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ABSTRACT: An extension of the embedded fragment method for
calculations on molecular clusters is presented, which includes
strong external magnetic fields. The approach is flexible, allowing
for calculations at the Hartree−Fock, current-density-functional
theory, Møller−Plesset perturbation theory, and coupled-cluster
levels using London atomic orbitals. For systems consisting of
discrete molecular subunits, calculations using London atomic
orbitals can be performed in a computationally tractable manner
for systems beyond the reach of conventional calculations, even
those accelerated by resolution-of-the-identity or Cholesky
decomposition methods. To assess the applicability of the approach, applications to water clusters are presented, showing how
strong magnetic fields enhance binding within the clusters. However, our calculations suggest that, contrary to previous suggestions
in the literature, this enhanced binding may not be directly attributable to strengthening of hydrogen bonding. Instead, these results
suggest that this arises for larger field strengths as a response of the system to the presence of the external field, which induces a
charge density build up between the monomer units. The approach is embarrassingly parallel and its computational tractability is
demonstrated for clusters of up to 103 water molecules in triple-ζ basis sets, which would correspond to conventional calculations
with more than 12 000 basis functions.

1. INTRODUCTION
Molecular clusters comprising a large number of noncovalently
interacting monomers are often used to computationally model
the structure of liquids and provide a means to study solvation
through molecular modeling.1−4 However, the computational
scaling of modern electronic structure methods, typically high-
rank polynomial, represents a significant restriction to the size
of system that may be studied and the level of methodology
that may be used for such applications.5,6 Many approaches to
overcoming the limitations on system size that can be studied
have been developed; these include the introduction of
approximations such as density fitting7,8 or the chain-of-
spheres approximation,9 embedding methods in which certain
parts of the system are treated with a higher level of theory
embedded in a more approximate treatment for the rest of the
system10−12 and fragmentation approaches in which the system
is treated as a set of smaller subsystems from which the results
are combined, yielding a description of the entire system.13,14

Such methods have become increasingly popular as the
subsystem calculations are readily parallelizable while the
limited size of each individual calculation allows higher level
methods to be applied to the system.15

In recent years, there has also been a growing interest in the
behavior of electronic systems in the presence of strong
magnetic fields.16−30 Much of this has been examining the

effects of magnetic fields stronger than those accessible in the
laboratory but which are found to exist on the surface of white
dwarf stars;31,32 extensive study of atoms under such
conditions has been essential for identifying the spectra
originating from these stellar objects.33−35 With the develop-
ment of electronic structure packages that incorporate the
nonperturbative treatment of strong magnetic fields,36−40 it has
been possible to examine the behavior of small molecules and
probe the nature of molecular bonding in these conditions
using a range of electronic structure methods including
Hartree−Fock theory,16,29 configuration interaction,41

coupled-cluster theory,20 equation of motion coupled-cluster
theory,24 and current-density functional theory.23,26,28,30

While the focus of modeling electronic systems in strong
magnetic fields has been on atoms and small molecules, many
experimental studies have suggested that an external magnetic
field can create a measurable change in the properties of bulk
liquid structures.42−51 Furthermore, the use of a magnetic field
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to alter the properties of liquids within various industrial
applications is well-documented.52−54 The rationale behind
these changes, however, and in some cases the nature of the
changes, is still a topic of debate; methods with which these
effects can be computationally modeled in a rigorous manner
have been limited. The relatively recent development of
electronic structure methods that incorporate a nonperturba-
tive treatment of magnetic field effects provides new
opportunities for examining the effects of magnetic fields on
the bulk properties of liquids and materials.

However, the limitations on system size that can typically be
studied due to the computational cost scaling are even more
restrictive when an external magnetic field is considered. This
is primarily because the wave function is generally no longer
real but complex with a nonzero imaginary component. Not
only does this require complex arithmetic in the numerical
implementation of electronic structure methods, but also there
is a reduction of symmetry since complex-conjugation
symmetry is lost; as a result, nonperturbative treatment of an
external magnetic field raises the computational cost
significantly.

In the present work, the embedded fragment-based method
of Hirata et al.55 for modeling large clusters of noncovalently
bound molecules is generalized to the case of such systems in
the presence of strong magnetic fields. In this context, the
computational advantages of such methods are even more
significant; despite recent developments allowing a more
efficient implementation of electronic structure methods in
strong magnetic fields,27,56,57 fragment-based methods cur-
rently represent the only feasible approach for treating large
systems of weakly bound molecules and examining the effects
of magnetic fields on their bulk properties. Furthermore, the
simple foundations of this method result in the ability to apply
it to the full range of electronic structure methods generalized
for systems in strong magnetic fields as described above.

In this work, the first implementation of an embedded
fragment method generalized to the case of an external
magnetic field is presented; this is developed within the QUEST

code,39 building on the efficient implementation of a range of
methods including Hartree−Fock theory, current-density
functional theory, Møller−Plesset perturbation theory and
coupled cluster theory for systems in these environments. The
approach is applied to the study of water clusters in the
presence of strong magnetic fields, using this approach to study
the effects of the field on the hydrogen bonding between water
molecules in clusters of varying size.

This work is organized as follows: the theory of fragment-
based approaches for weakly interacting molecular clusters and
the particular method used in this work is summarized in
Section 2.1. An overview of the theory underlying the
development and implementation of electronic structure
methods in strong magnetic fields is then given in Section
2.2, followed by a brief description of the considerations
required for density functional theory under these conditions
in Section 2.3. The computational methodology employed in
this work is described in Section 3, with the results and
discussion following in Section 4; the validity of this approach
in the presence of external fields is demonstrated for small
clusters in Section 4.1, with its computational scaling
properties described in Section 4.2 and the effects of external
magnetic fields on the strength of hydrogen bonding in large
water clusters discussed in Section 4.3. Finally, some

conclusions from this work and directions for future
investigation are given in Section 5.

2. BACKGROUND AND THEORY
2.1. The Embedded Fragment Method. For a large

molecular system that comprises many discrete fragments, each
internally bound covalently but interacting with each other in a
noncovalent manner, the energy E may be represented as the
sum of fragment energies according to the many body
expansion (MBE),58−62

(1)

where Ei is the energy of the fragment (hereafter referred to as
monomer) i, Eij is the energy of the dimer comprising
monomers i and j, with the trimer energy Eijk and higher-order
terms similarly defined. The MBE in eq 1 becomes exact for a
system of N monomers when extended to include N-body
terms; however, evaluating the energy in this way is not
computationally advantageous unless the series can be
truncated at some lower order with minimal loss of accuracy.

The simplest approximation to the energy is obtained by
truncating eq 1 to second-order as

(2)

including the monomer energies and pairwise-additive
corrections for the interaction between monomers. While
this approach typically recovers most of the interaction energy,
higher-order terms often still contribute significantly to the
interaction energy with their omission resulting in large errors
in the second-order MBE energy.14,63,64 For molecular clusters
comprising monomers with nonzero electronic dipole mo-
ments, such as the water clusters considered in this work, third-
and fourth-order terms in the MBE contribute significantly to
the energy,63,65,66 with even fifth-order terms making a non-
negligible contribution for some larger clusters.67

The number of terms in the kth-order expansion of the MBE

for a cluster comprising N monomers scales as ; the cost

of evaluating the energy with eq 1 quickly becomes unfeasible
as higher-order terms are considered. Furthermore, with such a
large number of individual calculations contributing to the
total energy when higher-order terms are considered, each
must be converged to within a tight threshold to minimize the
accumulated loss of precision in the cluster energy.15,68,69

The origin of these nonpairwise additive contributions to the
energy of dispersion-bound clusters, requiring the extension of
the MBE beyond two-body terms, has been the subject of
investigation for many decades; three-body contributions to
the interaction energy of atomic clusters were first charac-
terized by Axilrod-Teller70 and Muto71 in 1943. Much of the
subsequent work has considered the many-body contributions
in the interaction between molecules in water clus-
ters,1,2,14,55,58,72,73 because of the obvious biochemical
significance of these systems.

The most significant nonpairwise additive contributions to
the energy of weakly interacting water clusters can be identified
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by considering the different many-body components of the
energy.59 Since the electron density of neutral species decays
exponentially with distance r, the same is true for the exchange
interaction74−76 and therefore its contribution to the non-
additive interaction will be small and only arise at small
separation between monomers. Similarly, correlation inter-
actions decay rapidly as r−6 and are thought to be near-pairwise
additive for water clusters.67,77,78 By contrast the Coulomb
interaction exhibits a much slower asymptotic decay, to first
order decaying as r−3 for neutral systems.79,80 As a result, each
monomer has a non-negligible interaction with potentially a
large number of other monomers in the cluster; the resulting
polarization effects81−83 dominate the nonpairwise additive
contribution to the energy and become more significant with
increasing cluster size.68,84

There are many different approaches that have been
developed to make the MBE more computationally tractable
by accelerating its convergence, such that sufficient accuracy
can be achieved even when the series is truncated to a lower
order; recent reviews can be found in refs 13, 62, and 85. In
many such methods, an external potential is introduced to the
Hamiltonian for each subsystem representing the electrostatic
potential of the rest of the system, thus introducing many-body
polarization effects to the calculation of even the monomer and
dimer energies.

Many different methods exist for representing the electro-
static potential of the other monomers in the Hamiltonian of
each subsystem. In the electrostatically embedded MBE
approach of Dahlke and Truhlar, each monomer is represented
by point charges at the nuclei but with the partial atomic
charges for the molecule, either calculated in isolation for each
monomer or self-consistently over the entire system.73,86−88

Perhaps the most well-known method, however, is the
fragment molecular orbital (FMO) method of Kitaura and
co-workers.89−91 For this, each subsystem is embedded in the
Coulomb potential of the other monomers in the system, with
the effective Hamiltonian for a general subsystem η comprising
monomers {i1, ..., im} taking the form

(3)

where is the Hamiltonian of η in isolation and vj(r) the
Coulomb potential of the jth monomer

(4)

with electron density ρj and nuclei with charges ZJ located at
RJ. This Coulomb potential is determined self-consistently by
iterating the density of each monomer in the presence of the
embedding potential until the densities of all the monomers
converge; this is often referred to as the self-consistent charge
procedure. The energy of each term in the MBE is then
evaluated in the presence of the self-consistent Coulomb
potential of the rest of the system by obtaining solutions to the
Schrödinger equation with the Hamiltonian of eq 3,

(5)

and the MBE energy computed from the with eq 1. This
approach constitutes a full many-body treatment of the
Coulomb interaction; other interactions are considered to

the level at which the MBE is truncated, where second-order,89

third-order,92 and fourth-order93 truncation of the MBE are
often employed. The FMO method has been applied to
advanced ab initio methods such as coupled-cluster theory94

and extended to the calculation of excitation energies with
time-dependent density functional theory.95

In this work, a simplification to the FMO method first
proposed by Hirata et al.55 is employed. In this approach, the
multipole expansion for the Coulomb potential of eq 4 is
considered due to the localized nature of the charge
distributions in each monomer

(6)

where qj, μj, and Qj are the electrostatic monopole, dipole, and
quadrupole moments of the jth monomer, respectively. For
neutral monomers the first term vanishes and the leading order
term is simply the dipole potential,

in which the dipole potential is modeled by a pair of point
charges (ej, −ej) separated by a distance d and centered at Rj,
the position at which the nuclear dipole moment of the jth
monomer vanishes. In practice, the dipole length is set to a
value of 0.01 bohr such that |r| ≫ |d|, in the limit of which the
representation of the potential in eq 8 equals that in eq 7.
Following the FMO method, the potential is optimized self-
consistently at the monomer level by updating ej and d such
that ejd = μj at each iteration, until the values of ej are
converged55 to within a given threshold (in this work, a value
of 10−4 a.u.). The converged potential is then included in the
Hamiltonian for evaluation of the terms in the MBE in an
analogous manner to that for FMO in eq 4. However, this form
of potential does not directly include the effect of magnetic
induction; this is expected to be negligible except at very high
fields and in this work the efficacy of the embedding potential
given in eq 8 at high fields will be tested.

There are clear advantages to this approach: it is significantly
less computationally intensive than the original FMO method,
in which the full Coulomb potential is required at each
iteration. However, the leading order term of the embedding
potential remains properly described; this approach has been
shown to yield a highly accurate treatment for weakly bound
molecular clusters.55

One further consideration that must be made in the
evaluation of cluster energies by fragmentation methods is
the effect of basis-set superposition. This arises due to the
overlap of basis functions on nearby monomers stabilizing the
energy of the corresponding dimer in a way that does not
occur if the monomers are well-separated and their basis
functions do not overlap.96−99 This so-called basis-set
superposition error (BSSE) is not an error in the calculation
of dimer energies themselves, but instead an inconsistency in
the treatment of dimers, based on how well-separated their
constituent monomers are, that can introduce errors into the
MBE.100
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There exist various treatments for removing the BSSE from
the interaction energies of noncovalently bound molecular
clusters101−105 based on the counterpoise correction of Boys
and Bernardi, which estimates the BSSE contribution to the
energy associated with each monomer in a dimer to be the
difference between the energy of the monomer evaluated in its
own basis and its energy evaluated in the dimer basis.101 In the
present work, the generalization of the Boys−Bernardi
counterpoise correction to fragments with an embedding
potential of the form in eq 8 is used to correct for the BSSE;106

for the second-order MBE of eq 2, the BSSE-corrected energy
of the cluster is evaluated as

(9)

where the notation denotes the energy of monomer i
evaluated in the basis of subsystem a and in the embedding
potential of all monomers excluding those in subsystem b,
where i ∈ a,b.
2.2. Systems in Strong Magnetic Fields. In the present

work, the many-body expansion outlined in the previous
subsection is applied to study the effects of strong magnetic
fields, up to a strength of 1B0 = ℏe−1a0

−2 = 2.3505 × 105 T, on
intermolecular interactions in noncovalently bound molecular
clusters. Under these conditions, magnetic interactions can
become comparable to Coulomb interactions in strength,
resulting in an exotic chemistry while requiring a fully
nonperturbative treatment of the field in the calculation of
the electronic structure.

The nonrelativistic electronic Hamiltonian in the presence of
a uniform magnetic field B can be expressed in atomic units as

(10)

in which the zero-field Hamiltonian is denoted , the
canonical momentum operator , the spin operator , and the
position relative to an arbitrary gauge origin O written as rO = r
− O. Since ∇·B = 0 according to Gauss’ law for magnetism,
there exists a vector field known as the magnetic vector
potential A for which B = ∇ × A; however, this relation is not
uniquely satisfied and can only be defined to within a particular
gauge; in the present work, the Coulomb gauge for which ∇·A
= 0 is employed. For a uniform magnetic field B, A may be
expressed in terms of the gauge origin O as

(11)

for which a translation of O to some new position O′
transforms the vector potential as

(12)

This transformation of the gauge is associated with a unitary
transformation of the Hamiltonian and compensating unitary
transformation of its eigenfunctions, given respectively by

(13)

while the observables of the system such as the energy and the
charge density remain invariant to the gauge transformation.
The dependence on the gauge origin that is introduced to the
wave function in eq 13 cannot be reproduced by a finite basis

of Gaussian or Slater functions. However, explicit inclusion of
the gauge origin in the basis functions themselves permits the
gauge-dependent wave functions to be represented in a finite
basis. This approach is taken in the construction of London
atomic orbitals (LAOs),80,107 which comprise a standard
Gaussian-type basis function φ multiplied by a complex phase
factor containing the gauge origin,

(14)

Using a basis of LAOs yields wave functions that exhibit the
correct behavior to first order, with respect to the magnetic
field and rigorously gauge-origin invariant observables,
allowing the behavior of electronic systems in arbitrary field
strengths to be examined nonperturbatively.16

In this work, the energies of molecular clusters in the
presence of magnetic fields are evaluated using several
methods: Hartree−Fock (HF), second-/third-order Møller−
Plesset perturbation theory (MP2/3), coupled-cluster singles
and doubles (CCSD) and Kohn−Sham density functional
theory (KS DFT) with several exchange−correlation func-
tionals.

The HF, MP2/3, and CCSD methods are relatively
unchanged when applied to systems in strong magnetic fields,
with the main differences arising in the evaluation of molecular
integrals due to the use of LAOs16,27 and ensuring complex-
conjugate symmetry is properly respected in the implementa-
tion of post-HF methods to treat correlation.20,24 However, the
adaptation of KS DFT to these conditions requires additional
considerations; these are briefly outlined in the following
subsection.
2.3. Current Density Functional Theory. In the

presence of an external magnetic field, the additional field-
dependent terms present in the Hamiltonian of eq 10 has the
result that an electronic system under these conditions cannot
be described by just the charge density alone as is the basis for
zero-field DFT.108,109 The universal density functional must
include either a direct dependence on the magnetic field (a
formulation called magnetic field DFT (BDFT))110,111 or
dependence on the magnetically induced current density (the
current DFT (CDFT) formalism).18,112,113

The present work employs the Vignale−Rasolt form of the
latter, in which the universal density functional is dependent
on the charge density ρ and the paramagnetic current density
jp and the energy E is dependent on the scalar potential v and
vector potential A. This may be cast in the convex-conjugate
formalism of Lieb114 by defining a scalar potential u = v +
and associated energy functional , which is, by
construction, concave in the potential and related to
by the convex conjugate relationships:18,115

(15)

(16)

in which (u|ρ) = ∫ u(r)ρ(r) dr and (A|jp) = ∫ A(r) ·jp(r) dr.
The Kohn−Sham decomposition of yields25,109

(17)

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.2c00865
J. Chem. Theory Comput. 2022, 18, 7412−7427

7415

pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.2c00865?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


with noninteracting kinetic energy , Coulomb
repulsion energy J(ρ) and the exchange−correlation energy

. The KS CDFT equations are given by

(18)

which may be solved to yield one-particle KS orbitals ψp and
energies εp. The noninteracting auxiliary system in KS CDFT
has a charge density and paramagnetic current density defined
in terms of ψp with spin σ as

(19)

(20)

to reproduce the charge and paramagnetic current densities of
the physically interacting system, respectively. Therefore, the
KS potentials (us, As) are defined as

(21)

with vext and Aext being the physical external potentials arising
due to the nuclei and the applied field, respectively, vJ the
Coulomb potential and the remaining terms the scalar and
vector exchange−correlation potentials, defined as

(22)

The functional form that the jp dependence should take is not
known; however, it has been found that meta-generalized
gradient approximations (mGGAs) that are dependent on the
noninteracting kinetic energy density are reliable and accurate
for systems in strong magnetic fields.23 In CDFT, the
noninteracting kinetic energy density is modified to ensure
such exchange−correlation functionals remain gauge-origin
invariant; in this work, the modification of Dobson116,117 and
Becke,118

(23)

is substituted into the Tao−Perdew−Staroverov−Scuseria
functional, denoted cTPSS,119,120 thus permitting its uniform
application to systems in the presence of increasing field
strengths.

Both for HF/MP2/CCSD and CDFT, the computational
cost when using LAOs is significantly greater than that of using
GAOs with no magnetic field applied; every floating point
operation involving the basis functions must be evaluated using
complex arithmetic, while the permutational symmetry of the
two electron integrals is reduced from 8-fold to 4-fold.16,27

There have been many recent developments in computational
approaches for using LAOs; these include the development of
efficient algorithms for the evaluation of the integrals27 and
their derivatives,28 the application of the resolution of the
identity (RI) approximation56 and the Cholesky decomposi-
tion of the two-electron integrals.57 Despite these develop-
ments, the size of the system that can be considered in strong
magnetic fields using LAOs remains much smaller than those

that can be studied using standard Gaussian basis sets with
highly optimized codes.

It is in this context that the MBE presents a highly
interesting opportunity to study larger systems in strong
magnetic fields; the generalization of the second-order MBE
using the dipole embedding potential of Hirata et al.55 to
systems in strong magnetic fields is developed and
implemented in the present work, to enable, for the first
time, the study of intermolecular interactions in weakly bound
molecular clusters under extreme conditions.

3. COMPUTATIONAL METHODOLOGY
In the present work, the second-order MBE of eq 2 with the
dipole embedding potential of eq 8, hereafter referred to as the
embedded fragment method (EFM), has been implemented
into the QUEST quantum chemistry code,39 building on the
extensive infrastructure for electronic structure calculations in
strong magnetic fields developed in the program. The message
passing interface (MPI) was utilized to parallelize the EFM
calculations.121 Once the embedding field has been determined
self-consistently all monomer and dimer calculations can be
performed independently in the presence of this field, with
minimal communication. This results in an approach that is
embarrasingly parallel, with a consistent reduction in the time
taken for the calculation with increasing computational
resource; this is discussed in Section 4.2.

In this work, a range of electronic structure methods and
basis sets were employed for the study of different cluster sizes;
the water trimer was studied at the HF, MP2, MP3, CCSD,
and CDFT levels with the BLYP and cTPSS functionals in the
aug-cc-pVDZ basis set of Dunning,122 while water clusters with
between 3 and 103 monomers have been considered at the
HF, MP2 and CDFT/cTPSS levels in both the aug-cc-pVDZ
and aug-cc-pVTZ basis sets.123,124 In the case of the largest
water clusters, the RI approximation has been employed with
auxiliary basis sets automatically generated using the AUTOAUX

method of Stoychev et al.,125 which constructs a set of fitting
functions to span the product space of the orbital basis.

A particular adaptation of the EFM employed in the present
calculations is the construction of initial guess densities for the
dimers from a superposition of monomer density matrices,
generated during the determination of the monomer energies
step. This improves the efficiency of the dimer calculations,
consistently providing a more accurate initial guess, including
the embedding field contributions, compared to standard
methods for the generation of initial guess densities such as
from the core Hamiltonian or from a superposition of atomic
densities.
3.1. Determination of Water Cluster Geometries. The

geometries of the smaller water clusters considered here, with
between 3 and 10 monomers, were taken from a set of
benchmark data for more than 70 low-lying water clusters,126

where the geometries were determined at the MP2 level with a
combination of the aug-cc-pVTZ and cc-pVTZ basis sets for
the oxygen and hydrogen atoms, respectively. For purposes of
comparison, however, the water trimer used for the analysis
presented in Tables 1 and 2, was optimized at the HF/aug-cc-
pVDZ level to reproduce the geometry used in ref 55.

The geometry of the largest water cluster, which consists of
103 monomers, was taken from a snapshot of a molecular
dynamics (MD) simulation. The water cluster was simulated in
a cubic simulation box of dimension 30 Å and described with
the TIP3P water model.127,128 The MD simulation was
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performed using the NVT ensemble with a constant
temperature of 300 K for a duration of 150 ps. The MD
simulation was performed in the absence of an external
magnetic field−yielding zero-field geometries analogous to
those obtained for the smaller water clusters. This simulation
was performed using the DL_POLY software package.129

3.2. Short Range Potential Attenuation. As described
in Section 2.1, the embedding potential used in this work is a
first-order truncation of the multipole expansion for the
Coulomb potential of each monomer, which is represented by
only the dipole potential term. This generally results in very
little loss of accuracy since the monomers are relatively well-
separated when noncovalently bound and therefore the
Coulomb potential of other monomers in regions of nonzero
electron density for a given subsystem will be dominated by
the dipole potential term.55

However, for some geometries of water clusters considered
in this work, there were several monomers in sufficiently close
proximity that the dipole potential did not accurately represent
the Coulomb interaction between them. The absence of the
significant contributions from higher-order terms at short-
range results in an unphysical potential in this region, the
interaction of which with the charge density of other
subsystems can make their densities more difficult to converge
and the resulting errors propagate through the MBE. This
effect is particularly apparent when CDFT is employed due to
the more diffuse charge density�an artifact of the
delocalization error arising from using approximate ex-
change−correlation functionals.130

The errors at short-range in the multipole expansion are
well-known and strategies for addressing these problems using
damping functions have been discussed for example in ref 131.
Furthermore, the limitations of the dipole potential at short-
range have been discussed in ref 106, in which it is augmented
by an electrostatic potential represented by several point

charges for each monomer, the position and partial charges of
which are optimized such that the resulting potential best
matches the Coulomb potential of the monomer. In the
present work, an alternative approach is proposed; the dipole
potential of each monomer is attenuated at short-range with
the error function, as

(24)

in which μ is the attenuation parameter: as μ → 0, erf(μ) → 0
while as μ → ∞, erf(μ) → 1. The effect of attenuation on the
potential following eq 24 can be seen by considering the
effective Coulomb potential of water molecule a in the
presence of another water molecule b at a distance of 2.0 bohr.
Therefore, the effective potential in may be represented
by the difference between the Coulomb potential of the two
molecules combined vab and that of the second water molecule
vb,

(25)

in which the Coulomb potentials are as defined in eq 4. This
may be compared with the effective potential constructed
from the Coulomb potential of a and the dipole potential of b,
as defined in eq 24, to give

(26)

The potentials of eqs 25 and 26 are plotted in Figure 1, for a
range of attenuation parameters. It can be seen clearly how the

dipole potential departs significantly from the Coulomb
potential in the vicinity of water molecule b at this separation,
while the attenuation at short range significantly reduces the
potential in this region. In Figure 2, the product of these
potentials with the charge density of the water molecule ρa is
plotted; this shows how attenuation of the potential in the
regions that contribute meaningfully to the energy of the
molecule has a significant effect, bringing the effective potential
closer to the Coulomb potential that it is intended to model.

In both figures, the dipole potential is plotted for several
attenuation parameters; even though these values of μ result in

Table 1. Error in the Total Water Trimer Energy Evaluated
Using EFM, Relative to Conventional Evaluation at
Increasing Magnetic Field Strengths (Oriented as Shown in
Figure 5) in the aug-cc-pVDZ Basis for a Range of
Electronic Structure Methods

Error in Total Water Trimer Energy (kcal mol−1)

|B|/B0 0.00 0.10 0.20 0.30 0.40

HF −0.14 −0.12 −0.19 −0.24 −0.52
BLYP −0.56 −0.49 −0.57 −0.61 −1.41
cTPSS −0.58 −0.54 −0.61 −0.70 −1.37
MP2 −0.37 −0.28 −0.30 −0.32 −0.68
MP3 −0.36 −0.27 −0.29 −0.31 −0.63
CCSD −0.37 −0.28 −0.29 −0.31 −0.64

Table 2. Trimer Interaction Energy at Increasing Magnetic
Field Strengths (Oriented as Shown in Figure 5) in the aug-
cc-pVDZ Basis for a Range of Electronic Structure Methods

Trimer Interaction Energy (kcal mol−1)

|B|/B0 0.00 0.10 0.20 0.30 0.40

HF −11.9 −12.8 −14.8 −16.4 −15.6
BLYP −12.8 −14.0 −16.7 −18.7 −18.3
cTPSS −13.7 −14.7 −17.2 −18.9 −18.4
MP2 −15.9 −16.8 −19.1 −20.9 −20.4
MP3 −15.1 −16.0 −18.2 −19.8 −19.1
CCSD −15.3 −16.2 −18.4 −20.0 −19.2

Figure 1. Effective potential for a water molecule, in the presence of
another water molecule at a distance of 2.0 bohr, constructed from the
full Coulomb potential and the attenuated dipole potential ,
according to eqs 25 and 26, respectively.
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significant short-range attenuation, it can be seen particularly
in Figure 1 that values of this order are required to remove the
unphysical oscillatory feature around the origin of the dipole.
Even with a significant attenuation of the potential, however,
the error in the energy, with respect to a conventional
calculation, rapidly approaches that with the unattenuated
potential. This can be seen in Figure 3, which shows the

change in the error in the energy from the EFM method
relative to a conventional calculation, with respect to the
attenuation parameter μ. With both HF and TPSS, the error
begins to approach that of the unattenuated EFM calculation
already at μ ≈ 1, whereas, for 0.25 ≤ μ ≤ 1.00, the error
obtained by using the attenuated potential is lower than that of
the unattenuated calculation. We have confirmed that a similar
trend occurs for water clusters of up to 10 monomers in a
variety of conformations.

4. RESULTS AND DISCUSSION
4.1. The Embedded Fragment Method in Strong

Magnetic Fields. We commence by assessing the accuracy of
the present implementation by comparing the energy of small
water clusters evaluated using the EFM with that given by
conventional single-point calculations on the entire clusters at
zero field. In this analysis, water clusters with between 3 and 10
monomers are considered; the mean absolute relative error is
calculated across a range of conformers, with geometries taken
from ref 126, for each cluster size using several different
methods and basis sets. These are presented in Figure 4, while
the underlying energies from which these errors are calculated
may be found in the Supporting Information.

Several observations can be made from Figure 4. First, in all
cases, the mean error is below 0.01%, which is consistent with
those of ref 55, confirming the accuracy of the present
implementation at zero field. Second, with the exception of the
trimer, which has a much smaller error than other cluster sizes,
the size of the error is relatively consistent with increasing
cluster size. This is reassuring, given the propensity for
precision errors to accumulate in MBE methods.69 This
relative insensitivity of the error to cluster size is observed
when the BSSE is taken into account as described in Section
2.1. Third, there are no significant differences in relative error
with the larger aug-cc-pVTZ basis set, compared to the aug-cc-
pVDZ basis, indicating the overall efficacy of the BSSE
correction described in Section 2.1. The average errors are very
similar between HF and TPSS, while being slightly larger with
MP2.

With the accuracy of the present implementation established
at zero field, its performance in the presence of strong
magnetic fields can now be considered. Table 1 shows the

Figure 2. Effective potential for a water molecule multiplied by its
density ρa, in the presence of another water molecule at a distance of
2.0 bohr, constructed from the full Coulomb potential and the
attenuated dipole potential , according to eqs 25 and 26,
respectively.

Figure 3. Error in the energy of a water trimer, evaluated with the
EFM method relative to a conventional calculation, as a function of
embedding potential attenuation parameter μ (given in units of kcal
mol−1), calculated using HF and TPSS.

Figure 4. Mean absolute relative error (%) in the total energy calculated by EFM, compared to the corresponding conventional approaches, for
water clusters with between 3 and 10 monomers at different levels of theory with both the aug-cc-pVDZ (DZ) and aug-cc-pVTZ (TZ) basis sets.
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error in the total energy of the water trimer evaluated using
EFM relative to its energy evaluated with a conventional
calculation of the entire system for several electronic structure
methods with increasing magnetic field strength. For the
purposes of comparison with ref 55, the BSSE correction is not
included in the EFM energy when calculating the errors in
Table 1 and interaction energies in Table 2. The magnetic field
is applied perpendicular to the plane of the three oxygen atoms
in the trimer, shown in Figure 5. The underlying data from
which the errors are calculated may be found in the Supporting
Information.

It can be seen in Table 1 that the errors in the energies with
EFM do not change significantly from zero field up to |B| =
0.3B0, for each of the methods considered here; however, the
errors roughly double as the field strength increases from |B| =
0.3B0 to 0.4B0. The sharp increase in the error as the field
strength increases beyond |B| ≈ 0.3B0 does not have a single
obvious cause; there may be several contributory factors for
this observation.

One reason this method may not remain as accurate at
arbitrary field strengths, at least without further modification, is
due to the change that occurs in the relative significance of
Coulomb interaction at very high field strengths; in the region
of |B| ≈ 1.0B0, magnetically induced interactions become as
significant as the Coulomb interaction. The embedding
potential in the present work comprises the dominant term
in the multipole expansion of the Coulomb potential,
determined self-consistently at the monomer level. However,
this may be an increasingly incomplete representation of the
interaction between spatially separated charge distributions on
different molecules. In addition, since this interaction is with
an external field, it may be intrinsically more difficult to
describe by low-order terms in the MBE. Nevertheless, Table 1
does suggest that, up to a limit, the EFM approach remains
reliable for systems in relatively strong magnetic fields.

Given this, it is therefore possible to investigate the effects of
increasing magnetic field strength on the clusters. In the
simplest case, the changes in interaction energy, as defined by
the difference between the EFM energy (EEFM) and the sum of
the energies of isolated monomers (Eiso), with magnetic field
strength can be examined for the water cluster. Table 2
presents the interaction energy for the trimer at increasing field
strengths, with a range of electronic structure methods.

It can be seen in Table 2 that, for all electronic structure
methods, the interaction energy becomes more negative from
zero field up to |B| = 0.3B0, beyond which there is an apparent
decrease in the magnitude of the interaction energy. However,
there is a limit to how much can be interpreted from this, since

the geometry of the trimer remains fixed at the zero field
geometry for all field strengths; it has been seen28,30 that, at the
field strengths considered in Table 2, the equilibrium geometry
can be significantly different to that at zero field. A more
meaningful picture of the trend in interaction energy with field
strength would require relaxation of the geometry to be
considered, which is beyond the scope of the present study.
For lower field strengths, however, the effects of geometry
relaxation are expected to be much smaller and therefore
examination of the change in interaction energy with field
strength in the range |B| ≲ 0.1B0 for much larger clusters even
at fixed geometries can be used to investigate changes in
properties under such conditions; this is discussed in Section
4.3.

In addition to interaction energies, EFM can further be used
to examine the changes in electron density within the system
with field strength. In the MBE paradigm, the total electron
density for a given cluster can be evaluated as132

(27)

where

(28)

(29)

Here, Di is the density matrix of monomer i and Dij is the
density matrix of the dimer comprising monomer i and
monomer j, while μ and ν are the indices of the basis functions.

Figure 6 shows, for the same fixed geometry water trimer,
how the electron density relative to the isolated water

molecules changes as the magnetic field strength is increased
from zero to |B| = 0.1B0. It can be seen that there is a general
increase in electron density in the region between the three
monomers at |B| = 0.1B0, relative to zero field, which would
indicate a strengthening of the interactions between the three
molecules. However, this is not directly consistent with an
increased charge density accumulation on the oxygen atom and
depletion on the hydrogen atom that would be expected from
an increased hydrogen bonding strength.
4.2. Computational Efficiency and Accuracy Consid-

erations. Having established the validity of the EFM approach
to treat small clusters in the presence of strong magnetic fields
we now consider the computational scaling of the present
implementation. As described in Section 2, the use of LAOs

Figure 5. Geometry of the water trimer used in the present work,
showing the relative orientation of the applied magnetic field.

Figure 6. Density difference plots for a water trimer determined at
two different field strengths (|B| = 0.0B0 and 0.1B0, oriented as shown
in Figure 5) and the difference between them (right). All calculations
performed using DFT with the cTPSS functional and the aug-cc-
pVDZ basis set. Red indicates a buildup of electron density and blue
represents a depletion.
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inherently raises the computational cost of all electronic
structure methods, although many approaches for reducing the
scaling of conventional calculations have been developed such
as RI28,56,133 and the Cholesky decomposition.57

It has been shown that using the binary approximation
effectively reduces the computational scaling, with relation to
the system size, to , regardless of the underlying
electronic structure method that is chosen. It can be further
reduced to effectively for very large clusters if a radial
cutoff is introduced when calculating the dimer energies,
assuming that the two-body electron correlation contributions
decay much faster than the Coulomb contributions accounted
for by the embedding potential.

This remains the case when using LAO-based electronic
structure methods, since inherently the computational cost is
still only dependent on a series of dimer calculations, which are
individually very inexpensive, relative to a calculation on the
entire system. Figure 7 demonstrates the reduction in scaling

from to the expected for MP2 calculations, with
the aug-cc-pVDZ basis set and RI approximation (the
implementation of RI-MP2 used in this work is described in
Appendix A), on a series of water clusters with increasing size
in a magnetic field of |B| = 0.1B0. All execution times are
measured relative to the time required for the calculation on a
single water molecule.

This method significantly benefits from the efficient use of
high-performance computer facilities, since each stage within a
given calculation is inherently embarrassingly parallel. Individ-
ual monomer and dimer energy calculations can be distributed
across multiple processors, decreasing the overall time required
to perform the total calculation. This can be demonstrated by

plotting the acceleration, , where t0 is the time taken on a

single processor, achieved when the number of processors used
for a single calculation is increased. This is demonstrated in
Figure 8 and compared against ideal acceleration, in which the
computation time is inversely proportional to the number of
processors. To account for variable frequency scaling, two
other lines have been included which show the ideal
acceleration scaled down by 15% and 33%, in accordance
with the reported clock speeds for AMD EPYC 7551

processors used in this work. This reduction accounts for the
dynamic lowering of the clock speed as the number of active
cores is increased.
4.3. Water in Strong Magnetic Fields. Following from

the previous discussion, it is interesting to now consider the
application of EFM to much larger water clusters, the
behavior of which should approach that of water on the
macroscopic scale as the size of the cluster increases. The effect
of an applied magnetic field on bulk properties of systems can
be relatively small, depending on the system and the strength
of the magnetic field. However, many studies have shown that
even weak fields can cause a measurable change in various
properties of liquid water.42−51 The underlying mechanism by
which these changes occur has not been unambiguously
determined, with some studies suggesting that the
external field influences the hydrogen bonding within
water.42−44,47,48,50 However, many of these observations have
proven difficult to reproduce and their physical origins remain
a matter of debate.

To examine this problem computationally, either the use of
very large system sizes, solvation models or periodic boundary
conditions must be employed; all of these would be highly
computationally expensive and, in some cases, can be difficult
to generalize to the presence of an external magnetic field.
EFM enables the computational study of increasingly large
water clusters, in a basis of LAOs for the nonperturbative
treatment of an external magnetic field, providing the
possibility to study the transition between finite and bulk
systems.

A simple measure to compute is the mean interaction energy
(MIE) for a system of n noncovalently bound molecules,

(30)

Figure 9 demonstrates the change in EMIE with increasing
magnetic field strength applied to a molecular cluster
consisting of 103 water molecules, relative to the same
quantity in the absence of the external field.

Single-point EFM energy calculations were undertaken in
the presence of external magnetic fields ranging from |B| =
0.00B0 to 0.02B0 with the HF, cTPSS, and MP2 electronic

Figure 7. Relative CPU time required to perform LAO based RI-MP2
single-point energy calculations on a series of water clusters, with and
without EFM.

Figure 8. Measured acceleration when increasing the number of
processors for a HF/aug-cc-pVDZ EFM calculation on a cluster
consisting of 103 molecules, compared to the ideal acceleration at
three different clock speeds, which account for variable frequency
scaling.
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structure methods in the contracted aug-cc-pVDZ basis set and
using the RI approximation as described in Section 3. With
cTPSS, these calculations were repeated in the larger aug-cc-
pVTZ basis set to examine the effects of basis set
incompleteness on the results; very small differences in the
mean interaction energies were observed relative to the values
obtained in the smaller aug-cc-pVDZ basis set, indicating that
the smaller basis set is adequate to obtain reasonably
converged interaction energies in larger clusters. We note
that a conventional calculation with the aug-cc-pVTZ basis set
would require an LAO-based calculation with more than
12 000 basis functions and the EFM plays an essential role in
making such calculations tractable.

For these larger cluster sizes, it was observed that, in some
cases, convergence difficulties in the self-consistent field (SCF)
procedure were encountered when employing density-func-
tional methods with the standard embedding potential of eq 8.
The origin of these effects was traced to the spurious short-
range behavior of this simple dipole model, as discussed in
Section 3.2, coupled with delocalization error of conventional
density-functional methods leading to electron densities with
more pronounced long-range interactions.130 To mitigate these
SCF convergence problems all cTPSS calculations here include
short-range attenuation of the embedding potential based on
eq 24 with an attenuation parameter μ = 0.45. This value was
chosen pragmatically by reducing μ to the largest value
allowing robust convergence, therefore keeping the embedding
potential as similar as possible to its unattenuated form. The
mean interaction energies yielded by these calculations are
plotted as a function of magnetic field strength, relative to the
value at zero field, in Figure 9.

It is noteworthy that the value of μ chosen in the manner
described above is consistent with the analysis of the absolute
errors in the energy discussed in Section 3.2. Furthermore, we
have confirmed that the interaction energies are insensitive to
the choice of μ. For HF and MP2 no SCF convergence errors
were observed, consistent with the localization error of HF,
and so the conventional embedding potential of eq 8 was
employed directly in these calculations. The change in the
interaction energies is similar for each method considered and

the cTPSS results fall between HF and MP2, as may be
expected, based on experience in the absence of an external
field.

It can be seen in Figure 9 that, for all methods, the mean
interaction energy becomes more negative with increasing field
strength; in other words, the intermolecular interaction
becomes stronger as the strength of the magnetic field
increases. The same trend is observed for all three methods,
with small differences in the absolute value most likely
attributable to the differences in the treatment of exchange and
correlation effects between methods. Furthermore, as demon-
strated for cTPSS, the results appear to be almost independent
of basis set size. Therefore, it follows that these results provide
at least a qualitative agreement with the experimentally
observed changes in the physical properties of water under
the influence of a magnetic field.42−44,47,48,50 However, it is not
possible to infer from these results the underlying mechanism
responsible for this effect and further investigation would be
required to consider this question further.

As described in Section 4.1, it is important to note that this
work does not account for the effects of geometry relaxation as
the magnetic field strength changes, which may become
significant at higher field strengths. However, at the range of
field strengths considered in Figure 9, this effect is expected to
be minimal and the change in mean interaction energy for a
fixed geometry should remain a good indication of how the
system responds in the presence of such magnetic fields.

5. CONCLUSIONS
In this work, a readily accessible method has been presented
for undertaking electronic structure calculations on large
weakly bound molecular clusters in the presence of arbitrary
strength magnetic fields using any method applicable to simple
monomer and dimer calculations. This generalization of the
embedded fragment method of ref 55 builds on recent
developments in the nonperturbative treatment of magnetic
fields in electronic structure calculations while addressing a
fundamental limitation of such methods, high computational
cost, thus permitting for the first time the effects of magnetic
fields on large noncovalently bound molecular clusters to be
examined.

It has been shown that the generalized EFM remains
accurate in strong magnetic fields, with the level of accuracy
remaining similar to that at zero field as the field strength is
increased up to |B| = 0.3 B0. Furthermore, it has been shown
that the computational advantages of fragmentation-based
approaches are maintained in this generalization, with the
expected reduction in scaling from , 3 ≤ x ≤ 7
(depending on the electronic structure method chosen), to

, with respect to system size. The present implementa-
tion is also comprehensively parallelized to make full use of
modern high-performance compute resources.

This method has been applied to large water clusters to
enable the theoretical study of how the intermolecular
interactions within the water cluster respond to the presence
of an external magnetic field. To address convergence issues
sometimes observed for clusters of this size, a simple and
inexpensive modification to the dipole embedding potential
was developed. Introducing attenuation at short-range, where
the representation of the Coulomb potential is least accurate,
addresses convergence difficulties arising when monomers are

Figure 9. Change in the mean interaction energy for a molecular
cluster consisting of 103 water molecules, determined at the HF
(blue), DFT/cTPSS (red), and MP2 (yellow) theory levels with the
aug-cc-pVDZ basis set and using RI. Equivalent DFT/cTPSS
calculations with the aug-cc-pVTZ basis set are also shown as black
circles.
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not well separated without compromising the accuracy of the
method.

The observed trend in the change of the mean interaction
energy with magnetic field strength demonstrated that, as the
field strength increases, interactions between the water
molecules are strengthened, which is consistent with the
results of previous experimental studies.42,43,47,48,50 Many of
these studies attribute this to a strengthening of the hydrogen
bonding network within water. However, the change in charge
density with field strength shown in Figure 6 does not reveal an
obvious shift in the electron density corresponding to a
strengthening of the hydrogen bonds. In addition, the changes
in charge density associated with the magnetically enhanced
binding are only significant at magnetic field strengths well
above that which would be possible in a laboratory setting.
Combined with the observations from Figure 6, this increase in
interaction strength cannot be confidently attributed to an
increase in the hydrogen bonding as often hypothesized from
experimental results. This has been further confirmed with
analysis of the change in the electron density for larger clusters,
which are consistent with the change shown in Figure 6.
Because of occlusion effects, however, these are difficult to
visualize and therefore images for these cases have not been
included here.

In the present work, only relatively weak magnetic field
strengths (in atomic units) were considered for the larger
clusters, where structural perturbations are expected to be
relatively modest. Nonetheless, given the weak nature of the
interactions it would be interesting to take into account
geometrical relaxation and the implementation of analytic
gradients building upon the implementation in ref 28 is
currently underway. This initial study has also focused on
homogeneous water clusters to investigate the capabilities of
the EFM approach in the presence of external magnetic fields.
Future work will use this framework for heterogeneous clusters
to examine both the influence of external magnetic fields on
solute−solvent interactions and as a model for solvation effects
in the determination of magnetic response properties.

■ APPENDIX A. RI-MP2/MP3 IN STRONG MAGNETIC
FIELDS

In the present work, the RI approximation has been employed
to improve the efficiency of calculations for the largest water
clusters. In particular, an implementation of MP2 and MP3
using the RI approximation in the basis of LAOs was
particularly effective to reduce computational resource require-
ments. The working equations for RI-MP2 and RI-MP3 in a
basis of LAOs for calculations in strong magnetic fields are
given here for completeness.

In the RI approximation, two-center charge distributions are
expanded in a basis of atom-centered auxiliary functions φP,
allowing the four-center electron repulsion integrals to be
approximated by the contraction of two and three-center
intermediates,

(A-1)

where the two and three-center intermediates are respectively
defined as

(A-2)

(A-3)

which is conveniently recast using a further intermediate as

(A-4)

Standard Gaussian basis functions are used to represent the
auxiliary functions, since the use of LAOs for this purpose
would result in an unphysical gauge-origin dependence in the
charge distribution the auxiliary functions represent. The use of
the RI approximation in calculations with LAOs is discussed in
refs 28, 56, and 133.

The working equations for evaluating the conventional MP2
correlation energy in a basis of LAOs have been presented
elsewhere,134,135 and are summarized as

(A-5)

where i, j are occupied α orbitals, a, b are unoccupied α
orbitals, and and are similar for β orbitals, respectively.

Here, are the excitation amplitudes, given by

(A-6)

with HF orbital energies ε and two-electron integrals in the
molecular orbital (MO) basis that may be expressed in terms
of the MO coefficients c as

(A-7)

where the antisymmetrized integrals are given by

(A-8)

The four-index integral in eq A-7 can be approximated in terms
of the MO-transformed intermediates of eq A-4 as

(A-9)

from which approximations to the amplitudes in eq A-6 can be
constructed as

(A-10)

and with which the MP2 correlation energy of eq A-5 may be
rewritten as
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(A-11)

As a result, only the MO transformed three-index inter-
mediates of eq A-4 are required in the RI approximation. This
reduces both the computational cost and memory require-
ments of the integral transformation step and subsequent MP2
correlation energy calculation.

The working equations for the MP3 energy are significantly
longer than those of the MP2 energy, since the higher-order in
perturbation theory introduces many additional terms.136,137 In
its conventional form, the MP3 energy may be written in a
similar way to eq A-5 as

(A-12)

where are the intermediates defined as

(A-13)

and, similarly, terms are defined as

(A-14)

These may be approximated by three-center integrals in the
same way as the MP2 amplitudes are in eq A-10, respectively
constructed as

(A-15)

and

(A-16)
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