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Abstract

We derive simple-to-evaluate, closed-form solutions to the inhomogeneous Helmholtz
equation, Au + k?u = xp the Schrodinger equation, ihdyu + %Au = 0 with initial
data u(z,0) = xp,, ., and the Cauchy problem for the linear wave equation, Pu—cAu=0
with initial data (u(z,0), du(z,0)) = (XBIO,M XBIO,T) . The function xp,, , is the charac-
teristic function on the ball B,, , = {z € R?®: |zg — | < r}. Furthermore, we use these
solutions to construct explicit approximate solutions when the data are radial functions

on By, », and give various error estimates on these approximations.

xg,r?

1 Introduction

The Helmholtz, Schrédinger and wave equation are well known, fundamental partial differ-
ential equations. The Helmholtz equation models the propagation of monochromatic waves,
i.e., waves with a fixed temporal frequency, and can be applied to the study of acoustic and
electromagnetic wave propagation. The Cauchy problem for the wave equation model the
time-dependent propagation of waves due to initial disturbances. The Schrédinger equation
governs the probabilistic evolution of particles in quantum mechanics. These equations have
been thoroughly analyzed many times; see for example [3,/7,/12] on the Helmholtz equa-
tion, [4.[7,8,14] on the wave equation and [4,6,(7,/17,/18] on the Schrédinger equation.
Closed form solutions to wave equations are useful for multiple reasons, for example in res-
olution and uncertainty analysis in scattering problems [5,|9], synthetic data generation in
inverse problems [11], regularity estimates [3./7], perturbation methods for non-linear prob-
lems and qualitative analysis of wave fields. Due to their oscillating nature, wave equations
are demanding to deal with computationally, especially for high-frequency waves and large
domains, see for example [1},2,[10,/15] and references therein. As a consequence, closed form
solutions are valuable for convergence testing and analysis of numerical methods.

In this paper we use a method that relies on the spatial symmetry of fundamental solutions
to construct closed form solutions to these equations in R3, when the data, i.e., the initial
conditions or the source term, is a characteristic function on a ball with arbitrary location
and radius. The main results are found in Propositions in Section [2 In Section [3| we
show how these solutions can be used to construct approximate solutions when the data is a
function with radial symmetry on such balls. Since all equations are linear, the results imply
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the construction of solutions to equations when the data is any finite sum of such character-
istic functions. Although the literature on these equations is vast, we believe the results to
be novel.

The idea behind this paper originated while trying to generate non-trivial, high-frequency
solutions for an inverse problem for the Helmholtz equation in [11].

2 Results

This section contains solutions to equations followed by their derivations. In the first subsec-
tion on the Helmholtz equation, we show in detail the method used in all computations.

2.1 Helmholtz equation

We consider the inhomogeneous Helmholtz equation,

(A + k:z)uk = XBgyr» TE RS,
{ lim |2[(8), —ik)up = 0, uniformly for z/|z| € S2. (1)
|z| =00
Here, k = % > 0 is the Wavenumbelﬂ where c is the wave speed of the medium and w is the
temporal frequency of the wave. S? is the unit sphere in R?, and the Sommerfeld radiation
condition guarantees a unique, radiating solution uy (cf. [7], p. 91). The source term is the
characteristic functions xp,, , (), defined as

(2)

1, for x € By,
XBa,, (T) =

0, for x € R*\ By,

where By, , = {x € R®: |[zg — 2| < r} is a closed ball of radius r centered at .
We now present the first result.

Proposition 1. Let d = |z — x¢|. The solution to is given by

i — kr)eRd=—") _ (; 4 kr)etk(d+r)
( ) 2dk§ ) , forxzeR3 \ Bzo.r

ug(z) = ’ ‘ (3)
(’i + ]{ZT‘)(eZk(r_d) _ ezk(r-‘rd)) —92dk

¥ , Jorx € By,
Proof. The solution to is given by the convolution
ue(z) = | Gr(z —y)xs,,,(y)dy, =R (4)

By
Here G} is the outgoing fundamental solution of the Helmholtz equation in R? (cf. [3]),

Gi(x) = PPURED ) ga foy. (5)

4|z

1For the case of complex valued k, see below.



Figure 1: 2-dimensional sketch of the intersecting spheres. The spherical cap S(z) is the part
of 0B, . contained in By, .

We now evaluate the integral (). Assume first that z € R3\ By, and let d = |z — z|. Let
B, . be a ball centered at x with radius z, where d —r < z < d+r. Let S(2) = 0By, N By rs
i.e., the part of the surface 0B, . contained in By, ,. The surface area of S(z) is given by
A(z) = 2mzh(z), where h(z) is the height of the spherical cap (cf. [19], p. 224). Figure
depicts the situation. Computing the length z; from x to the intersection of the spheres, we
find that h(z) =z — 2z = 2 (1 - %). Next, we note that for y € 0B, . the integrand

engﬂf;'y') = engffz). We now write dy = dV(z) = A(z)dz. Hence we have

reduced the integral dimension from 3 to 1, and we get

is constant;

eik\:v—y| d+r oikz
uy(x) = /R3 Gi(z — y)XBzo,r (y)dy = /B mdy = /d —A(z)dz
zQ,T
1

_, A4mz
_ 1 /W oikz (1 _ MQ—’"Q) &
2 d—r 2Zd

(i — kr)ed=") — (j 4 kr)etk(d+r)
2dk3 ’

Next, assume that € By, \ {zo}. We split the integral into two parts: a spherical integral



when 0 < z <r —d, and a spherical cap integral when r —d < z <r +4d.

w(o) = [ |Gl =), (1)
ik|z—y|
- / R
Bag,r Ar|x —y|

r—d ikz 1 r+d 2 d2 2
= / ¢ Amz2dz + / e*iy (1 — Fadr o dz
0 4z 2 r—d 2Zd

&M“ﬂn1—imr—d»-1+(i—2um%d—r)+(r—2@x%“ﬂﬂ—(¢+kmaﬂﬂw
k? 2dk3
(i + k,,r)(eik:(r—d) _ eik:(r—i—d)) —2dk
2dk3 '

Last, we have

w(o0) = [ Grleo =), )y

r eikz
= 47 22dz
o 4mz

e (1 —ikr) — 1
k2 ’

and it is straight forward to check that

(i k) (e D) — k) _9qk  ethT(1 —ikr) — 1
uk(zo) = lim 2dk3 - k2 '

O]

Complex wavenumber: The above calculation also holds for complex wave numbers. If
one considers instead the operator (A + k?) with k2 = k? + iko, where o is an attenuation
parameter (cf. [13]), the solution is again given by

?m@%ﬁé<%@—ynmw@M% z€R?,
0

where
exp(ik|z|)

Gr(z) = .,z e R\ {0},

4r|x|

and

VT2 w12\ VTR - 12\
Re(k) = 5 , Im(k) = 5 :

As one can readily check, the solution u,(x) is identical to the one in Proposition but with
k replaced by k.



2.2 Schrodinger equation
We consider the Schrodinger equation without potential,

)
iha—?+%Au:O, zeR3,t>0,

6
u(z,0) = XBxO’r(x), x € R3. ©)

Here m is the mass of the particle and % is the Planck constant. The solution u is called the
wave function, and |u(z,t)|? is interpreted as the probability density function of the particle;

the probability that the particle is contained in some region 2 C R? at the time ¢ is given by
Plpeq) = / lu(z, t)Pda.
Q

Moreover, we have that |[u(x,t)||p2ms) = [|u(z,0)| 12(rs), i-e., conservation of probability.
We require the total probability to sum to one at all times. Hence, for the solution to
be physically meaningful, the initial condition should be multiplied by (47r3/3)~1/2,
(47r3/3) "1y Ba,.(T) represents a uniform probability distribution on By, with the corre-

and

sponding solution given by (4713 /3)~1/2u(x, t).
Proposition 2. Let d = |z — xo| and My = m/2ht. For u(z,0) = xp,, (), the solution to
@ s given by
1 - 1 .
u(z,t) =5 erf (e’3”/4(./\/lt)1/2(d - r)) -5 erf (e23”/4(./\/lt)1/2(d + 7’))
o—i37/4 (eth(dfr)Q _ ei./\/lt(d+r)2>

t>0,z € R’
M) 2dv/m , for ,T €

_l’_

Above, erf(z) = 27~ 1/2 Iy e~ dt is the error function.

Proof. The fundamental solution for the Schrodinger equation in R3 is given by (cf. [4,/7])

me—iw/Q 3/2 i) |2
G(.’E,t) = (W> e 2nt | S Rg,t > 0, (7)
and the solution to @ is given by
u(z,t) = | Gz —y,t)XB,,, (v)dy. (8)

R3

Proceeding as in the proof of proposition 1, we compute the above integral. We write M; =
m/2ht. For fixed ¢ > 0, the observation that G(x — y,t) is constant on the sphere 0B,
still holds, and for z € R3 \ By, and t > 0 we have

,lI—yI



—i3m /4 )
u(z,t) = - 3/2 Mi/Q/ eldeiledy
™ Bzo,r
e—i37r/4 3/2 d+r M, 22 9 22 + d2 o 7.2
= WMt /d_r € 2z <1 — 22d> dz
e~iBT/A o (—1)/473/2 exf (i(—l)l/‘lMimz) dtr
~ T 32 M - 3/2
i 2Mt d—r
. d+r
N imeiMez? (My(d? — 2dz — r% + 22) +1)
2dM? n

_ % (erf (ei37f/4(/\/[t)1/2(d — r)) —erf (eigﬂ/4(/\/lt)1/2(d + T))

9e—i3m/4 (ez’Mt(d—r)z _ eth(d+r)2) )
+

(M) 2dy/m

For z € By, \ {zo} and t > 0 we compute

—i37/4 )
ule,t) = g M / e Mikvlay
m Bug.r
e—i37r/4 3/2 r—d M 22 r+d ) 2 T d2 — 2
— Mz 2 iMiz 2 o
=3 M; (/0 e dmz dz—i—/rd e 2mz <1 o >dz>
B e—z‘:’)7r/4./\/13/2 - (=1)Y/473/2 exf (i(—1)1/4/\/lt1/2z) r—d - i zeiMiz? r—d
73/2 t M?ﬂ 0 M, 0
. ) 1/2 \ }
(—1)Y473/2] erf (z(—1)1/4/\/lt/ z) +d imeiMe2? (My(d? — 2dz — 12 + 22) +1)

_l’_

r+d
2dM? )
r—d r—d

2ie*”3/4/\/lt1/2(r _ d)eiMilr—d?  erf (e_i3”/4/\/l§/2(r + d))

oM/

= —erf (ei3”/4/\/li/2(r — d)) - -

NZ3 2
orf <ei37r/4Mt1/2(r _ d)) o—i3m/4 (eth(’l’—d)Q _ eth(r—i-d)Q)
+ 5 + 7
M, “d/T

Z-e—i7r3/4Mt1/Qeth(r—d)2 (4d(d _ T))
NG

_ % (erf <ei3“/4(/\/lt)1/2(d _ r)) — orf (ei3”/4(./\/lt)1/2(d + r))

9e—i3m/4 (eth(d—r)Q _ ei/\/lt(d—o—r)Q)
. )

(M) 2dy/m



where the last equality follows from the fact that erf(—z) = —erf(z). Last, we have

e7i37r/4

s
u(zo,t) = 372 M3/2/0 M2 4722

_ e—i37r/4 ( ( )1/4Z erf ( ( 1)1/4Mt1/2r) _ Qiﬂ_—l/QrM%/2ethr2)
26737/ (M) i(Me)r?

™

= —erf (ei3”/4(./\/lt)l/27“> +
We check that

u(z,t) = lim —% (erf <ei37r/4(./\/lt)l/2(r — d)> + erf (ei3”/4(Mt)1/2(r + d)) 9)

d—0

9e—i3m/4 <ei./\/tt(r—d)2 _ eth(Hd)?))

_ 1
(My)2dy/T 1)
) 1371'/4 (M ) 5
_ i3m/4 1/2 t z(/\/lt)r
= —erf (e (My) r) + NG . (11)
0

2.3 Wave equation

The linear Cauchy problem for the wave equation is

Pu 3
@—CAU 0, z€R’t>0, (12)

u(z,0) = f(z), 240 =g(z), zeR.

Here c is the wave speed, u(z,t) the wave amplitude and f(z) and g(z) is the initial config-
uration and velocity of the wave.

Proposition 3. Let d = |z — xg|. The solution to with (f(z),9(z)) = (xB,, . (¥),0) is
given by

d—ct
T‘;X[d,m”r](ct), for x € R®*\ By, .yt >0,

- d—ct
u(@,t) = X[o.r—d)(ct) + TdX[r—d,r—&-d](Ct)a for x € Byy, \{zo},t >0, (13)
X[o,r)(ct) = té(r —ct), for x = mxo,t > 0.
The solution to with (f(z), 9(z)) = (0, xB,,,, () is given by
t d?—r
2 (1 - %) X[dfr,d+7"](0t)7 fOT ze€R? \ onﬂ‘?t >0,
ct)24-d2 —p2
u(z,t) = IX[0,r—d] (ct) + 3 <1 - %) X[rfd,r+d}(0t)7 for x € Byy, \{zo},t >0
tXjo(ct), for x = z0,t > 0.
(14)



Proof. The fundamental solution to with f(x) =0,g(z) = d(z) is

0(|z| — ct) for x € R3,t >0
2 y ) — )
G(.’L’,t): 4mct

0, for z € R3,t < 0.

where () is the Dirac delta distribution (cf. [7]). Hence, the solution to is given by
@) =55 (e [ 00—l = sy} + 1o [ alle o] elglu)a
Y= 58 et R3 yI= ey dwc’t Jgs Y Iy

0 1 1
-2 < | e +cty>ds<y>) * gt |, 9+ S),

Amc2t Amc?t

where dS(y) is the surface measure on S%. For z € R?\ By, and d = |z¢ — z| we compute

ct)? +d? —r?
vet)= [ oy (o enasty) = 2e(en? (1= EEET ) v afen
lyl=1 <t

Here X[q—p,a+r) is the characteristic function on the interval [d —r,d +r]. For x € By, \ {20}
we have

2 2 (ct)? +d* —r?
v(z,t) = ot XBa,,, (7 + cty)dS(y) = dm(ct)*xjor—a(ct) + 2m(ct)* (1 - —oda ) Xir—dirtd (ct).
Last,

v(z0,1) = /| | XBa, . (0 + cty)dS(y) = 47 (ct)*x o (ct).
yl=1

For (f(x),9(x)) = (0,xB,,,) and z € R*\ By ..t > 0, we get

v(z,t t ct)2+d?—r?
u(e,t) = 2D ! ( - ()th) Njdorsr] (). (15)

Similar expressions are easily found for x € By .
Next, we compute the solution for (u(zx,0), du(x,0)) = (XBEO,T’ 0). For z € R3\ Byt >0
we have

9 (t (ct)? +d* =12
u(z,t) = 7t (2 (1 Iy Sra— X[d—r.d+r)(Ct)

t (ct)? + d* — d—ct
= 5 <1 — T C((5(d —-7r— Ct) — 5(d+ r— Ct)) + % X[dfr,d+r](0t)
d—ct

WX[d—T,d—H‘] (ct),

(z)2+d2—r2

where the first term in the second line vanish due to 1 — s

having zeros at d £ r.
Solutions for x € By, are obtained in the same way.

O]



3 Approximate solutions for radial data

We want to use the solutions above to approximate solutions when the data are radial func-
tions supported on a ball. For a ball By, g, let f(r) € H'(By, r) be a radial function, i.e., a
function of the radial coordinate r = |z —x| onlyﬂ We want to approximate f(r) by constant
functions on spherical annulus regions. Define an annulus Sy, ar by Sy, Ar = BagritAr \ Bz, -
We define the approximation fy of f by

1

_ R _
=) fixs, a(¥), Ar=—, ri=ilr, fi=—(r—
.Z s (@) 1(Sr;,ar)

N /STZ.,M f(z)dz. (16)

From the calculation
N-1 ) N-1
v =Sy = 3 [ 1= Pae < S @arp [ (7P
' i=0 Sri,Ar i=0 S’ri,Ar

2
< 2l (8. )

where we have used the Poincaré inequality (cf. [8]), we have the following approximation
estimate

153 = iz ) < 2ol Fliricoy (17)

Now, let u;" be the solution to the Helmholtz equation (1)) with data xg,. A L€, a charac-
teristic functlon on the annulus S,, A,. Since XS, ar X$07Ti+AT Xzo,7: the linearity of
implies that uzl is given by the difference of the solutions with Xzo,r;ar and Xz, as data,
respectively. For example, for z € R3 \ B, r, we have

(i — k(r; + AT))eik(‘xO*x|*(T2‘+A7’)) — G+ k(r; + AT))eik(\xosz(nJrAr))
2|xg — x|k3
(Z _ kn)eik(|mo—m|—ri) _ (Z + kri)eikﬂmo—m\—l—ri)
2|zg — z|k3 '

For N > 0 and f € H*(By,.r), let fy be the approximation. Inserting fy as data in (), we
find that

=

up =Y fiu) (18)

1=

O

is the corresponding approximate solution to (|l). Taking wu; to be the solution to with
data f, we have that

ul — g = / Gl — 1) (v (y) — F(u))dy.
B,

zg,R

Applying the Cauchy-Schwarz inequality, it follows that

el — il sy < sup / Gule — 1) () — F))ldy

z€RS3 o.R
R3 /2
< xSEUEI{) |Gr(x — )HLQ(BZO R) H(fN e 2(Bggy,r) = \ﬁNHfHH (Bzy.R)

Recall that f is in H'(Bay, r) if |\f|\§11<3mm) = HinQ(BmR) + IIVfl\QLz(BmR) < 0.

9



where the last inequality is a consequence of the estimate

1 R
/ |Gr(z — y)Pdy < / —dz=-—forall z € R%.
Bzo,R Bo,r

| 2] 47

1
(47)?

We summarize the result in a proposition.

Proposition 4. For N € N, let fy be the piecewise constant approximation to a radial
function f € H(By, r) given by . Let uév and uy be solutions to with data fn and

f, respectively. Then
3/2

\/ENHfHHl(BIO,R)-

g = urll oo 3y <

More or less similar results can be obtained for the Schrodinger and wave equation as well;
from the conservation of probability (cf. [4] p. 154) we immediately have that

R
lun (5 8) = uls Ollamey = 15 = Flreme) € 11 (Bag.n) (19)

where u) and w are solutions to with data fy and f, respectively. For ¢ > 0, a pointwise
estimate is given by

[un () = u(, )l oo (msy < sup /B Gz —y)(fn(y) = f(y))ldy

zeR3 20, R

< sup [|G(z =)l r2(s,, p) lIN = fllL2s,, )
zeR3

m3 R*
67r2(ht)3 WHfHHl(BxO,R)

Above and below, the approximations of fy and uy are constructed as in equations and
, but with solutions from Proposition [1| replaced by solutions from Propositions [2| and
However, one should note that ||f|/z2 = 1 does not necessarily imply || fnx||z2 = 1, and hence
lun (z)|* may not sum to one. Still, estimate shows that by increasing N we can make
up arbitrarily close to w in the L?-norm.

For the wave equation we can use LP-estimates for Fourier integral operators (cf. [16], Eq. 6)
to conclude that

Jun () = u(-, )l 2may < Or (If5 — fllzws) + oy — 9llu-1(ms))
< Cr (If~ = fllz2ws) + llgv — 9llr2ws))

R
< CTN <||f||H1(BzO,R) + HgHHl(BImR)) , 0<t<T <oo.

Above, u and uy are solutions to with radial initial data (f, g) in H(By,.r) and (fn, gn),
respectively, and the constant Cr depends on the maximum time 7. We summarize the
results.

10



Proposition 5. For N € N, let fny and gy be the piecewise constant approrimations to
radial functions f,g € Hl(BmO,R). Let v and vy be solutions to the Schréidinger equation @
with initial data f and fn, respectively. Then vy satisfy the estimate

m3 R
o) = ol ey < (oiags ) I
Let w and wy be solutions to the wave equation with initial data (w(zx,0), Oyw(x,0)) = (f, g)
and (wy(z,0), 0w (x,0)) = (fn,gn), respectively. Then wy satisfy the estimate

R
lwn (1) —w(- )| L2ms) < CTN (”fHHl(BmR) + ||9||H1(Bw0,3)) , 0<t<T <o0.

4 Discussion

Due to the linearity of the above equations, all results can be extended to obtain solutions
when the data is any finite linear combination of characteristic functions on balls. As seen in
Section [3] this includes characteristic functions on spherical shells, but any function that can
be described by a sum g = ZwiXBxi,ri will have a similar solution. Since many shapes in
nature are spherical, this should have interesting applications. Moreover, it can possibly be
used for approximation of more complicated functions than radial ones. Last, the method used
to find solutions in this paper can, in principle, be generalized to any PDE with spherically
symmetric fundamental solutions. However, the explicit and simple form of the surface
measure on spherical caps that makes the calculation work out is, as far as we know, only
available in R?3.

The author was partially funded by the Research Council of Norway project number 301538.
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