NEURAL NETWORKS IN FRECHET SPACES
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ABSTRACT. We propose a neural network architecture in infinite dimensional spaces for
which we can show the universal approximation property. Indeed, we derive approxima-
tion results for continuous functions from a Fréchet space X into a Banach space ). The
approximation results are generalising the well known universal approximation theorem
for continuous functions from R™ to R, where approximation is done with (multilayer)
neural networks [16, 28, 20, 35]. Our infinite dimensional networks are constructed using
activation functions being nonlinear operators and affine transforms. Several examples
are given of such activation functions. We show furthermore that our neural networks
on infinite dimensional spaces can be projected down to finite dimensional subspaces
with any desirable accuracy, thus obtaining approximating networks that are easy to
implement and allow for fast computation and fitting. The resulting neural network
architecture is therefore applicable for prediction tasks based on functional data.

1. INTRODUCTION

The universal approximation theorem shows that any continuous function from R"™ to
R can be approximated arbitrary well with a one layer neural network. More precisely,
for a fixed continuous function ¢ : R — R and a € R™,/4,b € R, a neuron is a function
Niap € C(R™;R) defined by 2 +— ¢o(a’z+b). The universal approximation theorem states
conditions on the activation function o such that the linear space of functions generated by
the neurons

N(o) := span{Ng qp; 6,0 ERja € R}

is dense with respect to the topology of uniform convergence on compacts. This means that
for every f € C(R™;R) and compact subset K C R™ and a given € > 0, there exists N € N
and ¢;,b; € R,a; € R™ for i =1,..., N such that

reK

N
sup f(.’l?) - ZMi;ai,bi (l‘) S €.
=1

Possibly the most widely known property of ¢ that was shown in Cybenko [16] and Hornik,
Stinchcombe, and White [28] to lead to the density of 9(c) C C(R™;R) is the sigmoid
property, which requires o to be such that lim; o 0(t) = 1 and limy_,_ o(t) = 0. This
condition has later been relaxed to a boundedness condition Funahashi [20] and a non-
polynomial condition Leshno et al. [35]. All these results are on finite-dimensional shallow
neural networks that consist of one or two layers with many neurons (bounded depth, arbi-
trary width). In contrast stands the analysis of networks with arbitrary depth and bounded
width which has also recently received attention [38, 23, 30]. We refer the reader to Pinkus
[44] for an overview of the earlier literature on neural network approximation theory and to
Berner et al. [5] for a more recent account. See also Kratsios [32] for a unified approach of
approximation results for a wide class of network architectures.

In this paper we are concerned with more general functions f € C(X;%)), where X is an
F-Fréchet space, i.e., a Fréchet space over the field F and ) an F-Banach space. We start
with ) = F. In the definition of a neuron, we replace a 'z + b by an affine function on X,
the activation function o : R — R by a function in C(X;X), and the scalar ¢ by a linear
form. With (-,-) the canonical pairing between ¥’ and X (X’ denoting the topological dual
of X), for £ € X', A € L(X),b € X we then define a neuron Ny 4, by

Neap(z) = (0, 0(Ax + b))
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and ask for conditions on o : X — X that ensure that (o) := span{Nyap;¢ € X', A €
L(X),b € X} is dense in C(X;F) under some suitable topology. We thus treat the infinite-
dimensional shallow neural network case (bounded depth, arbitrary width).

To indicate the conditions we obtain for o, recall that any map 1) € X’ defines a hyperplane
by the set of points ¥g := {x € X;(¢),z) = 0}. This hyperplane splits the space X into
the sets ¥_ = {z € X;{¢,z) < 0} and ¥, := {z € X;(¢p,x) > 0}. We show that
the main property for the activation function to ensure that 9(o) is dense in C(X;F) is,
informally, that an ¢ € X’ exists such that the value o(z) converges, as x moves away from
the hyperplane that is defined by ¥. The limiting values on both sides of the hyperplane need
to be different. We provide several simple examples of easy to calculate activation functions
with the required property. In a second step, we extend our results to f € C(X;9)), where
) is an F-Banach space.

While such an approximation result might be of interest in its own, from a practical
perspective it is not clear how the functions /\/’g, A,b, which involve infinite dimensional quan-
tities, can actually be programmed. We therefore address the question of approximating the
maps Ny 4, by finite dimensional, easy to calculate quantities. Under the assumption that
the Fréchet space X admits a Schauder basis, we show that such an approximation is possi-
ble. The resulting neural network has an architecture similar to classical neural networks,
with the exception that the activation function is now multidimensional. It does however
still permit for an easy to calculate gradient, which is crucial for training the network via
a back-propagation algorithm. Finally, we also derive the approximation property for deep
neural networks with a given fixed number of layers.

Possible applications of our results are within the area of machine learning, in particu-
lar in the many situations where the input of each sample in the training set is actually a
function (see e.g. Ramsey and Silverman [45] for an account on functional data analysis
and examples). In our accompanying paper [2] we use the results obtained here to derive
numerical solutions of partial differential equations for a range of initial conditions or coeffi-
cients at once (see Han, Jentzen and E [22], Hutzenthaler et al. [29], Cuchiero, Larsson and
Teichmann [15], Beck et al. [1] for papers on neural networks and partial differential equa-
tions). There are other instances where functional data appears naturally. For example grey
scale images can be understood as a function I : [0,1]% — [0, 1]. For imagine classification
or recognition problems (see Miiller, Soto-Ray and Kramer [41] and Tian [49]) one is now
interested in approximating the function f that assigns to each image its classification f(I).
Additional examples are stock price prediction (see Yu and Yan [52]), option pricing and
hedging (see Buehler et al. [9] and Benth, Detering and Lavagnini [4]), and many others.
We present in this paper an example from commodity markets option pricing.

If the function space of the inputs is a Fréchet space with a Schauder basis, this basis
provides structural information about the elements. Traditional neural networks must be
of very high dimension (large input dimension, large number of neurons) to approximate
a function well. The more variability there is in the function, the larger the number of
parameters that is needed. Therefore, instead of using a classical network to approximate
a function on a grid, our approach allows one to use information in the basis functions
instead to capture the structure and get theoretical convergence results. Our approximation
thus focuses on features of the function related to the coefficients in the basis expansion.
Moreover, we show that there is a large class of possible activation functions o : X — X
and a choice that is suitable for the approximation problem at hand can significantly reduce
the number of nodes required to approximate a given function f sufficiently well. We refer
to our accompanying paper [3] where this idea is used to price flow forward derivatives in
energy markets.

Related literature: The approximation with neural networks of functionals and oper-
ators that are defined on some general (possibly infinite dimensional) space X goes back to
Sandberg [46]. In Sandberg [46] in the context of discrete time systems, non-linear func-
tionals on a space of functions from N U {0} to N are approximated with neural networks.
In Chen and Chen [11, 12] the authors consider the approximation of non-linear operators
defined on infinite dimensional spaces and use these results for approximating the output of
dynamical systems. Among other results they approximate functions f : K C X — R, where
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X is Banach, K is compact and f is continuous. In Mhaskar and Hahm [40] the authors
derive networks that approximate the functionals on the function spaces LP([—1,1]%) for
1 <p < oo and C([-1,1]*) for integer s > 1. The recent article by Kratisos [32] considers
a space M(%X,9) of functions from a metric space X to another metric space 2). Among
other results, under the assumption that this functions space is homeomorphic to an infinite-
dimensional Fréchet space, the author derives properties of neural network architectures that
are dense within this space. We would like to stress however that in the situation we consider
in this paper, the domain space X is a Fréchet space. The function space C(X, R) however is
usually not a Fréchet space unless X is finite dimensional. Infinitely wide neural networks,
with an infinite but countable number of nodes in the hidden layer have been studied in the
context of Bayesian learning, Gaussian processes and kernel methods by several authors, see
e.g., Neal [43], Williams [51], Cho and Saul [13] and Hazan and Jaakola [24]. Hornik [27]
provides approximation results for such infinitely wide networks. Guss and Salakhutdinov
[21] prove the universal approximation property for two-layer infinite dimensional neural
networks. They show their approximation property for continuous maps between spaces of
continuous functions on compacts.

Recently so-called DeepONets for the approximation of operators between Banach spaces
of continuous functions on compact subsets of R™ have been proposed and analyzed by
Lu et al. [37], and Lauthaler, Mishra and Karniadakis [34]. DeepONets follow a similar
structure as the one used in Chen and Chen [12] of a branch net that uses signals to extract
information about the functions in the domain, and a trunk net to map to the image. In
DeepONets both the branch and trunk nets are deep neural nets. In Kovachki et al. [31]
and Li et al. [36], the authors propose a neural network method to approximate the solution
operator that assigns to a coefficient function for a partial differential equation (PDE) its
solution function. This leads again to the approximation of an operator between Banach
spaces of functions that are defined on a bounded domain in R™. The neural network that
is presented in [31, 36] is tailor-made for the specific problem at hand and its structure is
motivated by the Green function which defines the solution to the PDE. We also refer the
reader to Kratsios and Bilokopytov [33] for approximations on manifolds in R™.

Our approach differs in several ways from those previously proposed: We allow for very
general spaces X going beyond Banach spaces, which extends the scope of applications. We
provide an example of a continuous function on Fréchet space in Section 6 where this general-
ity is needed. In contrast to most currently available neural networks for infinite spaces, our
architecture focuses on information inherit in the basis decomposition. This decomposition
carries important structural information that helps in the learning process. Moreover, the
network architectures in the works discussed above have in common an activation function o
with image in R instead of X as we propose it here. Our notion of a neural network in infinite
dimensions is additionally motivated by the relationship with controlled ordinary differential
equations, which points towards an activation function o : X — X rather than the classical
one-dimensional maps (possibly on basis coordinates). We refer to E [17] for a connection
between ordinary differential equations and deep neural networks. Lastly, our networks are
structurally very similar to classical neural networks. This allows to easily adapt widely
available and efficient packages as TensorFlow or PyTorch to approximate maps between
infinite dimensional spaces. From a theoretical perspective our results allow us to separate
two approximations. First, the approximation of arbitrary functions f € C(X%;%)) with a su-
perposition of infinite dimensional neurons, and second, the approximation of the resulting
infinite dimensional neural network with computable, finite dimensional quantities.

The outline for the paper is as follows. In Section 2 we derive our first main result
Theorem 2.3, which shows that if o has a property called discriminatory property, then 91(o)
is dense in C'(X;F). The main technical challenge is then to derive conditions that ensure
that a given function ¢ : X — X is actually discriminatory, which is done in Theorem 2.8.
We also provide some first examples of discriminatory functions in this section. We then
extend these results in Section 3 to functions f € C(X;9)), 2 Banach space. In Section 4
we address the question of finite dimensional approximations to the neural network which
can easily be computed and trained. In most generality, only under the assumption that
the Fréchet space X has a Schauder basis, the approximation is covered in Theorem 4.3.
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In Section 5 we cover the approximation with multi-layered neural networks. Finally, in
Section 6 we discuss an application from commodity markets, where continuous functions
on Fréchet spaces appear.
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2. AN ABSTRACT APPROXIMATION RESULT

Let F € {R,C}, and let X be an F-Fréchet space. Let (px)ren be an increasing sequence
of seminorms that generates the topology of X. We can then consider a metric d on X (that
generates the same topology) given by

— pr(z —y)
1 d(z,y) = gk 2 I
® S aP PER e e
for z,y € X.
Let us consider o : X — X continuous function. Let A : X — X be in £(X), i.e. a linear
and continuous operator, b € X and £ € X', where X’ denotes the topological dual of X. Let
us consider the following function:

(2) Neap: X —=F, Negap(x):={o(Az+0b)) =Llc(Ax +D)), z€X,

where (-,-) is the canonical pairing between X’ and X. We will call such function a neuron.
Every neuron N 4 is clearly continuous by composition of continuous maps, i.e. Ny ap €
C(X;TF), the space of F-valued continuous functions on X.
We define
N(o) :=span{Nyap; L € X', A€ L(X),be X},

namely, we consider all linear combinations of the form

N
ZajM-f’Aj’bf’ a; € IF, N e N.
j=1
Evidently, 9(o) C C(X;F). The maps Ny, a,.bys-- - Ny, Ax oy build a hidden layer with N
neurons.
We endow C(X;F) with the topology of uniform convergence on compacts. Being X

metrizable, it is clearly Tychonoff, and in particular completely regular. For a given compact
subset K C X, define

ax (f) = sup [f(2)], [ e CGF).
zeEK

This is a seminorm on C(X;F). We consider the topology generated by the family of semi-
norms {qx; K C X, compact}, which is the coarsest topology that makes all the seminorms
continuous functions on C(X;F). This is also called the projective topology induced by the
maps ¢qx for K compact or the topology of compact subsets. Thus, we obtain a locally
convex topology on C(X;F), namely C(X;F) is an F-locally convex space. Conway [14,
Proposition 4.1, p. 114] provides us with the following Riesz representation theorem, which
we are going to employ in the sequel:

Proposition 2.1. If ¢ : C(X;F) = F is a continuous and linear functional, then there is a
compact set K C X and a regular Borel measure i on K such that ¢(f) = fK fdp for every
f € C(%;F). Conversely, each such measure defines an element of C(X;F)'. (Observe en
passant that |p| (K) < o0.)

We recall that for a locally compact space Y equipped with its Borel o-algebra B(Y), a
positive measure v on B(Y') is a regular Borel measure if

(1) v(F) < oo for every F C Y compact,
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(2) for any E € B(Y), v(E) = sup{v(F); F C E, F compact},
(3) for any E € B(Y), v(E) =inf{v(U); U D E,U open}.
If v is complex-valued or signed instead, then it is regular if |v| is.
In the following the expression (u, K) will denote a compact subset K C X and a regular
F-valued Borel measure o on K. We say that o : X — X continuous is discriminatory if for
any fixed pair (p, K)

/ (l,0(Ax + b)) u(dz) =0
K
for all £ € X', A € L(X),b € X implies that p = 0.

Remark 2.2. It would be tempting, albeit more challenging, to establish our universal ap-
prozimation result (Thm 2.3) in the space of bounded continuous functions Cyp(X;F), en-
dowed with the supremum norm (upon imposing suitable boundedness conditions on the
non-linearity o ), rather than approximating on a compact subset K as we are doing in this
paper. The main obstruction that prevented us from employing this approach is explained
by the succeeding observation: If we aim at following Cybenko’s blueprint [16] (refer to the
proof of Thm. 2.3 below) to establish our result, then in that case we would be required to
work with the space

rba(X) == {p: B(X) = TF; u(d) =0, finitely additive, finite and regular}

which is known to be the dual of Cyo(X;F), i.e. Cp(X;F) = rba(X). Dealing with finitely
additive measures is more involved, because many standard results from classical measure
theory cease to hold. In particular, at this stage it is not clear to us to envisage a suitable
set of conditions that the non-linearity o must satisfy in order to be discriminatory (see Def.
2.6).

Nonetheless, we deem this potential extension of our result to be interesting and worthy
to be explored (most likely by deviating completely from Cybenko’s strategy of proof), and we
hope to be able to come back to this question in the future.

The following first main result shows the density of M(c) if o is discriminatory. The
result takes inspiration from Cybenko [16] (see also [20], [28] and [35]), where a similar
result has been shown for the case X = R". For general X however, showing that a function
o : X — X is actually discriminatory can be involved. Later, in Theorem 2.8 we therefore
state conditions that can easily be verified and give rise to a large family of discriminatory
functions.

Theorem 2.3. Let X be an F-Fréchet space, and let 0 : X — X be continuous and dis-
criminatory. Then N(c) is dense in C(X;F) when equipped with the projective topology
with respect to the seminorms qx. In other words, given f € C(X;TF), then, for any com-
pact subset K of X, and any € > 0, there exists Zn]\le amNe,, A b € N(o) with suitable
am €F L, € X' Ay, € L(X) and by, € X such that

M
Z Nty A b € {9 € C(F); qi (9 — f) <&}

m=1

Proof. We assume that cl(91(0)) C C(X;F), and observe that cl(91(o)) is clearly still a vector
subspace.

We choose ug € C(X;F) \ cl(N(o)). Since the complement of cl(NM(o)) is open, we may
find n € N, seminorms g, , .. .,qk, on C(X;F) and €1,...,&, > 0 such that

U= ({ue CF); g, (u—1up) < £} C C(XF) \ cd(N(0)).
j=1
Clearly ug € U, U is convex, open and disjoint from cl(91(0)). From one of the Corollaries

of the Hahn-Banach Theorem (see e.g. Narici [42, Thm. 8.5.4]) there exists ¢ : C(X;F) = F
linear and continuous such that

(b’Cl(m(o')) =0, RN(¢)>0 on U.
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Here, R(¢) means the real part of ¢. In particular, ¢ is not identically zero. Then by
Proposition 2.1, there exists a compact subset K C X and a regular Borel measure (complex
or signed) p # 0 on K such that

/f u(dz), feC(X;F).

In particular, for any £ € X', A € £(X),b € X it holds

/ (£,0(Ax + b)) p(dx) = 0.
K

But o was assumed to be discriminatory. Thus we infer y = 0, and this is a contradiction
to R(¢) > 0 on U. We conclude that DN(o) is dense in C(X;F) with respect to the topology
of compact subsets of X. This implies that there exits M and «a,, € F, £, € X', A, € L(X)
and b,, € X for m =1,..., M such that (2.3) holds. O

Example 2.4. Because Theorem 2.3 allows us to approximate continuous functions on
compact subsets of X with neural networks, let us outline a typical example of an infinite
dimensional compact subset. First recall that for X Banach space, a subset S C X is compact
if and only if (i) S is closed and bounded, (ii) for all e > 0, there exists a finite dimensional
subspace X. C X such that for all s € S, it holds that d(s,X.) < . Let now X be a separable
Hilbert space and let (er)ren be an orthonormal basis for X. Then every x € X can be
represented as x = Y po, e with coefficients x), € F. Let us choose (si)en € €% with
s, >0 for all k € N. Here (? denotes the space of square integrable sequences. The set

(3) Si={xeX:|rg| <sk, VkeN}

is then compact. To see this, first observe that S is clearly bounded. Now, lety € cl(S). Then
we may find a sequence (£(n))pen in S such that x(n) converges to y. This in particular
means that xi(n) converges to yx for all k € N. But this implies that |yx| < si and hence
y €S and S is closed (i.e., (i) holds). Finally, let € > 0, then choose N. € N such that

oo

Z 5i<62

k=N.+1

and set X. := span{ey,...,en.}, which is clearly finite dimensional. For any x € S it holds

that
2

(o]
> ap <

k=N.+1

NE
Xr — E Tk
k=1

which clearly implies that d(x,X.) < Hx - Zgil xkekH < e and hence (ii) holds.

For the sequel, we need a boundedness assumption on the activation function o. First,
recall that a set A C X is von Neumann-bounded if for any k € N there exists ¢; > 0 such
that sup,c 4 pr(z) < cx. We assume that the set

(4) oX)cx
is von Neumann-bounded.

Remark 2.5. We have another concept of metric-boundedness available: A subset A of a
metric space (X,d) is bounded if there exists R > 0 such that for all x1,29 € A it holds
d(x1,22) < R. This concept is not sufficiently stringent, because diam(X) < 1 under the
metric defined in (1), and thus any subset of X is bounded. von Neumann-boundedness is
more well-suited when one works with metrizable topological vector spaces.

Assuming von Neumann-boundedness is convenient because it enables us to interchange
limits and integrals. Observe that in the case in which X is normed, we are back to the
classical concept of boundedness.

In view of the von Neumann-boundedness assumption on o, for any £ € X', A € L(X),b €
x

(Neap(@)] < Copr,(0(Az +1)), z€X
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for some constant Cy > 0 (compare Schaefer [47, Thm. 1.1, p. 74]), and thus, for a constant
C(¢,0) depending on ¢ and o

Neap(x)| < Clo), zeX.

We next investigate under which conditions a non-linear function o is discriminatory.
From now on, we assume that F = R, because we need that hyperplanes disconnect the
space X. If F = C, this of course, cannot hold.

We now state a condition that ensures that ¢ is discriminatory. In order to develop some
intuition for this condition, first recall that any ¢ € X'\ {0} defines a hyperplane in X by
the set ¥y = ker(¢). This hyperplane splits X between the two half-spaces ¥, = {z €
X; (¢, z) > 0} and ¥_ = {x € X; (¢h,x) < 0}, which lie on either side of the hyperplane. It
turns out that measures on B(X)N K are fully determined by their values on the half-spaces
arising from all shifted hyperplanes. If now o splits the space X in the sense that there exists
one particular hyperplane ¥, such that on either side of this hyperplane, the function o(\x)
converges as A — oo, then this implies that o(Az) converges pointwise to a function that is
constant on both half-spaces separated by V. Integrating this pointwise limit over either
of those spaces determines the value of the measure on them. The maps A € £(X),b € X
now allow to rotate, shift and project to all possible half-spaces and determine the measure
on them (see Lemma 2.10).

The following separating property is the infinite-dimensional counterpart to the well
known sigmoidal property for functions from R to R (see Cybenko [16]):

Definition 2.6. Separating property: There exist ¢ € X'\ {0} and uy,u_,ug € X such that
either uy ¢ span{ug,u_} or u_ ¢ span{ug,uy} and such that

lmy 00 0(A2) = uy, ifx € Uy
(5) limy oo 0(Az) =u_, ifz € U_
limy oo o(Az) = ug, if v € ¥y
where we have set as above
U, ={zxeX;W,z)>0}, Y_={zeX @,z <0}
and ¥y = ker(¢)).

We point out that as a particular case of the Separating property we may choose uy =
u_ = 0 and u4 # 0 for instance. We now provide a first example of a function o that fulfills
the Separating property. It is in the spirit of the classical Sigmoid activation function. More
examples are provided in Section 2.1.

Example 2.7. We are going to give a construction of a continuous and von Neumann-
bounded function o : X — X satisfying the Separating property in Definition 2.6, for
g, u_,ug € X such that either uy ¢ span{ug,u_} or u_ ¢ span{ug,uy}.

Let us recall this abstract result first: given a metric space (Z,d) and O #£Y C Z, define

F.(x) := max(1 — e 'd(z,Y),0), z€Z, ¢>0.

Then F. is Lipschitz continuous, F. € [0,1] and F.(x) — Iy (z) for any x € Z as e — 0.

Consider p € X'\ {0} arbitrary. We approximate with this trick the indicator functions
Iiy>1y, Tryp<—1y and Igy—oy, obtaining respectively Fr 1, Fe —1 and F. . The scaling param-
eter € is chosen small enough such that the supports of these functions do not meet. This
is clearly possible. Indeed: suppose first that d({p = 1}, {¢p = 0}) = 0. Then we might find
(zn,sYn) € {¥ = 1} x {tp = 0} such that d(z,,yn) — 0, namely px(z, — yn) — 0 for any
k € N. But on the other hand, for some j € N and c¢; > 0

1 = |<1/%Zn> - <wayn>| S ijj(zn - yn) — O

and thus d({y = 1}, {¢p = 0}) > 0. Since supp Fr 1 = cl({¢p > 1}.) and supp Fr g = cl({¢p =
0}c) (for an arbitrary subsetY, Y. denotes its e-neighborhood), for 4e < d({vp = 1},{¢ = 0})
we obtain that the supports do not meet. The same holds for the other cases.
Define
o(z) == Fo1(@)ug + Fe —1(x)u_ + Fe o(x)ug, x € X.
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Then o is continuous and von Neumann-bounded, because for any k € N and x € X we
clearly have

pr(o(@)) < pr(us) + pe(u-) + pr(uo),
and the condition (5) is satisfied.

The following theorem shows that a function o that satisfies Definition 2.6 is discrimina-
tory, from which the density of 91(o) follows by Theorem 2.3.

Theorem 2.8. Let X be a real Fréchet space. Let o : X — X be continuous, von Neumann-
bounded and satisfying the separating property in Definition 2.6 above. Assume that for a
given compact subset K C X and a given regular Borel measure p on K it holds

| otz + b)) utdz) =0
K
forallt e X', Ac L(X),be X. Then p=0.
Before we can prove Theorem 2.8 we need two preparatory lemmas.

Lemma 2.9. Given ¢, € X'\ {0} there exists z € X such that ¢(z) =1 and ¥(z) # 0.

Proof. Linearity of ¢ implies that the set &4 U &_, where ®; = {z € X;(¢,2) > 0}
and ®_ = {x € X;(¢,z) < 0}, is actually dense. To see this, we need to show that each
x € ®y = ker(¢) can be approximated with a sequence in ®, U®_. Consider u, =n"tu € X
with some u € X such that ¢(u) = 1 and define z,, = = 4+ u,. Then clearly z,, € &, and
x, — x and hence we get that cl(®; U ®_) = X. Suppose that 1 vanishes on the set
d, Ud_. Again by continuity of ) we would get 1) = 0 identically. Therefore, there must
exist w € &4 U P_ such that ¢(w) # 0. The element z = w/¢(w) does the job. O

The next lemma is crucial for the proof of Theorem 2.8 as it allows us to rotate, shift
and project to all possible half-spaces and show that the measures on them is zero if certain
conditions are satisfied.

Lemma 2.10. Let X be a real Fréchet space. Let 1) € X' be not identically zero. Then, for
arbitrary v € X', the equation

y=1oA

is solvable for some A € L(X).

Proof. For arbitrary ¢ € X't € R we write ¢, := {x € X;(¢,x) = t}. Clearly, we can
assume 7 not identically zero, otherwise the problem is trivial. Therefore, let z € X be such
that (7, z) = 1 and (%, z) # 0. Clearly, such z exists in view of Lemma 2.9 above. Moreover,
let w € X such that (¢, w) = 1.

Let ¥ = ker(¢) and T’y = ker(y). We observe that
(6) X=To+(z) = Yo+ (w)

where (z) = {sz;s € R} C X and (w) = {sw;s € R} C X. Furthermore, I'oc N (z) = {0}
and ¥y N (w) = {0}, namely 'y and (z), are algebraic complements. The same holds for ¥
and (w). Furthermore, I'y and ¥, are closed by continuity, and have codimension one. By
Schaefer [47, Prop. 3.5., page 22|, it follows that 'y and (z) (respectively, ¥y and (w)) are
also topologically complemented.

Therefore, any = € X may be written in a unique way as

x =2ar, +v(x)z = 2y, + Y(x)w,
where zr, € I'g,zy, € ¥o9. We can therefore define the following projections operators:
M, : X > To, = zr,,
M : X = (2) z—(2)z
Iy, : X = ¥y, z+— 2g,,

Oy : X = (w) 2= Y(z)w.
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Since 1, v and the identity operator are continuous, it follows that Ily,(z) = z — ¢¥(z)w,
Hr,(z) = x—v(x)z, I,y and I1,, are in £(X). Define Ag := Iy, ollr, +1I, oIl € L(X).
Let z € X arbitrary, and write it as z = zp, + y(x)z. Write z = zg, + ¥(2)w. Then,
Az = Hy,zr, + ’Y(I)H(w)z = Iy, 2r, + V(x)w(z)wa
and
P(Aoz) = y(2)Y(2)Y(w) = v(x)P(z), =€ X
But 9(z) # 0, and thus A := (z) 1A € L(X) does the job. O

We are now ready to prove Theorem 2.8:

Proof of Theorem 2.8. Consider A\ > 0. Then for any £ € X', A € L(X),b € X it holds

/ (6, e(\(Az + b)) p(dz) = 0.
K
Observe that, as A\ — oo, pointwise in = € X,

(Liuyy, if Ax+be Uy
oAAz+0))) = ¢ (Cu), if Az +be V_
<€, ’LLO>, if Az +be \IJO
Since, ¢ is von Neumann-bounded, then there exists a constant C(¢, o) such that
[(6,0(A(Az +b)))| < C(¢,0),
uniformly in A and . By the Hahn-Jordan decomposition (see Bogachev [6, Thm. 3.1.1.,
Cor. 3.1.2]), we can write the measure u = 1 — po for two positive measures pq, o on K.
This implies that

[ otz + m)aie) = [ (ton+ )(de) ~ [ (€ oA+ b)na(do)
K K K

Since we are integrating on the compact set K, and p is a regular Borel measure, constants
are integrable with respect to p on K. The same holds then for p; and pus.

Therefore, by Lebesgue’s dominated convergence theorem applied to each integrand above,
it follows that

(7) {Cuws) ul K OVAT (T = B)] 4+ (€ us ) pK N A™ (W = 0)]+ (£, ug) u[ K A~ (T~ )] = 0

forany £ € X', A € L(X),be X.

Let us first assume that uy ¢ span{ug,u_}. Then by the Hahn-Banach theorem (see
e.g. Conway [14, Chap IV, Cor. 3.15]) we can choose ¢ € X’ such that (¢,uy) = 1 and
(,u_) = (£,up) = 0. This leads us to conclude from (7) that

WK A AN (T, — b)) =0

forall A € £(X),b € X. Let now t € R and b € X such that ¢t = ¢(—b). Then, it is immediate
to see that
T, —b=1"1(t,00)
and thus
WK 0 (%0 A) 7 (t,00)] = 0
for each t € R and A € £(X). By Lemma 2.10, we therefore deduce that
(8) plE Ny~ (t,00)] = 0

for each t € R and v € X’. In the case that u_ ¢ span{ug,uy} instead, a similar line of
reasoning leads to conclude that

9) plK Ny~ (—o0,t)] = 0.

Observe in particular that p(K) = 0. For the sake of convenience, we trivially extend u to
the whole X, namely

teot(E) = (K N E), E € B(X)
and notice that |peqzt| (X) = |p| (K) < 0o, where |ftest| = text,1 + tewt,2, a0 flegt = flegt,1 —
fegt,2 is the Hahn-Jordan decomposition for the extended measure (ftegt,1 and piegeo are
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positive finite measures on B(X)). Clearly, then it follows from pu(K) = 0 that pe.:(X) = 0.
Recall also that B(K) = B(X) N K.

Because p is regular Borel measure, it follows in particular that for every F C K and
€ > 0, there exists compact K. C K such that |u| (E \ K.) < e. This property extends to
E € X for prezt as we may use that |peqst| () = |¢| (- N K) and choose K. C EN K such that
|u| (ENK)\ K.) < € and it follows that |pegt| (E\ Ke) = |prext| (ENK)\ K¢) + |text| (EN
K°) =|u|(ENK)\ K.) <e. This shows that pi.,: is a Radon measure in the sense of |7,
Def. 7.1.1].

Moreover, (8) or (9) is now telling us that e, = 0 on o(X’) C B(X), the sigma-algebra
generated by all the elements of X’. We want to show that actually pe,s = 0 on B(X) as
well. We argue by contradiction and assume there exists E € B(X) such that pe.(E) # 0.
In virtue of Bogachev [7, Prop. 7.12.1] we may find B € o(X’) such that

|ftext| (EAB) = 0,
namely
ezt i(EAB) =0, i=1,2.
Since EAB = (EU B) \ (EN B) and piegt,; are positive finite measures, we infer
fexti(EUB) = pear i (ENB), i=1,2,
which implies, ¢ =1, 2,
freat,i(E) < pexti(EUB) = fegt i(EN B) < fiegr i(E)
{Mext,i(B) < peat i(EUB) = flegti(EN B) < pegt,i( B)
and finally fieqs,i(E) = fegt,i(B) for i = 1,2. Therefore,
0 # fteat(E) = eaty (B) = preat,2(E) = peat, (B) = heat2(B) = peat(B)

and at the same time pi.:(B) = 0, because B € o(X¥’). Thus, it must hold perr = 0 on
B(X), and hence, u = 0 on B(K), which concludes the proof.
|

2.1. Additional examples of functions with Separating property. We now provide
a few more examples of function that satisfy the Separating property Definition 5. The first
example resembles the well known rectified linear activation function (ReLU).

Example 2.11. We consider the following example: let (X, ||-||) be a real Banach space now.
Consider v € X" with ||| = 1 (the dual norm). For R > 0, let Br denote the open ball of
radius R around the origin. First of all we notice that
d(cl(Bri1)i{z € X;[(,2)| > R+2}) > 1.
Indeed, given y : ||y|| < R+ 1 and x : |(,z)| > R+ 2, it follows that ||x|| > R+ 2 and thus
ly — 2l = [llyll = ll=[l] = L.
In particular these sets are disjoints.

Set Fy := X\ Bry1 and Fy := cl(Bg): these closed sets are disjoint. Since we are in a
normal space, Urysohn’s lemma ensures that there exists U : X — [0, 1] continuous such that

Ul =1, Ul =0.
In particular, since {x € X;|(¢,z)] > R+ 2} C X\ cl(Br+1) C Fo, U =0 on {x € X :
(¥, )| > R+ 2}.
Let Is and I< be the indicator functions of the sets {x € X : (¢,z) > R+ 2} and

{r € X: (¢,x) < —R—2} respectively. And let IS and IZ be their Lipschitz approzimations,
as in Example 2.7. Since, with the same notation as above, it holds

supp IS = cl({¢y > R+2}.), suppl< =cl({¢ < -R—2}.),
elementary computations show that
supp IS C X\ Brya—c, supplS C X\ Brya .
and thus for e <1
supp IS Ncl(Bry1) =0, supp IS Ncl(Bry) = 0.
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We can also easily get that
supplS C{p > R+2—¢}, suppls C{yy < -R—-2+¢},

showing that supp IS Nsupp IZ = 0.
We choose linearly independent vectors u> and u< and define

o(x) =Ux)z+ IS(z)us> + [Z(z)uc, z€X.
Then o € C(X; %), and it is bounded because
lo@)l < R+ 1+ flus|| + [u<ll, =€ X.

Clearly, o(z) = z if ||z|| < R.

Moreover, for x € X such that (¢,x) > 0, then for all X > (,x) "1 (R + 2) we have
o(Az) = us>. Similarly, for v € X such that (1,z) < 0, then for all X > (3, )" (=R — 2)
we have o(Ax) = u<. Finally, if (¥, x) =0, then for any X\ > 0 we have (Y, \x) = 0. Thus
Az ¢ supp IS Usupp IS and so

o(Ax) =U(Ax) .

If 2 =0, then o(Az) = 0(0) = 0. If z # 0, then for all X larger than ||z||”" (R + 1) it holds
o(Az) =0.
This shows that o satisfies (5).

Example 2.12. Let us give some further concrete applications of our abstract framework.

Let now for the sake of simplicity X be a real separable Hilbert space with inner product

denoted by (-, -) and corresponding norm by ||-||. Further, we denote by (ex)r an orthonormal

basis for X. Any x € X may be uniquely written as x = ), .\ Trex, where vy, = (ex, ).
Consider 3; € C(R;R),i = 1,2,3 such that

lime o0 81(€) =1, limg, o B1(§) = —1, p1(0) =0,

hmf—)oo 52(5 = 17 11m£—>—oo ﬁ?(f) = la 62(0) = 17
11m§—>oo ﬂ3(§ = 71a 11m£—>—oo 63(5) = 27 63(0 = 07

~— ~—

and define
J(LE) = 51(1'1)61 + ,62(392)62 + 53(:131)63, zeX.
Bvidently, o € C(X;X); besides, since |lo(z)|® = B2(x1) + Ba(2)? + Bs(x1)2, it holds
sup,, ||lo(z)|| < oo, because 1,P2 and Ps are bounded. Thus o is von Neumann-bounded.
Consider now the linear bounded functional
Y(x) = (e1,z) =x1, z€X.

Clearly, ¥4 = {x € X;21 > 0}, ¥_ = {z € X;21 < 0} and ¥y = {z € X;21 = 0} and, as
A — 00

e1+ex—es, ifr eV,

o(Ax) = { —ey +ex+2e3, if v € V_

€o, ’lfSC € \IIO
which are linearly independent. We can therefore apply our results to infer that M(o) is
dense in C(X;R) with respect to the topology of uniform convergence on the compact subsets
of X.

We can even go further. By the comment after Definition 2.6 indeed it is enough to

consider a function B € C(R;R) such that

lim (¢) =1, lim B(§) =0, B(0) =0,
E—o0 §——o0
and arbitrary z € X in order to define

o(z) = B(Y(x))z = Bx1)z, zeX

which still enables us to conclude that N(c) is dense in C(X;R). Example 4.4 below extends
this example for more general choices of 1. A natural question now would be to find “op-
timal” B and z such that the convergence of the approximation to the function we want to
learn is “fast”.
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Example 2.13. The above example can be extended to an activation function that operates
on infinitely many different directions z; € X. More precisely, let now X be a real Banach
space with norm denoted by ||-||. As above, we consider an arbitrary ¢ € X'\ {0}. Moreover,
suppose we have a sequence (3;)jen C C(R;R) such that

and sup; ||Bj| . =: B < 00,
Let (2j)jen C X be such that Z := 3772 ||zl < oo. Set

o0
z = sz ex
j=1

and assume z # 0.
We show that the map X 3 x — o(x) := Z;’il Bi(W(x))z; is an activation function.

(1) Well-defined: since it holds

> 1B (@)zll = Z 185 (@ (@) 251 < Z 1Bill ll251l < BZ
j=1

j=1

we have absolute convergence and so o(x) is well-defined.
(2) Boundedness: ||o(x)| < Z;i1 18 (¥(x))z]| < BZ for any x € X.
(3) Continuity: we have

_Zﬁjw}(I))Zj =1 Y Bi@@)z5| <B D Izl

j=N+1 Jj=N+1

and thus

N &S]
sup |o(@) = S 8,((@)z | < B Szl =0
j=1

zeX J=N+1

as N — oo, namely the convergence is uniform. Since x — Z;VZI Bji((x))z; is
continuous, o must be continuous as well.

(4) Separating property: Let A > 0. Consider first x € .. From the computations just
done, we have

N
lo(Az) — 2 < ||o(Az) Z Vi || + (|3 8w ()2 —
j=1

2

<B Z 151 + Zﬁg

j=N+1

Fiz e > 0 and chose N. € N such that if N > N, it holds EJ “na1 12l < 5. For
such N we have:

N
loQz) — 2| < e + || Bi((Ax))z; — 2
j=1
and thus
N

hmsup lo(Az) — 2| < e+ sz —z
7j=1
because evidently as A — oo

N N
Zﬁj(l/)()\a:))zj — 3 sz -
j=1 j=1



NEURAL NETWORKS IN FRECHET SPACES 13

Hence
> €
limsup ||c(Az) —z|| < e+ Z zjil| <e+ =
A—0o0 . B
j=N+1
and by the arbitrariness of €

lim |o(Az) — z|| = limsup |lo(Az) — z|]| = 0
A—o0 A— 00

i.e. o(Ax) =z as A — o0, if v € V.
The cases © € U_ and x € Uy are treated similarly (with z = 0 now).

Example 2.14. In view of the previous example, we further expand on the idea of an
activation function operating on each coordinate. Let X be a separable Hilbert space with an
orthonormal basis (ex)ren and inner product naturally denoted (-,-). For x € X, we define

the activation function as
(o]

o(x) = Z&(xk)ek
k=1
where xy, := (x,e;) and 6 : R = R. For a linear operator A € L(X), we can introduce a

family of linear functionals py € X' by
pe(z) = (A, ex)

to obtain
o0

Ax +b= Z(pk(x) + bi)ex
k=1
with by, := (b, ex). But then a neuron becomes, with £ = Zzozl e, € X,

(10) (Lo(Az+ ) = 3 046 (o) + by)
k=1

We remark that the representation on the right-hand side above links to infinite wide neural
networks. Williams [51] proposes and studies such networks using weighted integral repre-
sentations of the infinite layer to encode the sum, and relates such networks to Gaussian
processes (see also Cho and Saul [13]). As ¥ defines a linear functional, we can represent it as
an integral operator rather than a sum which shows that our definition of neural networks is
a generalisation of this class. Infinitely wide neural networks are based on the approximation
results of Hornik [27].

Observe that we must require 6(0) = 0, otherwise o(0) = 6(0) >_re; ex ¢ X. Moreover, if
6 1is Lipschitz continuous, it follows readily that o becomes Lipschitz continuous. We have
that,

6| = 1 (en) — 6(0)] < Klanl

and therefore o(x) € X as

(11) Z&Q(xk) < KQZJC% < 0.
k=1 k=1

To stay within the framework developed in this paper, we also need to have a bounded acti-
vation function. However, in the infinite dimensional setting this does not come for free. In
light of (11) one could ask for an activation function & which is bounded and goes sufficiently
fast to zero around the origin. However, let 6 = 0 on [—¢,¢e] with 0 < & < 1 say. Then, for
x € X,
2 . 2
o@)* = > 6zl
ki |z |>e
If now x = chvzl e, then
2 Y2
lo(@)]" = N |a(1)]
which blows up when N grows. It is an interesting question to generalise our activation
functions to go beyond boundedness and allow for linear or polynomial growth, say.
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3. APPROXIMATION FOR GENERAL CODOMAIN

In this section we are going to show that our results can be extended to functions f €
C(%;9) where (2, ||[ly)) is an F-Banach space.

As a first step, we need the following simple lemma, which enables us to approximate
with our neural network continuous functions from X into F?,d € N:

Lemma 3.1. Let X be an F-Fréchet space, and let o : X — X be continuous and dis-
criminatory. Then, given f € C(X;F?), a compact subset K of X, and ¢ > 0, there exist

N = Z,J\T/le b Noi ai i € N(o), i =1,...,d, with suitable o}, € F, 0}, € X', A}, € L(X)
and b%, € X such that

sup || f(z) — (J\/'l(x),...,J\/'d(x))HFd <e

rzeK
where for all £ € F* we have ||€]|pa = Z?:l €.

Proof. We write f = (f',..., f%) with ' € C(X%;F),i=1,...,d. Given K C X and € > 0,
Theorem 2.3 guarantees the existence of N € 91(c) such that

sup | f*(z) — N'(z)| < e/d
rzeK
and we are done. ]
We are now ready to prove the following;:

Theorem 3.2. Let X be an F-Fréchet space, and let 0 : X — X be continuous and dis-
criminatory. Let (9),]-[ly) be an F-Banach space. Then, given f € C(X;9), a compact
subset K of X, and € > 0, there exist d € N, vq,...,vq linear independent unit vectors of ),
N . NT e N(o), such that, by defining

d
N(z) = ZNi(x)vi, T € X,
i=1

it holds
sup || f () = N(2)ly <e.
reK

Proof. We recall the following general approximation result (see for example Brezis [8, Ch.
6.1]): given a topological space (Z,7), an F-Banach space (2), [|-[ly)) and a continuous map

T:7Z—9%9
such that T'(Z) is relatively compact in Y, then, given ¢ > 0 there exists T, : Z — 2
continuous, with 7.(Z) contained in a finite-dimensional subspace of 9), and such that
IT-(2) = T(2)[ly <&, z€Z
To apply this result in our present setting, we first restrict f to K

f|K:K—>QJ,

obtaining a continuous function whose range is compact in ). Therefore, we may find
fe : K = 9) continuous and such that

(1) fo(K) C span{vy,...vq} C Q) for suitable linear independent elements vy, ..., vq,
whose norm we assume to be equal to 1.

(2) sup,ex [If (@) = fe(@)ly = subsex || f| (@) — fo(2) |y < 2/2.
We set for convenience V' = span{vy,...vq}, and we write f. as

d
fe(z) = Zfai(l’)% re K
=1

with suitable f! € C(K;F),i=1,...,d. Being X metrizable, it is clearly normal. Therefore,
by the Tietze extension theorem (since K is closed), there exist g¢ € C(X;F) extensions of
ii=1,...,d
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We define g.(z) := Zle gL(x)v;, x € X. Then g. € C(%;9), g-(X) C V and
Sup 1f(2) = ge(2)lly <e/2.

By Lemma 3.1 we may approximate on K

X3z (92 (2),..., 9% ) e F?
with (M1, ..., N'9) such that

sup [ (62(2).....g2(a)) = V' @), N (@) < /2

We define .

N(z) := Z/\ﬁ(m)vi, x € X,
which has the required property, since v:/;lhave

sup || f(z) = N(2)lly < sup [[f(x) = g=(@)lly + sup [|ge(z) — N (z)lly
zeK reEK zeEK

d
< 5/2+,SEEZ g2 (z) = NP ()| [lvilly
x i=1

d
=c/2+ su}];;2|gg(x) —J\/’l(m)|
TER =1
=¢c/2+ fgg H(gé(z%,g?(m)) — (Nl(x),...,]\/d(x))HFd

<e.

4. APPROXIMATION WITH FINITE DIMENSIONAL NEURAL NETWORKS

In this section we prove a result that ensures that one can approximate a given abstract
neural net arbitrary well via a neural network that is constructed from finite dimensional
maps and can thus be trained. Of course, this can only work if we can approximate any
given x € X sufficiently well with a finite dimensional quantity as otherwise we could not
even represent x in a computer. It is therefore plausible that we can derive such results
only if some kind of approximation property holds on X. This approximation property
must ensure that one can approximate the identity map on X by continuous linear maps
of finite rank, uniformly on some subset K C X of interest. In spaces with a countable
Schauder basis (en,)nen, the approximating linear maps are usually the projections Iy :
X — span{ey,...,eny}. Unfortunately, not every Fréchet space has a Schauder basis as
shown by Enflo [18]. We refer the reader to Schaefer [47, Ch. III, Sec. 9] for a discussion
of the approximation property and existence of a Schauder basis for Fréchet space, which
was an open problem until answered in [18]. Whenever the space X has a Schauder basis,
however, we can actually derive an approximation of our abstract neural network with a
trainable finite dimensional neural network as we shall see in this section.

To start, we are first going to work in a Banach space setting. Let therefore X be a real
separable Banach space with norm denoted by || - || that admits a normalized Schauder basis
(ex)ken, namely each z € X has a unique representation x = Y ;7 | xxei and |lex|| = 1 for
all k. It follows as in Schaefer [47, Thm. 9.6, p. 115] that

N
Iy : X — span{ey,...,en}, =— kaek, N eN
k=1
is linear and bounded with sup y ¢ [[ILn|[,, < C for some suitable constant C' > 1, and that
for any K C X compact we have sup,c ||z — Hyz| — 0 as N — oo.
While we know by [18] that there exist Banach spaces without a Schauder basis, it is
also true that “all usual separable Banach spaces of Analysis admit a Schauder basis” (see
Brezis [8]). For example for the Banach spaces LP(R™), where 1 < p < 00, as well as for the
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Sobolev and Besov spaces, a basis is given by wavelets (see Triebel [50]). See Heil [25] for
many more examples.
We assume now that the activation function o : X — X is Lipschitz, namely

(12) lo(z) —a(y)|| <Lip(o) [z —yll, =yeX.

where 0 < Lip(c) < oco. Of course since X is already a metric space, we do not use the
metric d defined in (1), but the one implied by the norm, i.e. d(z1,22) = |1 — z2|.
Observe also that the activation functions in Example 2.12 become Lipschitz as soon as
we impose that the (;’s are Lipschitz. The activation function in Example 2.7 is already
Lipschitz, as soon as X is assumed to be a normed space, as we are doing here. Therefore,
this condition does not seem very restrictive.
We are ready to prove:

Proposition 4.1. Let X be a real separable Banach space that admits a normalized Schauder
basis (ex)ken and let o be Lipschitz. Let f € C(¥%;R), K C X compact and € > 0. Assume

M
Ne(z) = (l;,0(Ajz+b;)), z€X

j=1
with £; € X', A; € L(X) and bj € X such that
sup | F(x) — N“(a)| < .
zeK

Fiz § > 0. Then there exists N, = N,(N¢,0) € N such that for N > N,

M
(13) sup |f(x) —Z(ZjoHN,a(HNAjHNa:+Hij)) <e+0.
zeK ”
Jj=1

Proof. For j=1,...,M, N € N and z € K we indeed have
[(€j,0(Ajx +bj)) = (¢ o lly, o (Ln A;IIn e + Iy b;))|
< [{¢j,0(Ajx +bj) — Ino(Ajz + b))
+ [(¢;,lIno(Ajz 4+ b;) — yo(IInA; Nz + IInby))|
< 14l lo(Ajz +b;) — Hno(Ajz + by
+ 14;]1 C llo(Ajz + bj) — o(Ily AjIIya + Hnby)||,

where in the last line we have used that supycy [[IIn||,, < C. Thus, as far as it concerns
the second term, it holds

16511 C llo(Ajz + b;) — o (L AjIIne + TN b;)||
< C|l¢;]| Lip(o) [|[Ajz + bj — TIn A vz — TN b,
< C||4|| Lip(o) {[[Ajz — Ty Ajz|| + [Ty Ajz — Ty A TIve|| + [[b; — Tnb,|}
< C |4 Lip(o) {[[Ajz — Tn Ajz|| + C'[|Ajz — AjInz|| + [|b; — Tnbyll}
(o)

< Cllts]| Lin(o) { 452 = Tw Az + C 14,1, llz = Tl + b — by }

< C 4, Lip(o) {S“%; | Ase — Thy Az
Te

+C A, sup o~ T + 05 - Hijn}

— Cl¢;]| Lip(o) {

sup ||y — Iyl
yEAjK

+O 1Ayl sup o = Tyl + 05 = Tt |
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Setting for convenience o; := 0(A;K + b;), and noticing that it is compact, we eventually
arrive at

|(¢j,0(Ajz 4+ b)) — ({j oIy, o (N ATz + TINbj))|

sup ||y — Tny||
yEAjK

< [14; | Lip(o) {

+C 1Ayl sup o = Tyl + 0 = Tt
+ 11451 sup |y — yyll
Yy€Eo;
Observe that A;K C X is compact. By the approximation property provided by the
Schauder basis (ex)ren, we may find N(j) € N such that:
subyea, i v = Tyl <y i)
Supyeo'j ||y - HNyH < ﬁ‘[?“
sup,e |2 = vl < e ey i [14ill, #0
)
1b; = nb; | < g3z Teiptey
for all N > N(j). With this choice, we then have
sug [(€;,0(Ajz +b;)) — ({j oUn,o(IInA; Nz + IInb;))| < §/M.
xT€

Therefore, setting N, := max{N(1),...,N(M)}, we conclude that for all N > N,

M
sup |f(z) — Z(Ej oy, o(lInA;Iyz +TInb;))| <e+6.
zeK :

j=1

O

We mention that the function /¢ : X — R, which is required in the proposition above,
exists for instance in view of Theorem 2.3, as soon as we assume that o is discriminatory.

Remark 4.2. The terms appearing in the sum in (13) can now easily be programmed in a
computer. We see that for large N, it is sufficient to consider the finite dimensional input
values Iy (x) instead of =, and then successively the restriction of the operators IIyA;, o
and £; to span{es,...,en} instead of the maps Aj,0 and {; for j =1,...,M. The maps

IInAj, 0 and l; are finite dimensional when restricted to span{es,...,en} and the sum above
thus resembles a classical neural network. However, instead of the typical one dimensional
activation function, the function Iy o o restricted to spanfey,...,en} is multidimensional.

With an extra effort it is possible to generalize this result to real separable Fréchet spaces
that admit Schauder basis. Examples include for instance the Schwartz space of rapidly
decreasing functions, for which a basis is given in terms of Hermite functions (see Schwartz
[48]) and the Hida test function and distribution space (see Holden et al. [26, Def 2.3.2.]).

Let us now see how to do this generalization. Following Meise and Vogt [39, 28.10, p.
331], a Schauder basis for a real separable Fréchet space is a sequence (ex)reny C X, such
that each z € X has a unique representation x = 220:1 rreg. As above, we define

N
Iy : X — span{ey,...,en}, = Zxkeb N eN
k=1
which is linear and bounded. Still from Meise and Vogt [39, 28.10, p. 331], we see that for
any j € N there exists m € N and C' > 0 such that for any x € X

(14) sup p; (Inz) < Cpm(z)
NEN

Moreover, we can easily see that for any K C X compact and any j € N we have

sup pj(x —nz) = 0
zeK
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as N — oo. Indeed, following Schaefer [47, p. 81] and from (14) we see that

Sup SUp p; (Myz) < Csuppm( ) < o0
NeNzeS

for any j € N and S C X with finite cardinality. Trivially, sup,cg p; () < co. We therefore
deduce that the subset {IIxy}x U {I} C L(X) is simply bounded, with I being the iden-
tity map. By Schaefer [47, Thm 4.2, p. 83|, it is equicontinuous, being X a Baire space.
By Schaefer [47, Thm 4.5, p. 85] we therefore conclude that we have convergence on all
precompact subsets of X.

We are now going to impose the following “graded” Lipschitz condition on the non-
linearity o

(15) Jko € N:VE > ko 3C, > 0: pr(o(x) —o(y)) < Crpi(z —vy), z,y € X.

Notice that such a map o is automatically continuous.
We are ready to prove:

Theorem 4.3. Let X be a real separable Fréchet space that admits a Schauder basis (ex)ken
and let o satisfy condition (15). Let f € C(X;R), K C X compact and € > 0. Assume

M
Neé(z) = Z(@,U(ij +b)), zeX
j=1
with £; € X', A; € L(X) and b; € X such that
sup |f(z) = N¢(z)| < e.
rzeK

Fiz 6 > 0. Then there exists Ny, = N.(N€,8) € N such that for N > N,

M

sup |f(z) — Z(éj olly,c(InA;lIyz + IInb;))| < e+ 4.
zeK .
Jj=1

Proof. For j = 1,...,M, N € N and z € K we indeed have, for suitable integers r(¢;),
t(£;),m(¢;,0) and n(¢;,0, A;),
|(€j,0(Ajx +b;)) — (¢ olIn,c(MINA;InT + TINb;))|
< |[(lj,0(Ajz +bj) — o (A;z + bs))|
+ |(¢;,Ono(Ajz+bj) —HOyo(InA Iz + IInb;))|
< CUy)pre,(o(Ajz +bj) — Hyo(Ajz + by))
+ C(l)pre,y(Mno(Ajx +b;) — lno(Tly A lIne + TInb;))
< C)pr(e;) (0(Ajx + by) — lyo(A;z + b))
+ C(45) sup Prie,)MIno(Ajr + b;) — Tino (I AjTIye + Tnb;))
< C(éj)pr(ej)( (ij +b;) —no(Ajz + bj))
+ C(45)Cpiey) (0 (Ajx +bj) — o(LInAjllve + TInby)),
where in the last line we have used the fact that the constant C in (14) is independent of
N and z. Therefore, for the second term in the last expression we have
C(45) pre, )( o(Ajz+b;) —o(lInA; Nz + TIND;))
< C) prieyvio (0(Ajz 4 bj) — o (Ll Ajllya + IInb;))
< C5)Creyyvko Pty )vio (Aj + by — TN Al va — TInby)
<C(j,0 {Pt wio (Ajz —TINAj) + pygeyyvr, (M Ajz — TIn AT v)
+De(e;)vko (b — TInb;) }
<C{ {pt wio(Ajz — TN Ajz) + C'(Lj, 0)pm( 0;,0)(Ajz — AjllNT)
+Pi(e,)vko (05 — TN b; )}
< C(l,0) {Peeyyvie (Ajz — TN Ajz) + C' (£, 0, Aj)Dne; 0,a,) (¢ — Hn)
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+Du(e;)vko (b — TInb;) }

<C(¢,0) {su}gpt@j)vko (Ajz —TIyA )
paS
+C’/(€j, o, Aj) su}p%pn(gjy,,,Aj)(x — HNx) + Dt(e;)Vko (bj — Hij)}
xe

< CO(¢y,0) { SUp  pie;yviko (¥ — lny)
yEA; K

+C’/(€j, o, Aj) Sugpn(gj,g7Aj)(x - HNx) +pt(€j)vk0 (bj — Hij)} .
EAS

Observe that A; K C X is compact. Setting for convenience o; := o(A; K +b;), and noticing
that it is compact, we eventually arrive at

|(€j,0(Ajz +bj)) — (€ o Tly, o (IIn AjTInz + TInb; )|

< C(Ejv U) {

SUP  Pr(e;)vko (Y — TINY) + sup pre,y(y — Mny)
yEA K yEa;

+C/(€j, o, Aj) su}[;pn(gj,a’Aj)(x — HN$) +pt(fj)vk0 (bj — Hij)} .
xre

By the approximation property provided by the Schauder basis (ex)ren, we may find
N(j) € N such that:

SUPyeA; K Pt(e;)Vko (y —1IIny) < W@nd)
. 5
SUPyeq, Pr(e,)(y — IIny) < 1MC(E;,0)
5 .
SUPek Pr(t;.0.4,) (€ — HINT) < O o0 oAy H 4370

Pace;yvie (b = TInb;) < axrerrsy
for all N > N(j). With this choice, we then have

sup |<£j,0’(Aj$ + b])> — <£] o HN,O'(HNAJ‘HNJZ + HNbJ)>| < (S/M
rzeK

Therefore, setting N, := max{N(1),..., N(M)}, we conclude that for all N > N,

M

sup |f(x) =Y _(¢; o Ty, o (I A;TIya + TInb)))| < €+ .

zeK -
Jj=1

O

Again, the required function N¢ : X — R exists in view of Theorem 2.3. However, we
need to enhance Example 2.12 to show that activation functions o satisfying condition (15)
exist.

Example 4.4. Let X be a real Fréchet space (not necessarily admitting a Schauder basis).
Consider a function 8 € Lip(R;R) such that

Jim p(€) =1, lim p(¢) =0, 5(0)=0,
and arbitrary z € X,z # 0. Let ¢ € X'\ {0}. Define
o(x) = B((x)z, zeX

FEvidently, o is continuous and von Neumann-bounded, because for any j € N

pi(o(@)) < |B(¥(2))[p;(2) < [1Bllo pi(2) < 00
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uniformly in x € X. Furthermore, it is clear that o satisfies (5). Let us finally check that
condition (15) is met. To this aim, let k € N. We have

pr(o(z) = a(y)) = |B((x)) = B(y))] pr(2)
< Lip(B)pk(2)) [ (x) — ¥(y)|
< Lip(B8)pk(2)Cy Py (T — y)
=C(B,2,9:k) pmpy (T —y), zyeX

for some m(y) € N. Therefore, for any k > m(y), since the seminorms are non-decreasing,
we have

pe(o(x) —o(y)) < CB, 2,9 k)pr(z —y), x,y€X.
5. MULTI-LAYER NEURAL NETWORKS

In this section we are going to show that results analogous to Theorems 2.3 and 2.8 hold
also for multi-layer (deep) neural networks with a fixed number n > 1 of layers. We consider
the following n-layer neural network

Neayby,An b, X —=F Neayoa,p, (@)= (coTio--000T,)(z)), z€X,
with £ € X', Ay,..., A, € L(X), by,...,b, € X, 0 : X = X continuous, and where we have
set

Ti(z) =Ajx+b;, z€X,j=1,...,n.
Define
N(o) :=span{Nga, py.... A, 0,5 L €X' AL, ..., Ay € L(X),b1,...,b, € X}

Before embarking on the proof of the density of (o), we need to establish the following
result, which will turn out to be very fruitful in the sequel.

.....

Lemma 5.1. Assume that X is a real separable Fréchet space. Let o : X — X be continuous
and satisfying the following condition: there exist ¥ € X'\ {0} and 0 # uy € X such that

limy o0 0(AT) = g, if x € ¥y
limy oo o(Az) =0, ifx € U_
limy oo 0(Az) =0, if x € ¥y
Let 0 # y € X be arbitrary. Then there exists A € L(X) such that o(Ay) # 0.

Proof. We need to distinguish two cases:
(1) Yy € Uy,
(2) y ¢ Yo.
In the first case, let ¢ € X' : ¢(y) # 0. By Lemma 2.9, choose z accordingly, i.e. ¢(z) =
1,%(z) # 0. Consider the projection onto @y = ker(¢)
g, : X = @y, x+— zo, =2 — ¢(2)z,

which we know belongs to £(X). Thus, (Ils,y) = —é(y)(z) # 0, namely g,y ¢ Po.
If Hg,y € Uy, set A = Mlg,, where A > 0. Then o(AMllg,y) — usy # 0 as A — oo, and
therefore for A > 0 we obtain o(Ay) # 0. If on the other hand g,y € U_, set A = —Allg,
this time, to get the same conclusion, i.e. o(Ay) # 0.

If y ¢ Uy, then define A = £AT with A > 0, accordingly if y € U4 or € ¥_. O

With this result at hand, we are now ready to prove:

Proposition 5.2. Let X be a real and separable Fréchet space, and let o : X — X be von
Neumann-bounded and satisfy the conditions of Lemma 5.1. Then N(co) is dense in C(X;R)
with respect to the topology of compact subsets of X.

Proof. Evidently, M(o) C C(¥;R). Assume once again that cl(9(c)) € C(X;R). Then,

once again we obtain the following

/K“’ (00Tio- 00 0T,)(x))uldr) =0,
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forall ¢ € X', Ay,..., A, € L(X), by,...,b, € X.
Observe that 0(0) = 0. Reasoning as in the proof of Proposition 2.8, this time we get
that, as A\ — oo, pointwise in z € X,

(00T 0 00)(Tu s(uy), it Tu(x) € Uy
(,(coTy0--00)(by—1)), otherwise

(,(coTyo--00)AT,(2))) — {

and hence, since o is von Neumann-bounded, by the dominated convergence theorem (for
finite signed measures)

(600 Ty 0+ 00) Ty (us))) WK N T (W)
+{l(00Tro-00)(bo1)) {ulK N T (U)] + p[K NI, (To)]} =0
forany ¢ € X', Ay,..., A, € L(X), by,...,b, € X.
Choosing by = by = -+ = b,,_1 = 0 results in
(b,(coAjo-000A, 1)(uy)) u[KNT, (¥, )] =0
forany £ € X', Ay,..., A, € L(X), and b,, € X. Define iteratively backward

{y = o(An-1us)
yj =0(Ajyj+1), j=1,...,n—2,
where Ay,..., A,_1 € L(X) are chosen in such a way that
Yn—1 70, Yn—2 #0,..., y1 # 0.
This is achievable in virtue of Lemma 5.1. At the last step of the iteration we arrive at
(6 1) ulK O T (W) = 0
for any ¢ € X', A,, € L(X) and b,, € X, and hence u[K NT, (V)] = 0, namely
pKNA YT, +0)] =0

for any A € L(X), b € X. Following the steps in the proof of Proposition 2.8, we conclude
once more that ;1 = 0 and hence that 91(o) is dense in C(X;R). O

6. AN EXAMPLE

In modelling the dynamics of forward rates in fixed-income markets, or forward and
futures contract prices in commodity markets, one is concerned with a stochastic process
taking values in a suitable space of functions, (z(¢,-))i>0. Here, for every ¢t > 0, x(t,-) is a
random variable with state space being real-valued functions on R, i.e., each sample defines
a function £ — x(¢,£),£ > 0. The minimal condition on the state space of curves is that
they are locally integrable functions, see Carmona and Tehranchi [10] and Filipovié [19] for
forward rates. Local intergrability allows for defining zero-coupon bond prices, and swap
prices in power and gas markets.

Following Benth, Detering and Galimberti [3], the price of a typical financial derivative
in the power market can be expressed by the functional

F(x) = E[x(x)]
where x is a random field and x is a real-valued function on R;. In practice, z denotes
the current term structure of power forward prices. Following the discussion above, we may
choose the space of such functions to be L}, . := L}, (Ry). Thus, F : L}, . — R. The random

loc loc

field x, may be compactly expressed as (see Benth, Detering and Galimberti [3]),
x(z) = PB(ZIp(x))),

where Z is a real-valued integrable random variable, 8 : R — R is a Lipschitz continuous
function (being the option’s payoff) and Zp is a linear functional on L; . defined as an
integral of = over a compact set D C Ry, namely Zp(z) = [, z(£) d¢, x € Ly,

We observe the following lemma, which shows continuity of F' with respect to the natural

locally convex topology of Llloc:

Lemma 6.1. The functional F(x) = E[x(z)] is locally Lipschitz on L},..
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Proof. We first remind that when L} is endowed with the following set of seminorms

loc

() = / 2(©)| dé, welb, meN

it is a Fréchet space with metric d given by

— —-m qm(x — y) 1
d(xz,y) = E 27— ,y€e L
(x y) m=1 1+ dm (ﬂf - y) oY toc

(compare (1)).
Thus, we have for z,y € L}, _,

|F(x) = F(y)| < [IBllipE(| Z]] /D |(€) — y(&)|d¢.

and hence

|F(2) = F()| < [BllLipEl Z]] gmo (2 — y)

where D C [0,mg], mg € N. Clearly, it also holds

|F(x) = Fy)| < [BllpEl Z[127°[1 + gmy ( — y)] d(z,y)

But from the general theory of locally convex vector spaces we know that the set {y :
Gmo(z —y) < 1} is an open neighborhood of . Thus, for all y in this set we get

|F(z) = F(y)| < 1B uipEl Z]]270" d(x,y)

showing that our function is locally Lipschitz.

O

When considering forwards and options on these, the set D is typically a contractually
specified week, month, quarter or year. Due to the continuity result above, we are in the
context of our neural networks on a Fréchet space.
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