon ~ I19lm
19117 0113,

by our assumptions. Moreover

_ M9llfo _ Néllemy
Illor?®  éllio.ry

Ky = V1 +2al[p|? =

Hence
1

26l

-1 _ H¢||[O,T]
v H¢||[t,T]

Corollary 3.7 then follows directly from Corollary 3.6.

-2 _
and aKw =

LEMMA 3.8
Let ¢(t), Y (t) and ||@|[,r) be as in Corollary 3.7. Then

L e =Y®))?| y=Y()
oMo+ [ 20101 11 ] 1612 1
_ 1 =Y y-Y®)
el e"p[ 20101 | N0I%m

PROOF
If we differentiate both sides of (3.23) w.r.t. y, the result follows.

We can now give a more explicit (and familiar) representation than the one given in Theorem 3.4:

11
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THEOREM 3.9
Let ¢(t),Y (t) be as in Theorem 3.4 and assume that

¢l

T
fr = / *(s)ds > 0 for allt <T
t

Let f : R — R be bounded. Then

FOT) = Vot [ alt.w)(oto)ar +aB)

where
) v
. _ d
0 /R\/%HW[O,T] eXp[ |¢||[20,T]] !
and
/() (v =Y )|y =Y ()
t,w) = ot NG =TP TN B ‘
g(t,w) ¢()/R Vol expl 26l1F7 | ez ’
PROOF

We will apply Theorem 3.4, and therefore we consider

ult,w) == (1) /R (y— Y(t))°2] y-Y()

fly) exp® | —
V27|90, 7] 2H¢||[207T] ||¢H[207T]

By Lemma 3.8, u(t,w) = g(t,w). Hence
T T
E[/ u?(t,w)dt] = E[/ g*(t,w)dt] < oo
0 0
and Theorem 3.4 gives with V{ as in (3.29) (or (3.13)), that

T

fY (@) =W +/0 u(t,w) o (aft) + Wy)dt
T

=W + /0 g(t,w) o (alt) + Wy)dt

T
=W -I-/O g(t,w)(a(t)dt + dBy)

as claimed.

REMARK

(3.28)

(3.29)

(3.30)

(3.31)

The conclusion of Theorem 3.9 remains true without the assumption (3.28) if we interprete g(¢,w) as 0

when ||¢H[t,T] =0.

12



Using the Donsker Delta Function

REMARK

Although the expression (3.30) clearly has a computational advantage to the Wick version (3.14), it
should be noted that (3.14) may give some insight which is not evident from (3.30). For example, we
might ask for the limiting behaviour as ¢ — T of the replicating portfolio g(¢,w) in (3.30). If ¢(t) is
continuous at ¢t = T, then by (3.14) we see that

lim g(t,w) = lim u(t
lim g(t,w) = lim u(t,w)

y—Y(T) (3.32)

(y — Y(T))*
d
I

f(y) o
=¢(T) | —=—— -
o >/R Voo T l 2010113, 7y

This limit clearly exists in (S)*.

COROLLARY 3.10
For the digital payoff F(w) = Xk 00)[Y (T')] we have the representation

T
Xty (Y (T)) = Vi + /O u(t,w)(a(t)dt + dBy)

where
o0 1 y2
Vo:/ = exp | | dy (3.33)
x Verllollon 7| 2||¢|%0,T]]
and
[ (K —Y(1)?
u(t,w)zidj(t) - exp _E YO 2(t)) (3.34)
lolen | 26l .,
PROOF

Here f(y) = Xk 00)[y), so we see that (3.33) follows from (3.30) by performing the integration with
respect to y.

N

REMARK

To be precise, the hedging procedure w.r.t. the contingent T-claim, F(w) = h(Z(T)), in (1.5), is carried
out as follows: Put Y () = Z(t) + fot a(s)¢(s)ds and let

T ':effoTp(S)dS T — Tas s)ds
fla): o= [ als)a(s)as)

T
With these definitions e Jo p(s)dsF(w) = f(Y(T)) and Vj and u(t,w) in (1.13) are then provided by the
explicit expressions in Theorem 3.9.

4. The multi-dimensional case

In this section we generalize the results of the previous section to arbitrary dimension n. We let B(t) =
(B1(t),...,B,(t))" denote n-dimensional Brownian motion (where in general M " denotes the transpose
of the matrix M). Similarly W (t) = (Wi (t),..., W, (¢))T is n-dimensional white noise.

13
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DEFINITION 4.1

Let Y = (Y1,...,Y,) : © — R™ be a random variable, each component of which belongs to (S)*. Then a
continuous function

oy () : R = (S)"

is called a Donsker delta function of Y if it has the property that

| sy @iy = g(v) as (41)

for all (measurable) g : R™ — R such that the integral converges. Here - and in the following - dy =
dyy - - - dy, denotes n-dimensional Lebesgue measure.

PROPOSITION 4.2

Suppose Y : Q@ — R™ is a normally distributed random variable with mean m = E[Y] and covariance
matriz C = [¢ijli<i j<n. Suppose C' is invertible with inverse A = [ai;|i<i j<n. Then oy (y) is unique and
is given by the expression

Oy (y) = (2m) "2 /| Alexp® | -

| =

Z aij(yi — Yi) o (y; = Yj) (4.2)

where |A| is the determinant of A.

PROOF
Let Gy (y) denote the right hand side of (4.2). We verify that Gy satisfies (4.1) , i.e., that

| sy = g(v) as. (13)

To this end let us first assume that g has the form
g(y) = MY = Myt FAaun (4.4)

for some A = (A1,...,A,) € C™. Then taking the H-transform of the left hand side of (4.3), we get

| [ smerma] = [ ey

0 (4.5)
. . 1 N N
= [ vem i Alexp | -5 Y asu - Vo (- V)

4,5=1

where Y = Y (2) = (Y1(2),...,Yy(2)) is the Hermite transform of ¥ = (Y1,...,Y;) at z = (21, 22,...) €
CN. The expression (4.5) may be regarded as the expectation of e*Z where Z is a normally distributed
random variable with mean Y and covariance matrix C = A~!. Now Z := Y —m + Y is such a
random variable. Hence (4.5) can be written as E[e* (Y =™+Y)] which by the well known formula for the
characteristic function of a normal random variable is equal to exp[A- Y + % Z? j=1Cij AiA;]. We conclude
that

n

~ 1
H {/ ng(y)Gy(y)dy] =exp |A-Y + 3 Z Cij i

2,j=1

1 n
=H [exp® [N Y + 3 Z cijAij | | = Hlexp[A- Y]] = H[g(Y)]

ij=1

14



Using the Donsker Delta Function

This proves that (4.3) holds for all functions g given by (4.4). Hence using, e.g., the Fourier transform, we
see that (4.3) holds in general. It remains to prove uniqueness: If H; : R” — (§)* and Hs : R" — (8)*
are two continuous functions such that

| swH )y = g(v) for i = 1,2 (46)

for all g such that the integral converges, then in particular (4.6) must hold for all continuous functions
with compact support. But then we clearly must have

Hy(y) = Ha(y) for a.a. y € R"

and hence for all y € R™ by continuity.

-
In the following we let ¥ : [0,7] — R", ¢ : [0,T] — R™*" be deterministic functions such that
T n_.T
/ [t(s)|ds < oo and \|¢||2 = Z / ¢?j(s)ds < 00 (4.7)
0 =10
Define
t t
v(0) = [ o(s)aBs) + [ vis)ds
0 0
. (4.8)
— [[@oW(s) +ve)ds; 01T
0
T
m=EY(T)] = / P(s)ds € R™ (4.9)
0
and, for 1 <i,5<n
T
e = BU(T) = m) (V5(T) = my)] = [ (667 (s)ds (4.10)
Assume that the matrix C' = [¢;5]1<i,j<n is invertible and put
A= [ajji<ijen =C! (4.11)

Define

H(t) = H(t,y) = exp” | ~3 3 asjlys — ¥ilt) o ~ ¥;(0)| s 0<t<T
i,j=1 (4.12)

= exp® [—%( —Y(t))To(y—Y(t))} L0<t<T

15
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LEMMA 4.3
T 1
1) =10+ [ A <§ > a1 = i) o (650 (1) + w3)
W= (4.13)
+ (y; — Yi(t) o (s ()W (¢) + Tbi(t)))dt
where ¢; is row number j of the matriz ¢.
PROOF
By the chain rule
H(T)
~n+ [ Ga=no+ [ Hoe [—; D aulus = (0 o 1y = Vo) | a
= H(0) + TH(t)<> 1zn:a (( Y-(t))odY(t)—f—( Y;(t)) o Y(t)) dt
— A B o i Yi i dt J Yj J dt 7
T n
=1+ [ He (% 3 a0 = 1) 0 @OW ) +43(0)
+ (5 = Y;(8) o (d: (W (T) + m(t))) ) dt
-
We can now prove the main result of this section:
THEOREM 4.4
Let o : [0, T] — R™ be a deterministic function such that
|| ]* = /0 a(s)ds < o (4.14)
Let ¢ : [0,T] — R™™ be as in (4.7) and define
Y(t) = /0 ¢(s)dB(s) —|—/0 d(s)a(s)ds ; 0<t<T (4.15)
Let f : R™ — R be bounded. Then
T
fYy(m) =W +/0 u(t,w) o (at) + W(t))dt (4.16)
where )
Vo = (2m) VA [ f(w)exsl- 50T Avidy (4.17)
Rn
and )
u(t.w) = 2m) VAT [ et [~ 3 - YO)T o Ay - Yie))]
R (4.18)

o (=Y )T Ae(t))dy

16
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PROOF

We apply Proposition 4.2 and Lemma 4.3 with ¢(t) = ¢(t)a(t) and a = fo a(t)dt to get

fY (1)) = - T@W)oy (ry(y)dy

n

~em) VL[ f)est [—% S asily: = Yi(T) o (g = V5(T))

i,j=1

=(2m) "/2\/|7/ F()H(T,y)dy = (27) “/2\/|7/ f(y
+(2ﬂ)*"/2\/W/R /th <
gy~ V5(0) 0 (W () + wiu)))dt
~em) VAL f 0.

4,j=

w2V [ ([ s o - V)T A0y ) o (alt) + W o)

which by (4.12) is the same as (4.16)-(4.18).

LEMMA 4.5
Let ¢(t),Y (t) be as in (4.7),(4.15). Let 0 <t < T and define the n X n matriz

Assume that

ICre.y| >0
and put
A[t,T] (o
Then
A mlexp® [—y Y(O)T o Apnly ~ Y0)
\/ tT|eXp[ ) A[tT](y Y(t ))]
PROOF

The proof uses the same method as the proof of Corollary 3.7. We omit the details.

17
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COROLLARY 4.6
Let ¢(t),Y (t) and |Ay 1| be as in Lemma 4.5. Then

Yinless® |50 - YO 0 A (- Y 0)] o v~ Y(0) 41600
—fiuanlexp | -5 = YO Aunty - Y0)| (- Y (0) Agayott)

PROOF
Differentiate (4.22) with respect to y1,y2, ..., Yn.

We can now give a more explicit formulation than the one given in Theorem 4.4:

THEOREM 4.7
Let ¢(t),Y (t) and |Ay 1| be as in Lemma 4.5. Assume that

|Cre,m| >0 for allt €10,T]
Let f : R™ — R be bounded. Then
T
FOVT) = Vot [ utt) (a(0)it+ dB(D)
where Vg is as in (4.17) and
utto) = () lan] [ e |50 V) Ay - (o)
(y =Y ()" Apyo(t)dy

EXAMPLE 4.8

(4.23)

(4.24)

(4.25)

(4.26)

The general results in Theorem 4.4 and Theorem 4.7 can be used to study the replicating portfolios
for more exotic options than those of the type (1.5). For example, one can study the portfolios of

pathdependent options like a knock-out option of the form

F(w) = Xk o) {Orél%xTZ(t,w)}

where Z(t,w) is the (1-dimensional) process in (1.4). The idea is the following:

Let 0 =1tg < t1 < -+ <t, =T be an equidistant partition of [0, 7], and define

Xiou(t) 0 0
(t) = X[O’t.z](t) " 1 cron
X[o,t.n](t) 0 0
Then
XMota) Xl 0 Xon]
o6T = Xo.ta] X[w o Aot
X[().7t1] X[(J.7t2] X[t).7t,L]

18
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Using the Donsker Delta Function

and hence
it - H
T t1 te .- to
C:/ oo (t)dt=| . T . .
0 . : . .
ty ty -ty

Since |C| = t1(ta — t1)(ts —t2) -+« (tn — tn—1) = (At)", where
T .
At:ti—ti,lz—;ﬁo; 0§z§n—1
n
the matrix C' is invertible. Hence Theorem 4.4 applies to

g o f

Bq(t At1) —I—ftml (s)ds

Bi(t Aty +f“t"

where a = (a1,...,a,) : [0,T] — R™ is as in (4.14). In this case we see that
2 -1 0 0
-1 2 -1 0
o -1 2 -1 0
A=c =2
T '
0 0 -1 2 -1
0 0 oo =11

Now let f: R™ — R be bounded. Then

f(Y(T,w)):f(Bl(tl)—i—/O1a1(s)ds,...,Bl(tn)+/Onal(s)ds)

In particular, if @3 = 0, we get the following representation by Theorem 4.4:

T
FBi(th). . Ba(tn)) = Vo + / ws (£, w)dBy (1)

where
up(t, w)
()" [ s e [ - 2 (3 Bl At + o - Bl

—22 — Bi(t Aty)) o (yiga —Bl(tmm)))]

< Z_: —Biltnt: ))X[O7ti](t) + (yn — Bi(t))

n—1

- Z — Bi(t A i) Xjo,t,40) (1) — Z(yiJrl = Bi(t A ti+1))X[0,ti](t)) dy

=1

Thus we see that if F' is the knock out option

F(w) = Xig.oo) [ma<xT Bi(t, w)]

(4.30)

(4.31)

(4.32)

(4.33)

then we obtain an approximation of the corresponding replicating portfolio u(¢,w) by choosing n large
and f(y1,...,yn) = max{y;|l < i < n} in (4.33). With some extra work one could obtain a similar

representation without Wick products using Theorem 4.7.
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