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The problem of approximating the covariance operator of the mild solution to a linear stochastic partial
differential equation is considered. An integral equation involving the semigroup of the mild solution is
derived and a general error decomposition is proven. This formula is applied to approximations of the
covariance operator of a stochastic advection-diffusion equation and a stochastic wave equation, both on
bounded domains. The approximations are based on finite element discretizations in space and rational
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Hilbert—Schmidt norms with numerical simulations illustrating the results.
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1. Introduction

This paper considers stochastic partial differential equations (SPDEs) formulated as linear stochastic
evolution equations on a Hilbert space H. That is to say, equations of the form

dX(t) + AX(1)dt = FX(t)dt + BdW(s) fort € (0,T], T < o0,
X(0) =¢.

(1.1)
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Here, X is an H-valued stochastic process, F' and B are linear operators, W is a Wiener process in
H with covariance operator Q and —A is the generator of a C-semigroup S = (S5(1)),¢[o 7} of linear
operators on H. Since (1.1) is linear and the noise term is additive and Gaussian, the solution X(¢) to
(1.1) at time ¢t € (0, T] is an H-valued Gaussian random variable when the initial value & is Gaussian.
The distribution of X (¢) is therefore completely determined by its mean value E[X(¢)] and covariance
(operator) Cov(X(r)) = E[(X(®) —E[X(®)]) ® (X(¢t) —E[X(£)])]. Computing these quantities is therefore
vital for understanding of X(¢). In general, there are no analytic solutions, so numerical approximations
are needed. In this paper, we focus on the approximation of Cov(X(¢)).

The literature on the numerical analysis of approximations of SPDE covariance operators is sparse.
We are only aware of Lang et al. (2013), Kirchner ef al. (2017) and Kirchner (2020). Therein, the
authors consider SPDESs of parabolic type and solve a tensorized equation related to the concept of a
weak solution to (1.1). They assume the operator A to be self-adjoint. In this paper, we take a different
approach. We work with the mild solution of an SPDE to derive an operator-valued integral equation for
the covariance, expressed in terms of the semigroup S.

This approach allows us to treat parabolic SPDEs where A is not self-adjoint. One example of such
an equation comes from the modeling of sea surface temperature dynamics; see Herterich & Hasselmann
(1987). The equation, posed in the space H = L*(Z) of square integrable functions on some domain
2 C R?, is given by

dX(t,x) + o X(t,x)dt = dW(t,x) fort € (0,T],x € 9. (1.2)

Here, AX(f) corresponds to &7 X(¢t,-) = 8X(t,-) — DAX(t,-) — a - VX(¢,-), where X(¢,x) is the sea
surface temperature at time ¢ and point x € 2, a € R? is the velocity vector field of the upper ocean
layer, D > 0 is a diffusion coefficient and § € R is a feedback parameter. When a # 0, the operator
A ceases to be self-adjoint. The Wiener process W models small time scale fluctuations in the heat flux
across the ocean-atmosphere interface. Its covariance operator Q is an integral operator with a kernel
g having small correlation length. Similar models have recently been considered for reconstructing the
evolution of cloud systems from discrete measurements; see Mider et al. (2017).

Moreover, our approach extends the parabolic setting to any SPDE that has a mild solution in
terms of a semigroup. This includes hyperbolic SPDEs, such as a stochastic equation for the vertical
displacement U(z,x) of a strand of DNA suspended in a liquid at time 7 and space x € 2 C R,
d = 1,2,3 from Dalang (2009). It is given by

dU(t,x) — AU(t,x) dt = —(QU)(t,x) dt + dW(t,x) for 1 € (0,T),x € 2. (1.3)

The first term on the right-hand side model’s friction due to viscosity of the fluid, while the Wiener
process term W corresponds to random bombardment of the DNA strand by the fluid’s molecules.
Writing X = [U, U]", the equation can be put in the form of (1.1) by considering it on a product space;
see Section 3.2. Fig. 1 shows realizations of the solutions to (1.2) and (1.3) for the domain 2 = (0, 1);
see Examples 3.2 and 3.5.

Let us now outline the content of the paper. In Section 2, we formulate an operator-valued integral
equation for the covariance of the mild solution X to (1.1) in an abstract Hilbert space framework and
give assumptions that ensure that it has a unique solution. We confirm that X is Gaussian and that the
process [0,7] > ¢t — Cov(X(?)) is a solution to the integral equation. The mild It6 formula in Da Prato
et al. (2019) is key for this. We finish the section by giving an abstract error decomposition formula for
approximations of this process. The error is, for 7 € [0, 7], analyzed with respect to the norms ||| &, .z
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(a) A stochastic advection-diffusion equation. (b) A stochastic wave equation.

Fi1G. 1. Realizations of the solutions X and U to (1.2) and (1.3) when 2 = (0, 1).

and |||l &, - Here, Z|(H) and %, (H) denote the spaces of trace class and Hilbert—Schmidt operators,
respectively. The first norm is a natural choice since, if (Qj)fil is a sequence of covariances of some
Gaussian H-valued random variables (Xj)j?’i1 with zero mean, then Qj — Cov(X(?)) in Z|(H) if and

only if X; — X(@) weakly, i.e., ]ED“(Xp] — E[f(X())] for all continuous and bounded functionals f on

H; see Chevet (1983). The norm of %, (H) is weaker. It has a natural meaning when H = 12(9): if
X =X(,)is F x B(P)-measurable,

(CovX(®)u, vy = /

Dx

Cov(X(t,x), X(t,y))u(x)v(y) dxdy
9

and ||Cov(X (t))||f%(H) = ||Cov(X(t,-), X(t, -))||12‘2 (DD Therefore, we may, formally at least, view
convergence in .%,(H) as convergence in L*(2 x 9) of underlying covariance functions on 2. Fig. 2
shows the covariance functions for the solutions to (1.2) and (1.3) at T = 0.1.

In Section 3, we apply our abstract framework to the two concrete equations (1.2) and (1.3). In
both cases, the covariance integral equations are discretized by finite elements in space and rational
approximations of the driving semigroup in time. The resulting approximations are expressed as integral
equations based on a fully discrete approximation SofS.

Consider a discrete approximation X(¢) of X(1), ¢ € [0, T]. Suppose, without loss of generality, that
E[X ()] = E[X()] = 0. Then, by properties of the norms ||-|| &), ¢ € {1,2}, and the Holder inequality,

ICov(X (1)) — CovX ()l

= IE[X(1) ® X()] — EIX(1) ® X()]ll sy

= 2 [E[xw + 20 @ 0 - Xy | +E [0 - Koy © cxo + x|,
1

< max (E[HX(r)n%{]%,E[ni(r)n%,]z) E[IX(0 - X013]" (14)
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(a) Covariance function for a stochastic advection-diffusion  (b) Covariance function for a stochastic wave equation.
equation.

FI1G. 2. Plot of the covariance functions c(x,y) = Cov(X(0.1,x),X(0.1,y)) and ¢(x,y) = Cov(U(0.1,x),U(0.1,y)), x,y € I =
(0, 1), for the solutions X and U to (1.2) and (1.3).

Therefore, if Cov(X(¢)) can be calculated, we obtain an approximation scheme for Cov(X(#)) for

- 1/2
which the error can be bounded by the strong error E [||X n—-X (t)||%_1] . In Section 3.1, where a

stochastic advection-diffusion equation is considered, we demonstrate that this bound is suboptimal.
More precisely, we compare the convergence rate for a covariance approximation based on replacing S
by a fully discrete approximation S in the operator-valued integral equation with the rate for the strong
error with respect to an approximation X of X based on the same discretization S. It turns out that
the convergence rate for our approximation is typically higher than the strong error; see Remark 3.1.
We also demonstrate, in theory and by a numerical simulation, that there are cases when the %, error
decays faster than the stronger .%) error.

In Section 3.2, we work with the stochastic wave equation and provide, to the best of our knowledge,
the first results on convergence rates for the approximation of covariance operators of hyperbolic SPDEs.
We first consider a temporally semidiscrete approximation, which is then used for analyzing a fully
discrete approximation. Numerical simulations finish the section.

Throughout the paper, we adopt the notion of generic constants, which may vary from occurrence to
occurrence and are independent of any parameter of interest, such as spatial or temporal step sizes. By
a < b, we denote the existence of a generic constant such that a < Cb.

2. Covariance operators of stochastic evolution equations

In this section, we prove existence and uniqueness of the solution to an operator-valued integral equation.
We then show that the covariance of the mild solution of an SPDE is a solution of this equation. First,
however, we introduce our setting and reiterate some facts from operator theory and probability theory
in Hilbert spaces.

2.1 Operator theory

Let (H, (-,-)y) and (U, (-, -);;) be real and separable Hilbert spaces. We denote by .#’(H, U) the space
of bounded linear operators from H to U equipped with the usual operator norm, and by £} (H, U) and
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Z,(H, U) the spaces of trace class and Hilbert—Schmidt operators, respectively. We use the shorthand
notations .Z(H), .Z|(H) and .%,(H) when U = H. Additionally, we denote by X' (H) C £ (H) the
set of symmetric bounded operators on H. An operator I" € £ (H,U) if and only if there are two
orthonormal sequences (e )°° | CH, (f ) =1 C U and a sequence (,u])o"1 € ¢! such that

Fx_Z/LJ e,)f; forx € H. (2.1)

The space %] (H, U) is a separable Banach space with norm

Il .0y = ZNMNMUF 2: (2.2)

(b )CU =1

where the infimum is taken over all sequences (a; )C’O1 C H, (b ) 21 C U, see Treves (1967, Sections
47 and 48). Moreover, .%,(H, U) is a separable Hllbert space Wlth an inner product, for an arbitrary
orthonormal basis (ej)J?’i1 of H, given by

o

(M) gy = D (e Doey) for I, Iy € Z5(H, U).

j=1

We have £ (H,U) C %,(H,U) and I" € Z,(H,U) if and only if I'* € .Z,(U, H) with
Il gy = 1T s i € (1,2}, (2.3)

We identify the spaces ., (H, U) and U @ H, the Hilbert tensor product, with equivalent norms. The
tensor u ® v is regarded as an element of .Z’(H, U) by the relation (u ® vyw = (v,w)yu for v,w € H

andu € U. It can be seen thatu ® v € £ (H, U) with [u @ vl ¢, .0y = lu ® VIl 4.0y = lullyIvlig-
Moreover,

(r'iu® V).,sfz(H,U) = (I'v,u)y for I' € £, (H,U). 2.4)
If V and G are two other real and separable Hilbert spaces then
Nu@Iy=Iuvy (2.5)

forue UyveH I'N' € ZWU,V)and I, € Z(H,G), with Fz* denoting the adjoint of I,. The spaces
Z(H,U), i € {1,2}, are operator ideals: if I} € £(G,V), I, € Z(U,G) and I3 € £ (H,U) then
LI e Z(H,V) with

||F1F2F3||$(H V) < I ”ﬁ(G v)||F2||g(UG)||F3||g(H Uy (2.6)
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Ifr e 4WU,V)and Iy € £ (H,U) then I, € Z|(H,V) and

11 Dz vy < I w1212 m,0)- (2.7)
The trace of I' € .| (H) is, for an arbitrary orthonormal basis (¢)) 2 of H, defined by

e¢]

Te(I) = D (Tej.e))y.

j=1
If ' € X7 (H) C X (H), the space of all positive semidefinite operators then Tr(I") = || I"|| L)

2.2 Probability theory in Hilbert spaces

Below, we work on the bounded interval [0,7], T < oo. Let (2,4, (F,),c(0.1)-P) be a complete
filtered probability space satisfying the usual conditions, which is to say that .% contains all P-null sets
and F, = N, ,Z, forall t € [0,T]. By LP(§2,H), p € [1,00), we denote the space of all H-valued
random variables Y with norm [|Y | ;o gy = (E[||Y||Z])1/P. For Y,Y' € L*(82, H), the cross-covariance
(operator) of Y, Y’ is defined by Cov(Y, Y") = E[(Y —E[Y]) ® (Y —E[Y'])] € .Z] (H) and the covariance
of Y by Cov(Y) = Cov(Y,Y) € L (H) N Xt (H). Note that Cov(Y,Y’) is uniquely determined by
(Cov(Y, Yu,v)y = Cov({Y,v) gy, (Y, u) ).

An H-valued random variable Y is said to be Gaussian if (Y, v)y is a Gaussian real-valued random
variable for all v € H. Then Y € LP(§2,H) for all p > 1. A pair Y, Y’ of H-valued random variables is
said to be jointly Gaussian if ¥ @ Y’ is an H @& H-valued Gaussian random variable. Then ¥ and Y’ are
independent if and only if Cov(Y,Y’) = 0; cf. Mandelbaum (1984).

Let W be a generalized Wiener process in U (see Da Prato & Zabczyk, 2014, Chapter 4) with
covariance Q € X T (U), not necessarily of trace class. The Hilbert space Y2, (012, Q_l/z-)U)
is denoted by U,, where Q'/? is the unique positive semidefinite square root of Q and Q~'/? its
pseudoinverse.

2.3 Covariance integral equations and mild solutions to SPDEs

Let H be another Hilbert space such that H — H continuously and densely. The main topic of study in
this paper are integral equations of the form

t
K@) = S(I)QES(I)* +/ S(t — )FK(s)S(t — 5)" + S(t — s)K (s)(S(r — s)F)* ds
0

t
+ / S(t — $)B(S(t — s)B)* ds, (2.8)
0

taking values in the space %} (H), with the adjoint being taken with respect to the inner product of H.
Here, S = (S (t))te[O,T] is a family of .Z (I:I , H)-valued operators, not yet assumed to be a semigroup,
while F € Z(H,H), B ¢ XZ(UO,IEI) and Q; € Z(H) N Xt (H). We assume that for any v € H,
the mapping t — S(#)v € H is continuous on [0,7] and the mappings ¢ — S()Fv € H and
t = S(t)B € £, (U, H) are continuous on (0, T']. Below, we make an assumption on the boundedness
of these mappings, which is used to deduce existence and uniqueness of solutions to (2.8) and the
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stochastic evolution equation
t t
X(@) =S®X(0) +/ S(t—s)FX(s)ds +/ S(t —s)BdW(s), fort € (0,T]. (2.9)
0 0

When S is a semigroup, this is the mild solution of (1.1). Here, X(0) = & is a Gaussian (possibly
deterministic) .%,-measurable H-valued random variable. The stochastic integral is of the Itd kind (Da
Prato & Zabczyk, 2014, Chapter 4).

AsSUMPTION 2.1 There is a constant C < oo and functions a € L ([0, T1,R),b € L%([0,T],R) such
that [|S@)|| gy < Cforallz € [0, T]and |S(F || gy < a(D), ISDBI 2,y < b(@) forallz € (0,T].

We look for a solution K to (2.8) in the space € ([0, T'], £ (H)) of continuous mappings with values
in .Z| (H). This is a Banach space with norm ||f| o, Ay = S0 Ol 2, i)

ProprosITION 2.1 Under Assumption 2.1, there is a unique solution K € ([0, T], £, (H)) to (2.8) such
that K(r) € X (H) for all t € [0, T].

Proof. First, we note that for v € H fixed, we may write

S0 S0y — S()QeS(s) v = > ({, (S(1) — S(5))e)) ;) SDpsse;

=1

+ D (1. 8(5)e)) 5 (S(s) — SO e (2.10)
j=1

where (e; )°°1 is an orthonormal eigenbasis of O: with corresponding eigenvalues (Hj)fiy Since

(p,])oo1 € 21 both sums are well-defined operators in .2 (H) applied to v. By (2.2), we get

[e.¢]

IS()Q:S®)* — S©)Qe S5V Iz ) < D N(SW) = S5)ejll gl SDre; 14

J=1

+ZII(S(t) S el g 1S(s)e;l -

j=1

Hence, S(-)QES(~)* € %(0,T],Z (H)) as a consequence of Assumption 2.1 and the dominated
convergence theorem. By (2.7), the mapping [0,¢) > s + S — s)B(S(t — s)B)* takes values in the
separable Banach space %} (H) and it is continuous so that the Bochner integral of it is well defined.
Similarly, for #° € €([0,T], %, (H)), the mapping [0,7) > s — St — $)FH (s)S(t — s)* + S(t —
§)H (5)(S(t — s)F)* takes values in £} (H) and it can be seen to be continuous by applying (2.1) along
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8 M. KOVACS ET AL.

with a calculation similar to (2.10). The mapping
H >SS + / SC = )FX(5)SC — )" + S — ) A ()(S(- — s)F)*ds
0

+ / S(- —5)B(S(- — s)B)* ds (2.11)
0

from € ([0, T], £, (H)) into itself is therefore well defined. By Assumption 2.1,
t
H / S(t — SFH,(5)S(t — ) + St — )7, (5)(S(t — 5)F)* ds
0

t
- /0 S(t — YFH(5)S(t — )" + S(t — ) A5 ()(S(t — )HF)* dst.m)

t
S [Lat=9 e (A ~ HOlL ) b

for arbitrary o € R and %}, %, € €([0,T], £, (H)). Therefore, since lim_, ., fOT a(s)e %ds =0
by the dominated convergence theorem, the mapping (2.11) is a contraction with respect to the norm
defined by sup,c(o 7 e N O L(H) for sufficiently large ¢ > 0. This norm is equivalent to
Il 0., (i1)> SO the Banach fixed point theorem yields existence and uniqueness of K as the limit of
the sequence (Kn);'io C 6([0,T], &, (H)). Here, Ky = 0 and K,,, n > 1, is given by

t
K, (1) = SO0 S(O* + / S(t — )FK, ((9)S(t — 8)* + St — )K,_,(s)(S(t — 5)F)* ds
0

t
+/ S(t — $)B(S(t — s)B)* ds,t € [0, T1].
0

Clearly, Ky(t) € X (H) for all t € [0,T]. By induction, K,(t) € X(H) foralln € N, ¢t € [0,T].
Since convergence of (K,)° in € ([0,T], £ (H)) yields convergence of (K, (1);2, in £ (H), we
have (K(Hu,v)y = lim, (K, (t)u,v)y for all t € [0,T] and u,v € H. Therefore, K() € X (H) for all
te[0,T]. O

REMARK 2.1 Since the mapping ¢ — S(¢)Fv € H is allowed to be discontinuous at 0, the advection term
in (1.2) could be treated as a linear perturbation F, at least in the case of Dirichlet boundary conditions,
see Kruse (2014, Example 2.22). In this case, S is the semigroup generated by the elliptic operator
of (1.2). For notational convenience and to easily treat more general boundary conditions, we instead
choose to, in Section 3.1, treat the advection term in (1.2) as part of an elliptic operator.

The next proposition confirms that the solution X to the stochastic evolution equation (2.9) is
Gaussian at all times ¢t € [0, T]. As a consequence, K(¢) therefore determines the distribution of X (7)
when S is a semigroup, since by Theorem 2.3 below, K(¢) = Cov(X(¢)) for ¢t € [0, T].

ProposITION 2.2 Under Assumption 2.1, there is a unique solution X € %([0, T1,L*(2,H)) to (2.9)
and X(¢) is Gaussian for all ¢ € [0, T7.
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Proof. In the case that S is a semigroup, £ is deterministic and F = 0, the result is well known; see,
e.g., Da Prato & Zabczyk (2014, Theorem 5.2). We only sketch the proof in our general case. Existence
and uniqueness of a solution to (2.9) follow from a Banach fixed point theorem as in Proposition 2.1,
using the Itd isometry for the stochastic integral (Kruse, 2014, Theorem 2.25). In particular, we have
existence and uniqueness of the process

X, = SOE + / S(- — $)FX, (s) ds
0
in € ([0, T, L*(£2, H)) and of the process
X, = / S — $)FX,5(s)ds + / S(- —s)BdW(s)
0 0

in €([0,T],L*(£2,H)) as limits of iterative sequences X1, and (X5)72, as in the proof of
Proposition 2.1, with X(l) = Xg = 0. Since X7 (?) is obtained from a linear and bounded transformation of
&, it is Gaussian for each 7 € [0, T]. For X7, one can use an inductive argument along with the stochastic
Fubini theorem (Kruse, 2014, Theorem 4.18) to see that there is a function ¥, : [0,T] x [0,T] —
%2,(Uy, H), continuous in each argument, with sup,co 7 1V, (5 )l 20,92 wemy) < ©° such that
X5(1) = fé ¥, (t,5) dW(s) for all ¢+ € [0,T]. Therefore, X3(¢) is also Gaussian for each ¢t € [0,T].
Since lim, X{(1) @ X5 () = X, () ® X,(¢) in [2(2,H ® H), (X,,X,) is a jointly Gaussian pair, from
which the result follows. Il

We now prove our main result, connecting the equations (2.8) and (2.9). For this, we need to assume
that § is a Cy-semigroup. This is required by the main tool of our proof, the mild Itd formula (Da
Prato et al., 2019, Theorem 1). In our setting, this formula gives that for a twice continuously Fréchet
differentiable functional ¢ and ¢ € [0, T],

t
PX(1) = p(SE) + /0 (@' (S(t — HX()), St — HFX(s)) y ds
t
+ /0 (@' (S(t — $)X(5)). S(t — $)B) AW ()

l— [
+ 5; /0 (@"(S(t — $)X(5))S(t — 5)Bf;, S(t — $)Bf) -

Here, the Fréchet derivatives ¢’ and ¢” take, by the Riesz representation theorem, values in H and X' (H),
respectively, and (ﬁ)f.il is an orthonormal basis of U,. The formula is proven by applying the standard
1t6 formula to (2.9) with ¢ fixed in the integrand, and then using the semigroup property of S to relate
the process with ¢ fixed to the original process X.

THEOREM 2.3 Let Cov(§) = O, and let S be a C-semigroup satisfying Assumption 2.1. Then, the
process K = (Cov(X(t)))te[O’T], where X is given by (2.9), is the solution of (2.8).

Proof. 'We first suppose that X(0) = & = 0 so that Cov(X(¥)) = E[X(¥) ® X(¢)]. By an argument
analogous to (1.4), the continuity of X implies that Cov(X(:)) € €([0,T],.Z|(H)). Below, we will

€20z Aieniga4 0| Uo Jasn 0[SO | 18%8)01|qIgsIlsIaAIuN AQ 81| 6S9/0Z09BIP/WNUBWI/SE0L 0 | /I0p/aoIe-aoueApe/eulewl/woo dnoolwepese//:sdiy Woly papeojumod



10 M. KOVACS ET AL.

make several interchanges of integration, summation and expectation. These are allowed by Fubini’s
theorem, using Assumption 2.1 and the fact that sup,c(o 77 IX(D)l ;20 ) < 00 Let (ej)]?’i] and (];)]?'il
be orthonormal bases of H and U, respectively. By Assumption 2.1, the mild Itd formula is applicable
with the functional ¢ given by ¢ (x) = (x,¢;}y(x, ¢;)y forx € H, i,j € N. We have o' (x) = (x, e e +
(x, ;) ye; and X)) =¢Q® ¢; + ¢; ® ¢;. Using also the zero expectation property of the It integral and
(2.4), we find that

(Cov(X(D)e; ® €)) o, = E[(X (D), €;) (X (1), €)) ]

t
= /0 E[(S( — $)FX(s), e;) g (St — $)X(s), ej)H] ds

t
+/ E[(S( — $)X(s), €} (S(t — )FX(s), ;)1 ds
0
S t
+>° /0 (S(t — $)Bf,.€;) g {S(t — $)Bf,. ¢;) g ds.
n=1
fort € [0,T],i,j € N. By (2.4), (2.5) and the definition of (-, ')Uo’ this is equal to

/O t(]E[S(t —$)FX(5) @ S(t — 9)X(5)].¢; ® ¢)) o, g7 ds
+ /quE[S(t = )X () @St = HFX($)]. €; ® €))7, ) ds
+ /0 [((S(t —5)B)"e;, (S(t — 5)B)*e;)y;, ds

= /0 t(g(; — $)FCov(X(5))S(t — $)*, ¢; ® €;) gz, ) s
+ /Ot(S(t — $)COVX () (S = $)F)", ¢; ® €;) g, 1y ds
4 /0 I(S(t — $)B(S(t — $)B)*, ¢; ® €;) g, sz ds.

By applying (-,¢; ® ¢;); to (2.8) and using (2.4), we obtain similarly that
i
(K().€; ® ¢;) g1y = /0 (S(t = )FK()S(t — )", ¢; ® €;) 7,z ds
+ /OI<S(t —)K()(S(t — $)F)*, ¢; ® ¢;) g, gz ds

t
0
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APPROXIMATION OF SPDE COVARIANCES BY FINITE ELEMENTS 11

Combining this with the previous result yields

t
(K(n) — Cov(X(1),e; ® €) oy = /0 (S(t — $)F (K(s) — Cov(X(5)) S(t — $)*,¢; ® €;) () ds

t
+ /0 (St —5) (K(s) — Cov(X(s))) (St — )F)*,¢; ® €) &) ds.

This shows that

oo

K(1) — Cov(X(1) = D (K(t) — Cov(X(1). ¢; ® €;) o, 1ye; ® €
ij=1

1
= / S(t — s)F (K(s) — Cov(X(s))) S(t — )*
0
+ 8@t — 5) (K(s) — Cov(X(s))) (S(t — s)F)* ds
so that K(¢) = Cov(X(¢)) for all ¢ € [0, T] by uniqueness of K in (2.8).
For the general case & # 0, we write X = X 4+ X, as in the proof of Proposition 2.2. From the fact
that X () ® X, (1) = lim,, X} (t) ® X5(¢) in L[2(2,H & H), we find that Cov((X, (D), u) gy, (X,(0),v)y) =

lim,, Cov({X' (), u) g, (X5 (), v) ) = 0. This implies that Cov(X (1), X, (#)) = Cov(X, (1), X, (1)) = 0 for
arbitrary ¢ € [0, T]. Since X,(0) =0,

t
Cov(X, (1) = / S(t — $)FCov(X,(5))S(t — $)* + S(t — 5)Cov(X,(5))(S(t — )F)* ds
0

t
+ / S(t — 5)B(S(t — s)B)* ds
0

as a consequence of what we have already shown. A similar argument using the mild Itd formula yields
Cov(X; (1) = S(HQ S

t
+ / S(t — $)FCov(X,())S(t — 9)* + St — 5)Cov(X, () (S(t — s)F)* ds
0

for all ¢t € [0, T]. The proof is completed by noting that

Cov(X, (1) + X, (1)) = Cov(X, (1)) + Cov(X, (), X, (1)) + Cov(X, (1), X, () + Cov(X,(1)).

REMARK 2.2 As a consequence of the theorem, K(f) € X (H) forall t € [0, T].

We finish this section with a general error decomposition formula with respect to the integral
equation (2.8) and an approximation of the semigroup S. For this, we consider a family S = (S(2)),¢[0.1
of operators in X(IA{, H) such that the mappings ¢ +— Sy € H, t :g'(t)Fv € Handt > S®)B €
£,(U,, H) are continuous almost everywhere on [0, 7] for all v € H. If § also satisfies Assumption 2.1
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12 M. KOVACS ET AL.

and we consider a function K : [0,T] — Z(H) N X (H)) that is continuous almost everywhere on
[0, T] then K (), given by

t
K@) =510 50" + / S(t — $)FK(s)S(t — 5)* + St — $)K(5)(S(t — s)F)* ds
0

t
+ / St — s)B(S(t — s)B)* ds, (2.12)
0

is well defined since the integrands are measurable mappings with values in the separable Banach space
Z,(H). In the error decomposition formula, we consider K(¢), defined by (2.12), as an approximation
of K(),t € [0,T].

PROPOSITION 2.4 Let, for 7 € [0, T], K(7) be given by (2.8) and K () by (2.12). Then, with &F(s) =
S(s) + S(s) and &~ (s) = S(s) — S(s) for s € [0, 1],

K@) — KOl gy < 167000 Ol g

t
+ 2/0 IS(t — )F(K(s) — K(s)S(t = )"l sz ds
t
+ /0 107 (t = HFK(S) (O (t = )" || ) ds
t
+ /0 167t = )FK(s)(O(t — )"l ) ds

t
+/ 16~ (t — HB(O* (t — $)B)* || gy ds for i € {1,2}.
0

Proof. The proposition is a straightforward consequence of the triangle inequality, (2.3), the fact that
K(t),K(t) € X (H) for t € [0, T] and the identity

NETY = LTS =2 (0 + I E = ) + (1 = LR + D)) 2.13)

N =

for I, Iy, I € Z(H). O

3. Applications

We apply the theory of the previous section to two concrete stochastic equations, a stochastic advection-
diffusion equation and the stochastic wave equation. Fully discrete approximation schemes are analyzed
and numerical simulations are provided for illustration.
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APPROXIMATION OF SPDE COVARIANCES BY FINITE ELEMENTS 13

3.1 A stochastic advection—diffusion equation

Let 2 C R4, d = 1,2,3 be a bounded domain. The SPDE we consider in this section is formally given
by

dX(t,x) + ZX(t,x)dt = dW(t,x) fort € (0,T],x € 2,

(3.1
X(0,x) = &), forx € 9,

for a random initial condition X(0) = £ and an operator

d

o == Zax ’*’Bx +Z

lJ—

We consider either Dirichlet, Neumann or Robin boundary conditions and we let W be a generalized
Wiener process in H = L?(Z) with covariance operator Q € Xt (H). We assume that & is an H-valued
#-measurable Gaussian random variable with covariance Q. The coefficients a;;,a;, i,j = 1,....d,
and a; are functions on 2 fulfilling a;; = a;;. We assume that for there is some A, > 0 such that
Zij:l a; j(X)y;y; = )»0|y|2 forally e R? and x € @, so that 7 is elliptic.

To put (3.1) into our framework, we follow Fujita & Suzuki (1991) and introduce the spaces V and H
as subspaces of the Sobolev spaces H' = H'(2) and H?> = H*(2), respectively. In the Dirichlet case,
weset V =H = H(l) = {u € H' : u = 0on d2)}. In the Robin case (Neumann boundary conditions
being a special case thereof), we set V = H'(2)and H = {u € H* : ou/dv 4 +ou = 0on 02}, where
0: 02 — Ris a sufficiently smooth function and

d
I Z (s
v, P
withn = (n(,...,n,) being the outward unit normal to 3Z. Here and below, the boundary conditions

should be understood in terms of trace operators; see Grisvard (1985, Sections 1.5 and 1.6). We define
a bilinear form A: V x V — R associated with . by

09

d
ou 8v
A s = dx dx,
(u,v) /@3: "Bx 8x E v—i—aouv +/ ouy

where the last term is dropped in the Dirichlet case. If the coefficients are bounded then |A(u,v)| <
lullylIvily, so that we may associate an operator A: V — V* to A by A(u,v) = y«(Au,v)y. By Riesz’s
representation theorem, we obtain a Gelfand triple V C H C V*. We restrict A to dom(A) ={u eV :
Au € H} without changing notation. When & has Lipschitz boundary, one may show (using the trace
inequality Grisvard, 1985, Theorem 1.5.1.3 if necessary) that there are two constants 5»0 >0,¢g =20
such that A(u, u) > )20||u||?11 — c0||u||%1 for u € V. We add the term c(X(t, x) to both sides of (3.1). Then
the associated bilinear form a(-,-) = A(:,-) + ¢y{:, ) i is coercive. In the case that ¢ > 0, the constant
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14 M. KOVACS ET AL.

¢o may, for example, be chosen as any number fulfilling

d
SUPre g Zj:] la; ()]

co > — inf ay(x), 3.2
for an arbitrary € € (0, 1). In the Dirichlet case, we may pick ¢y = 0ifa; = Oforallj=1,...,d and

ag(x) > 0. With this, the SPDE (3.1) is put into the form of (1.1) by letting A = A + ¢yl and F' = ¢yl.
The adjoint operator A* is defined by associating it with the bilinear form a*, given by a* (i, v) = a(v, u)
for u,v € V. For smooth coefficients, we use Green’s formula to see that A* can be identified with the
formal adjoint of .27 perturbed by ¢, (cf. Yagi, 2010, Section 2.1.3). It is given by

d d aa
A== Zax lJax Zjax_ZT+aO+CO

ij=1 J=

In the Robin case, the boundary conditions of .&7* change to the ones of the space

H* = {uecH: avbl Zan +o0|lu=00nd9y;,

while in the Dirichlet case, H* = H. We also need the symmetrized operator A, associated with the
bilinear form a, = (a + a*)/2. Like A*, A, is identified with a differential operator

CIE T
Ay = — L i .
o ileax Vo, 228 Tt

We set

0 1
Hy = ueH2:£+ E_Elajnj+0 u=00nd2;,
Jj=

in the Robin case and H; = H in the Dirichlet case. With these notions in place, we introduce an
assumption of elliptic regularity.

AssumpTION 3.1 The coefficients a; j»4j»d0,0, i,j = 1,...,d, are sufficiently smooth and & is
sufficiently regular, with 0 Z at least L1psch1tz, to guarantee that dom(A) = H>NH, dom(A*) = H>NH*
and dom(4,) = H?> N H,. The equalities hold with equivalence of ||-||52 and the graph norms

lA-ll g, IA*- ||y and [|Ay- || 7, respectively.

We refer to Grisvard (1985) for details on when this assumption holds. It is satisfied when & is convex
and g; 24> A0> 0, i,j =1,...,d are infinitely differentiable; see Fujita & Suzuki (1991).
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APPROXIMATION OF SPDE COVARIANCES BY FINITE ELEMENTS 15

Since a is coercive, A is a sectorial operator. Negative fractional powers of A are therefore well
defined as elements of .Z(H) given by

; 1 ;
AT2 = —,/x—f(A—A)—ldx,
2mi v

where y is a counterclockwise oriented contour surrounding the spectrum of A. Positive fractional
powers are densely defined closed operators on H defined by A%/2 = (A™%/?)~! (Yagi, 2010, Section
2.1.7). We note that (A*)*/2 = (A%/%)* for all s € R. Moreover, by Kato (1961, Theorem 3.1) and
Lions (1962, Théoréme 6.1) (applicable since 2 has Lipschitz boundary), we have dom(4%/?) =
dom((A*)"/?) = dom(Af)/ 2) for all s € [0, 1] with norm equivalence. For s = 1, these spaces can
also be identified with V.

It is convenient to express our regularity assumptions on Q not in terms of fractional powers of A,
which is usually the case when A is self-adjoint, but of A,. As A is positive definite with a compact
inverse (a consequence of Yagi, 2010, Theorem 1.38 since dom(A,) C H?), its fractional powers can be
characterized in a simple way by the spectral theorem; cf. Kruse (2014, Appendix B.2). For s > 0, we
write H* for the Hilbert space dom(Af)/ 2). Moreover, Hilbert spaces H~* are well defined as completions

of sequences in H with respect to [|-[| ;-5 = |14, 5/2, |- In this way, we obtain a set (H*) ser of Hilbert
spaces, with H* < H* for & > s, continuously and densely. Lemma 2.1 in Bolin et al. (2020) allows us

to, for all o, s € R, extend Af)/ 2 to an operator in .Z (H”‘, HY™S ), and we do so without changing notation.
Note that for v € H and s € [0, 1],

s

S

||A57v||H: sup ‘(Aofv,w)H‘z sup ‘(A‘%v,(A%)*A(; W)y
weH weH
Iwlla=1 Iwlla=1

<NAT2vll, sup [[(A2)*A,

weH
Iwllg=1

3 _s
Wiy SIAT2v]y,

by the equivalence dom(Af)/ 2) = dom((A*)*/?). Similarly,

A2Vl S 14 2Vl (3.3)

This is true also for A*. Therefore, A*/? and (A*)*/? can be considered as operators in .% (H*, H) for
se[—1,1].

The operator —A is the infinitesimal generator of a uniformly bounded analytic semigroup S on H

(see Fujita & Suzuki, 1991), which yields a mild solution (2.9) to the SPDE (3.1). The semigroup maps
into dom(A®) for all s > 0, with S and A* commutative on dom(A*). The stability estimate

ISy S 1 (3.4)
is satisfied for + > 0. Moreover, as seen in Yagi (2010, Section 2.7.7),

IAT5(S () — DIl ¢y <, sel0,1],r>0. (3.5)
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16 M. KOVACS ET AL.

We now make the following assumption on Q.

ASsUMPTION 3.2 There is a constant » € (0, 1] such that
5ol 1
140" Ol = 1921l 2y -1y < 0.

With this assumption in place, we have for > 0 that

1—r r

1=r r=1 1 1-r r—=1 1 r—1
ISO | gy = 1A T SOAT O ll gy < A T SOy IAT QF | pyary S 17

The last inequality is a consequence of (3.3) and (3.4). To have Assumption 2.1 fulfilled, we set B = I
and F = cyl. Here, the inclusion B is regarded as an operator in U, = 0'2(H) to H=H"' Fasan
operator from H to H"~! and S(¢) as an operator from H'to H. Continuity of (0,7] > t — S(t)B €
2Z,(Uy, H) is a consequence of the fact ISONl.% .y < oo forall z € (0,T] along with continuity
of the mapping [0,T] > t — S(t)v forall v € U, = Q'2(H) c H. With this Assumption 2.1 is
fulfilled, so that by Proposition 2.2 and the fact that S is a semigroup, a predictable mild solution to (1.1)
exists. Proposition 2.1 and Theorem 2.3 yield a unique solution K to (2.8) such that K () = Cov(X(?)),
te[0,T].

We now move on to approximation of (2.8). For this, we consider the same approximation of S
as in Fujita & Suzuki (1991) and assume from here on that & is a convex polygon. For the spatial
discretization, we let (Vj,)pc01) C H ! be a standard family of finite element spaces consisting of
piecewise linear polynomials with respect to a regular family of triangulations of & with maximal mesh
size h, vanishing on 9% in the Dirichlet case. We assume the mesh to be quasi-uniform. The spaces are
equipped with (--);,_, = (-, -)g. On this space, let A;,: V;,, — V, be given by (A,v,,u,)y = a(v,,u;)
for all v, u;, € V,. Since A, is sectorial, fractional powers of it are defined in the same way as for
A. We write A, for the operator defined in the same way using the bilinear form q,. Note that A}
coincides with the operator defined using a*. By P}, : H' - V,, we denote the generalized orthogonal
projector defined by (Px,y,)y = (Aal/zx,A(l)/zyh)H for x € H™!,y, € V,. Since a, is a symmetric
form, we have ||A(1),/th,1v||H = ||A(1)/2th||H < IPyvlly- The mesh of V,, is assumed to be quasi-uniform,
80 sup,c 0,17 1Pyl zvy < oo (Fujita & Suzuki, 1991, Proposition 3.2), (Kruse, 2014, Example 3.6).
The interpolation arguments of Andersson & Larsson (2016) then imply that for s € [—1, 1], there is a
constant C < oo such that for all 2 € (0, 1],

1454 PrA > ey < C- (3.6)

Moreover, by Kato (1961, Theorem 3.1) (see also the proof of Fujita & Suzuki, 1991, Theorem 5.3), for
all s € [0, 1), there is a constant C < oo such that for all & € (0, 1], ||AZA(IZPh||g(H) < Cand

14, 2AG 1 Pull 2y < C. 3.7)

We use the backward Euler method for the temporal discretization of S. For a time step Az € (0, 1],
let (7)jen, C Rbe givenby 1; = Atjand Ny, + 1 = inf{j € N = ¢; ¢ [0,T]}. We write S), o, = (I +

,,,,,
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of S. For brevity, we write SJ,.Z’ A Tor S];.l, APy Foralls € [0, 1), there is a constant C < oo such that for all
h,At e (0,1]andj=1,...,Ny,, ||A;;SJ,1’AI||$§H) < Ctj”, see Fujita & Suzuki (1991, (8.7)). We define

.....

Na
Shai® = X0} OPy + D Xy 1 OSh et € 10,71, (3.8)
=1

where x denotes the indicator function. We immediately obtain that for all s € [0, 1), there is a constant
C < oo such that for all h, At € (0,1] and ¢ € (0, T]

1438 4Ol ety < € (3.9)

The next lemma gives an error bound for the semigroup approximation. In the Dirichlet case, a proof
is given in Andersson et al. (2016, Lemma 5.1). In our general case, it is a consequence of the split

1) — 8 a Wl < NS@ = Sl + 1) — Sy PV + 1S EP, = S )V g

fort € (t_1,4],j=1,...,Ny,, and v € H. Here, §j, is the semigroup on V), generated by A, (Fujita &
Suzuki, 1991, Section 7). The first term can be bounded by (3.4), (3.5) and (3.3), and the third by using
an integral representation of the error as in the proof of Fujita & Suzuki (1991, Theorem 8.2). For the
second term, one employs a similar interpolation argument as in Andersson ef al. (2016, Lemma 5.1),
making use of Fujita & Suzuki (1991, Theorem 7.1) and Kruse (2014, Lemma 3.8(iii)). The latter result
is, again, proven for Dirichlet boundary conditions, but the arguments are the same in our general case;
cf. Fujita & Suzuki (1991, Remark 7.2).

LEMmA 3.1 Forall® € [0,2] and s € [0,2 — 6] N [0, 1), there is a constant C < oo such that for all
h,At e (0,1]and t > 0

Ots

. . s 0. _
1S@) = 8Ol =21y = 1@ — 8 4 AG oy < CUH® + A2y~ F

We now define an approximation (I?h,A,(tj))jv:A(; of (2.8) by I?h’A,(O) = P,Q:P) and, forj > 1,

(I + AtAK) 4 )T + A1A)* = Ky 5, (1)) + AFK), 5, (1)) + MKy, 5, () F* + AtP,B(P,B)*.
With our choice of F, this can equivalently be written as

(I + AtAK), 4 ()T + A1A)* = (1+ 2¢0ADK), p,(5;_)) + ALP,OP;,. (3.10)
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To implement this scheme, we have to know the value of ¢, explicitly. Several choices are possible; see
(3.2) for an example. A closed form of f(h,At(tj)’j =0,...,N,,, is given by

- - . /. . .
Kpy i) = Sy a(8) QS (1) +/o Snac(t; = YFK), o (L] 4)Sh 2,8 — 5) ds
b, - -
+ /O Spnt; = 9K; 1 (15 400G ait; — )Y
b, -
-+A $1.20(t; — )B(S)_a,(t; — $)B)* ds. G.11)

Here, |-] 5, = |-/At] At, with |-] denoting the floor function. The .Z| (H)-norm of the last term can be
bounded by (2.7), Assumption 3.2 and (3.9) via

4. -
Sharlty = )BS) 5,01, — 5)B)" ds
[ 81t = 0BGt =07 o],

Y
~ 2
<AH%&@_”M%MWNS

1=r r=1

tj ~ ; ; 1 ; ;
- /() ”Sh,At(t A, ’ 2 th AOh Py, ’ 2 Q2 ”fz(H)
<1 Agds I WAod, Pids” I lAg® 0F / (- SIST. (312

Here, we also made use of (3.6) and (3.7). Using this result along with (3.9) applied to the other terms
of (3.11), we find that

j—1

1K Dz iy S 1+ D 1K a1 | a1y -
k=0

Along with the fact that Q: € Z|(H), the discrete Gronwall lemma (see Grigorieft, 1975, 2.2 (9))
implies that

sup sup ”Kh,At(tj)”.,Sf](H) < Q.
h,Ate(0,11j=0,...,N A,

With this estimate in place, we move on to the main result of this section.
THEOREM 3.1 Let Assumption 3.2 be satisfied. For all & < 2r, there is a constant C < oo such that for

all h, At € (0,1]

sup K@) — Ky ()l ) < COO + A2,
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Moreover, for all & < 1 + r, there is a constant C < oo such that for all #, Ar € (0, 1]

Proof. The result is a consequence of Proposition 2.4 applied to || K(z;) — I~(h, At 7y - We start with
i = 1. For the last term of the error decomposition in this proposition, the properties (2.6), (2.3), (2.7)
and (3.9) along with Assumption 3.2, Lemma 3.1 and an argument similar to that of (3.12) imply that

lj
/ 16t — )BO (t; — B | 1 ds
0
i
< /O 16~ — Bl gy 00| O — 9Bl gy ) d
< i —s -3 _ AT A7 0N
S ) NSEG =9 = S0 = DA llzanlAe® O )
3 i i
x (nsh,A,(r,- — A g + 150 — A ||g<H>) ds

ij
< (W + At%)/ (-3 ds S TR + Arh), (3.13)
0

Similarly, the first, third and fourth terms of the split in Proposition 2.4 can be bounded by a constant
times h? + Ar%/2, noting that F = ¢ol. By (3.4), the second term can be bounded by

I - ! -
/0 I1S(t; — YF(K(Ls) op) — Kpar (LS a)SE — 9" Ml 4 y ds S Atz 1K) — Ky ar G 2, (1)
k=0

The proof for i = 1 is now completed by an application of the discrete Gronwall inequality.

In the case that i = 2, the only major difference is the calculation in (3.13). For this, let us note that
since (v, 0’+(tj —$)Bu)y = (Qﬁ+(tj — )" v,u)y, forv € H,u € Uy, we have 07 (t; — s)B(ﬁJr(tj -
s)B)* = 0~ (1 — Q0T (1 — s)*. The adjoint on the right-hand side is taken with respect to .Z (H).
Using this observation, (3.9), Lemma 3.1 and the fact that 02 e Z(H) yields

y
/0 167 = HBOT(t; = 9)B)* || 2yar) ds

oo 1 1
< /0 167 = 904 gy |0 (0 — 90 Ly sy s
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20 M. KOVACS ET AL.

Ul ~ 1
S /0 ||(S(tj —5) — Sh,m(tj — S))“;/(H)”Qz ||;/(1—1)

- 1—r 1-r r—1 1
x (ush,A,(t,» — A g + 15U — A f(H)) 14y Q% Il ) ds

r+1-0

ij 1
§(h9+m%)/ (6 -9 ds ST (1 + Ard).
0

O

ExaMPpLE 3.2 We conclude this section by demonstrating the results of Theorem 3.1 in the case that
2 = (0,1) and T = 1. We choose deterministic initial conditions so that Q: = 0. Homogeneous
Neumann boundary conditions are considered and we set ap, (x) =4, a;(x) = sin(2zx) and ay(x) = 0
for all x € 2. With this, we may take ¢, = 1/8. From (3.10), we obtain a matrix recursion

(Mh + AtAh)Kj,h,Al(Mh + AtAh)* = (1 + ZCOAI)MhK/—l,h,AIMh + AlQh

)N

Here, K; ;, 4, is the matrix of coefficients (k;,,, ,),,,",—

| in the expansion

N
% h h
Kh,At(tj) = z kj,m,n¢m ® ¢n’

myn=1

where (¢£’1)Z”= | is the usual ‘hat function’ basis of V; with N, = dim(V})). Furthermore, (M,,); i =
(¢f,¢;’)H, Ay = a(¢f’,¢}’) and (Qp);; = (Q¢,~h,¢}l)H fori,j = 1,...,N,. We solve this system of
matrix equations for two choices of Q and decreasing values of 4, At.

First, we consider the white noise case, i.e., Q = I. By our choice of b, the operator A, retains the
Neumann boundary conditions of A. Lemma 2.3 in Kovics et al. (2021) then implies that Assumption
3.2 holds for all » < 1/2. By Theorem 3.1, we therefore expect to see a convergence rate essentially of
order 1 and 3/2, respectively, if we plot the errors |K(T) — Iﬂ(h’At(T)HZ(H), ie{l,2}),forh= At =
2= .., 277 This agrees with the results of Fig. 3(a).

In place of K(T) we used I~(h/’ Aar(D) ath = VAY = 278, The errors were computed by

- - 1 K 0 1
1Ky py(T) — Koy py (D)L gy = Tr (’Nih/ [ Nasha } N, ) , (G.14)

_KNA[/,h/,At/

where the absolute value of an operator I is defined by |I"| = (I” *MY2 and

1K) 2/(T) = Ky pr (D gy = Tt ((KNm,h,Ach) ) —2Tr (KNA,,h,Ach,h’KNA,/,h’,At’Mh’,h)

2
T ((KNM’W’ At,Mh,) ) . (3.15)
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* B (T) = K(T) ey * (B (1) = K(T) 2y
* || Ko (T) = K(T)|lcyim) ¥ ||Kn o (T) = K(T) |l ooy
102 107" 10° 1072 107 10°
h h
(a) Errors with white noise. (b) Errors with exponential kernel noise.

FiG. 3. Approximate errors |[K(T) — I?h,At(T) Hgi(”)’ i € {1,2}, for the equations of Example 3.2.

Here, (My,;);; = (8], ¢} )y fori=1,...,N;,j=1,...,N and

N, — M, M,
hh Mh/,h Mh/ )

The formula (3.15) is a straightforward consequence of the definition of the Hilbert-Schmidt norm
while (3.14) requires a more detailed argument. We postpone this to an appendix.
Now, we consider the case that Q is an integral operator defined by

(Qu,vig = / qx, u)v(y)dxdy,u,v € H.
Dx9D

We set g(x,y) = exp(—2|x—y|) forx,y € 2. Fig. 1(a) shows an approximate realization of the solution
to (3.1) for this g. Fig. 2(a) shows its covariance function, corresponding to f(h’ A/, att = 0.1. Since
Tr(Q) < oo, Assumption 3.2 holds for < 1, so we expect a rate of order 2 for both norms, in the same
setup as before. Again, this agrees with Fig. 3(b).

REMARK 3.1 If one would instead directly compute an approximation 5(,1, A, based on the same
semigroup approximation S‘h’ 4, and compute its covariance by the method of Petersson (2020), we
would directly get a bound on the covariance error |[K(T) — Cov(f(h’ ATl &,y by the strong error
1X(@®) — X, A/ (Dl 22,1y see (1.4). Note that when ¢y = 0, Cov(X), 5,(T)) = K}, 5,(T). In the first
case above, when Q = I, this means that the error would be bounded by 4" + k'/? for r < 1/2, which

is a lower rate than the estimates obtained above for both i = 1 and i = 2. See Yan (2005) for the
calculations that yield this rate. Let us also note that our covariance error rate in the case that i = 1
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22 M. KOVACS ET AL.
coincides with that of the weak error ‘]E [¢(X(T)) — qb(f(h’AI(T))] , where ¢ : H — R is a smooth

functional; see Kovacs ef al. (2013). For the case i = 2, the covariance error rate exceeds the weak error
rate.

3.2 The stochastic wave equation

Next, we apply our results to the stochastic wave equation perturbed by a linear inhomogeneity G,
formally given by

dU(t,x) — AU(t,x) dt = GU(t,x) dt + dW(t,x),1 € [0,T],x € 2. (3.16)

Here, U denotes the first time derivative of the unknown H = Lz(@)-valued stochastic process U
with initial conditions U(0) = Y and U(0) = x. With G = —(Q, we obtain the DNA model (1.3)
of the introduction. We again let W be a generalized Wiener process in H with covariance operator
Q € XT(H). We introduce precise assumptions on G, Q, ug and v, below, and write A = —A for the
negative Laplacian with zero Dirichlet boundary conditions on H. The spaces H®, along with fractional
powers A%/2, can be defined as for the operator Ay in Section 3.1.

In order to treat (3.16) in a semigroup framework, we define for « € R the Hilbert space
H% = H* @ H*~! with inner product (v, W) e = Vi, W) e + Vo, Wo) fra—1 for v = [vl,v2]T,
w = [w;,wy]T € % Writing # = #°, let A: dom(A) = #' — #,B: H' — # and
O #* — A ,a € R, be given by

0 —I 0 « AT 0
A:[A0:|’B=|:I:|and@2:|:0 A§:|'

The third operator is used to relate the norms of % and JZ via ||-|| jpe = | @/ 2-||%;. Note that,
since A%/? extends to an operator in .& (H*, H579) for all a,s € R, so ©®%/2 can be extended to an
operator in £ (J¢*, 7°~%). We do so without changing notation. We write P, for the projection given
by P;v = v, forv = [v},»,]T € . Note that ©*/2B = BA*/2. From this, we obtain the identities

a a—1 Sror—
102BYI s = 1A Z Vi = IVl a1, v € H*"! and

1 1
||B||g(f1—1,jf) = ||BA2 ||;/([-1,3f) = ||@2B||f/(11,jf) =1 (3-17)

The operator —A is the generator of a Cy-semigroup (actually a group, see Lindgren, 2012) on ¢’
given by

S(t):|: cos(tA?)  A"1sin(1AT)

1 1 1 fort € R.
—A2sin(tA?2) cos(tA?)

It satisfies @ 2S(-) = S(-)@ 2 and A2P,S(-)B = P,S(-)BA? for all « € R. Moreover,

ISl ) < 1forr € R. (3.18)
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If we set X(¢) = [X; (t),Xz(t)]T = [U(t,-), U(t,)]", (3.16) can be put in an abstract Itd form
dX (1) + AX(¢r)dt = FX(r)dt + BdW(¢),t € (0, T],

with F = BGP. We make the following assumptions on G: H — H —1. Q0 € X*(H) and the initial
condition X(0) = & = [x,v]".

ASSUMPTION 3.3 There is a constant C < oo such that

2.0 i1y = 147202 gy < C.
Moreover, £ is an .7’-valued .%,-measurable Gaussian random variable.

With this assumption in place, we can put the equation in the framework of Section 2. Combining
(3.17) with (3.18) and Assumption 3.3, we find that ||S()F|| & and ISOBIl 2, v, 2¢) are bounded
on [0,7]. By the strong continuity of S, Assumption 2.1 is fulfilled. Therefore, we can apply
Propositions 2.1 and 2.2 along with Theorem 2.3 to obtain a unique solution K to (2.8) such that
K(t) = Cov(X(2)),t € [0,T].

‘We now move on to approximations of K. We first consider temporally semidiscrete approximations
based on a rational approximation of S. This is a stepping stone toward analyzing a fully discrete
approximation. For a time step Az € (0, 1], we again let (7j);cy, C R be given by #; = jAr and
Npy+1=inf{j e N:7; ¢ [0,T]}. Let R: C > Cbe a ratlonal function such that |R(zy)| 1 for all
y € R and, for some approxunatlon order p € Nand C,b > 0, |R(iy) — e™™| < Cly|P*! forally e R
with |y| < b, where i = /—1. We write 8", = R(ArA)" for the rational approximation of the operator
S(t,). An interpolation S A0 [0, T] = £ () of the approximation is defined as in (3.8), and we say
that S A, approximates the semigroup S with order p € N. This framework covers many well-known
temporal discretizations; cf. Baker & Bramble (1979, Section 4). Examples include the backward Euler
scheme of the previous section (with order p = 1) as well as the Crank—Nicolson approximation (with
order p = 2) given by R(A1A) = (1 — AtA/2)(1 + AtA/2)~!. The stability result

154Dl 20y < 1. (3.19)
for all t € [O, Tl, holds uniformly in At € (0, 1] (Kovécs et al., 2013, Section 4.2). Moreover, O/2
commutes with S 4, for all « € R and we have the following error estimate.

LEMMA 3.2 (Kovics et al., 2013, Lemma 4.4). Assume that S ,, approximates S with order p € N. Then,
for each @ > 0, there is a constant C < oo such that for all At € (0, 1],

sup |(S4,() = SO~ T ) < < camin («zr1)
t€[0,T]

We define a semidiscrete approximation K A of K by K 2:(0) = K(0) = Q; and, forj > 1,

kAt(tj) = SAtkAt(l)‘—l)S*Az

o . . . . - (3.20)
+ AtSA,FKAt(tjfl)SZt + AtSAtKA,(tjfl)(SAIF)* + A1S5,B(SA,B)*.
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24 M. KOVACS ET AL.

This definition is then extended to arbitrary ¢ € [0, T] by

K, (1) = 5,,(0:5%5,(0)

t
+/0 S0t = )FK 5 (Ls) 4 )85, (t = 8) + S 5, (t — $)K 1, (18] o) (S 4, (1 — $)F)* ds
t
+ / Sai(t = $)B(S ,(t — $)B)* ds. (3.21)
0

An additional assumption provides this approximation with some spatial regularity.

AssUMPTION 3.4 There are constants C < oo and r > 0 such that, for some i € {1,2},
LGl gy fir—1y = 1A DRGAT2|| gy < C,

2. M@l g ip g1y = 1ATD2QAT2|| &y < Cand

3. MQell e ery = 10720 w0y < C.

Before deriving the spatial regularity result in Lemma 3.3 below, we make some comments on these
requirements. If Assumptions 3.4.2-3 are satisfied for i = 1 with a particular parameter r > 0, then they
are also satisfied for i = 2 with the same parameter r. Moreover, for i = 1 and r > 0, Assumption 3.4.2
is strictly stronger than Assumption 3.3.2 (Kovics e al., 2013, Lemma 4.1). Assumption 3.4.3 is
fulfilled if the random variable & takes values in ., in particular if x and ¥ with & = [x,¥]" are
jointly Gaussian (taking values in H” and H"~!, respectively) or if they are deterministic. To see this,
note first that if & is a Gaussian 7" -valued random variable, then it is also Gaussian in JZ. Write O

for the covariance of & in 7#". This operator is related to the covariance of & in 77 by QO = Qg’r@_’ .
By (2.6),

19¢l. 2, e ery = 195, O "Nl e+ ery < N Qs ol or e 1O "Nl 2 )

= ||Q§,r||$1(%’,%ﬁ") < OQ.

LemMMA 3.3 Let Assumptions 3.3 and 3.4 be satisfied for some r > 0 and i € {1,2}, and let S At
approximate S with order p € N. Then, there is a constant C < oo such that for all Az € (0, 1]

sup Ko, O)ll.pmery = sup 102K 5, (D]l ) < C.
1€[0.T] 1€[0.7]
Proof. By applying the triangle inequality to (3.21), we obtain, forn =0,...,N,,,

n—1
102K o ()l ) ST+ ALY (Hj + 0L, + IVj) ,
=0

where we have written T = |0"/28%, 0, (33)*| 0y 1 = ||'@’/2§'ZjFK(tj)(§Ej)*|| Py
1, = ||@’/ZS'Z’KAZ(tj)(SZ’F)j|| zory and 1V, = 107287, B(S"y,'B)* || (). For the first term,
the commutativity of @72 and 8", along with (3.19) and Assumption 3.4.3 yields the existence of a
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constant C, that does not depend on At or n, such that I < ||§’2t||?g( ) ||@5Q§ | ) < C. Similarly,
using also (3.17), the fact that ®"2B = BA"? and Assumption 3.4.1, we see that

P S R | wnj
I, = ||§,/©2BA™> GPK(t) (S, | %)
“n—j,2 1 r=1 ~
< ||SZ,I||g(jf)||@23||$(H,jgﬂ)||A TGP K 5\t z2.m)
r—1 _r ooz r o~
S NAZ GAT 2 iy 1A Py KA (D e 1y S NO 2K A )20 1)

The term III is treated in the same way. Finally, we note that
IV; = 10253 BS) B | 4y = 10255 BOB* S5 |

where the adjoint of the expression involving B is taken with respect to .Z’(U,, 5¢) on the left-hand side
of the last equality and with respect to .Z(H, 7Z’) on the right-hand side. Using (2.6), (3.17), (3.19) and
Assumption 3.4.2 yields the existence of a constant C < oo, independent of Az, n and j, such that

O 1 r=1 _1
IV; S8 1o 1BAZ i I AT QA3 | gy < C.

By an appeal to the discrete Gronwall lemma, we find that there is a constant C < oo, independent of
At, such that |©2K (1)l () < Cforn=0,...,N ,. The supremum bound over [0, 7] follows by
using this result in the representation (3.21). U

Proposition 2.4 and Lemmas 3.2 and 3.3 yield a semidiscrete error bound.

THEOREM 3.3 Let Assumptions 3.3 and 3.4 be satisfied for some r > 0 and i € {1,2}. Let S Ar
approximate S with order p € N. Then, there is a constant C < oo such that for all At € (0, 1]

~ : _p
sup |K(1) — K5, (Dl ) < CAM™ (’ﬂ+"1).
tel0,T]

Proof.  We write LIL...,V for the five terms appearing in the error decomposition of
I1K(,) — K, (t,) |l () in Proposition 2.4, with n = 0,...,N,,. From Lemma 3.2, (3.19), (3.18)
and the commutativity of S(z,),S ,,(t,) and @'/, we find that I is bounded by

e _r r ~ . o
1S 4, (1) = SENO™ 22 102 Qe (||SA,<t,,)||g(;f> + ||S(fn)||$(,;f)) < amin (1)

For the next three terms, we also use Assumption 3.4.1 (with » = 0) along with (3.17) and (3.18) to see
that

n—1

1 _1 ~
1L < IBA? || gy, ) | A7 2 Gl oy At D IK(5) = K ()| )
j=0
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and that the terms III and IV may be bounded by a constant multiplied by
n—1 tjit1 B oy r min(rL l)
DL G at, =9 =S, — DO 2| o |OTK 4 ()] gy ds S AFVEFT,
j=0 "4

where Lemmas 3.2 and 3.3 were used. The last term is treated like IVj in Lemma 3.3, so

o r 1 el min (r527.1)
V < ; 1Sty — ) = S, = NO™ 2l 2 ) IBAZ oy sy | A 2 QAT 2| gy ds S AL Vs,

The proof is completed by first using the discrete Gronwall lemma and then extending the resulting
bound to [0, 7], as in the proof of Lemma 3.3. O

Next, this result is used in a convergence analysis of a fully discrete approximation to (2.8). Let
vy Jhe,1] C H', k € {2,3} be a standard family of finite element function spaces consisting of
continuous piecewise polynomials of degree k — 1, with respect to a regular family of triangulations
of ¥ with maximal mesh size £, that are zero on the boundary of Z. They are equipped with the inner
product (--)V; = (-, -)g- On this space, let a discrete counterpart A,: V; — V} to A be defined by
(Apvp,up)y = (A%vh,A%uh)H = (v, up,) iy for all vy, u, € Vi By P: H! > V. we denote the
generalized orthogonal projector. We define 7 = V' @ V}', equipped with the same inner product as
. With some abuse of notation, by the expression P,v, v = [v, vz]T € 47, we denote the element

[Pyvi, Ppvy]T € 7)<, Let
0 —I
A= |:Ah 0 ]

be a discrete counterpart to A on ¥, and set Sﬁ,m = R(AtAh)kPh for k = 0,...,n with a step
function extension S’h’ At [0,T] — () defined in the same way as for S ,,. The stability result
||§h,At(t)”$(jf) < 1, ¢ € [0, 7], holds uniformly in A, At € (0, 1]; see Kovdcs et al. (2013).

One could consider defining a fully discrete version of K in (2.8) by the semigroup approximation
Sh’ 4 directly, obtaining from (2.5) an approximation of Cov(U) via Cov(U(#)) = P;Cov(X(¢))P]. The
problem is that we only have access to an error bound in the first component of S’h, A, (see the next
lemma). This means that we cannot use a Gronwall argument as in Theorem 3.3. Instead, we employ
the approximation S n.4r 0 an indirect way.

LEmMMA 3.4 (Kovdcs et al., 2013, Corollary 4.2). Let S‘h’ A; approximate S with order p € N in time and
k € {2,3} in space. Then, for each & > 0, there is a constant C < oo such that, for all i, Ar € (0, 1],

sup 1Py (S0, () — SO)O 2|l g oy < C (A;mi“ (e gr1) | jymin (akiwk)) ,
t€[0,7T]

We now define a perturbed temporally semidiscrete semigroup approximation S At [0,T] —
Z () by a step function extension (as in (3.8)) of (R(AA)(I + AtF))", n = 0,...,N,,. Simi-
larly, we define a perturbed fully discrete semigroup approximation S’h’ Al [0, T] = ZL(J) using
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(R(AtA,)P,(I + AtF))". Note that, with 1 € [0,T], u € S, SAt(tj)u and S’h,Al(tj)u are nothing but
semidiscrete, and fully discrete approximations of X(z;) with initial value § = u and noise covariance
QO = 0. Using this, the following lemma is proven by a standard Gronwall argument as in, e.g., Kovacs
et al. (2020, Theorem 3.5), making use of Lemmas 3.2 and 3.4.

LEMMA 3.5 Let Assumption 3.4 be satisfied. Let S'A,: [0,T] — Z(H) and S'h,A,: [0,T] - L)
be step-function extensions of (R(AfA)(I + AtF))" and (R(AtA,)P,(I + AtF))" with approximation
orders p € Nin time and k¥ € {2, 3} in space. For each o € [0, r], there is a constant C < oo such that,
for all h, At € (0, 1],

sup 1Py (S0 =S40 2| gy < C (Atmin (e pr1) | pymin (%iwk)) ,
t€[0,7T]

By the same Gronwall argument, there is a constant C < oo such that, for all 4, Az € (0, 1] and
t€[0,7],

184Dz ) < Cand (IS, 4, Dl 2y < C. (3.22)

We can now define the fully discrete approximation of (2.8) and prove an error estimate with respect
to the first component Cov(U(#)), ¢ € [0, T]. It is denoted by Kj, 5, and defined by Kj, »,(ty) = P, QP

and, forj > 1, kh,At(tj) = Sh’A,f{h’A,(lfj_l)SZ,A, + AtP,B(P,B)*. In closed form,

n—1
~ A A An—i—1 An—i—1
Kh,At(tn) = SZ,Ath (SZ,At)* + At 2 ,SZ,AJI B(SZ,AJI B)*
j=0

n—1
A A~ A __1 A __1
= §p 110 (Sh 4" + At Y ST BOB (S, 4",
j=0

where the adjoint of B is taken with respect to .Z(H, 7€) in the last expression. In Theorem 3.4, the
error estimate for K, , is given.

THEOREM 3.4 Let Assumptions 3.3 and 3.4 be satisfied for some r > 0 and i € {1,2}, and let Iﬂ(h’ A be

based on the perturbed semigroup approximation S n.A; With order p € Nin time and « € {2, 3} in space.
Then, there is a constant C < oo such that for all i, At € (0, 1]

sup  |IPy(K(t,) = Ky, o (4Pl o) < C (Atmin (r7%0.1) + pmin (’/M)) .
}’IG{O,...,NA;}
Proof. First, we recall that § ,, = S ,,(I 4+ AtF), so that we may rewrite (3.20) as

K (1) = (S + AtS o F)K (1) S o, + AS 5 F)* — APS \ FK 5, (t;_|)F*S%, + A1S 5, BOB*S%,

- S‘Ati{m(tjfl)g*m - AIZS‘AtFkAt(tjfl)F*N*At + A[SAzBQB*~*Az.
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Iterating this equality and making use of (2.13) yields, forn =1,...,N,,,

- - - —j-1

K 7 (1) = 85,0 (8%)* + AtZS BB (8177 + R, (1),
where

R (1) = Zs” T B py = DBOB* — AFK 5, (t)F*)(S 0, + D* 85,71

Zs NS pp + D(BOB* — AtFK 5 (t)F*)(S o, — D* 85,71

1

—Az2ZS‘f R 5 () F* S = 14+ T+ 1L

Adding and subtracting K ,,(z,) in K(z,) — IN(h’ A:(t,), we therefore obtain the split

1P (K(1,) = Ky, 0/t ) PT ]
<P (K (1) = K p 6D Py + 1P S a0 = S0 Qs S ag + S0Pl

n—1
+ Atzpl(SZA]t 1 _Sn —Jj— l)BQB*(SZAjt 1 +SAtj l)*P*

=0 Zi(H)
+ PP Ly + PP gy + 1PYTTIP ] g -

The first term of this split is treated by Theorem 3.3, noting that P, € .Z (57, H). For the second term,
we use Lemma 3.5, Assumption 3.4.3 and (3.22) to see that

1Py (S 4 = 40 Q: (i g+ S50 Pill 2 0)
SIPI G = 8500 F |05 QN L) £ A FTD i 15574,

For the third term, the same estimates combined with Assumption 3.4.2 and (3.17) yield the bound
an—j—1 an ] 1\~~~ r—1 _1 < A min (r%,l) min (rLl,K)
ALY PG =Sk O g e mllAT QAT gy S AT VR VT,

For ||P11P’1‘||$_(H) and ||P1HPT||_%(H), there is a constant C < oo such that for all Ar € (0, 1]

r r p
1S p — DO~ ZIIg(%ﬂ) 1S a; = SANO T2 ) +IISAN=S0)O 2 || ) < CAtm”‘(’P+1 1).
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Here, we have used the Holder regularity of the semigroup S (Kovdcs et al., 2013, Lemma 4.2) and
Lemma 3.2. Using this estimate, we obtain for the term || P IP7 || ) that

t —i—] ~ _r 1 ~
1P < 5 ZnPS el Gar = DO 5 1L IBAM e I3 00 + Tl

x (14 QA2 L gy + A AT GATE g 103K 5, () | a1 472 Gl p )

5 Atmin (rﬁ,l)’

with an analogous result for ||P{1LPY || - Here, we also made use of Lemma 3.3. This is also used to
estimate the final term in the next calculation, completing the proof by Assumption 3.4.3 and (3.17) via

1 1 ~
IP\IIPY | g, < AP ZHP Su’ o 1A 2 Gl ) 1K 1) a1y S A
]

ExaMPpLE 3.5 Finally, we demonstrate the theoretical results obtained above numerically in the case
that 2 = (0,1),T = 1. We again let £ be deterministic. We set G = —Q in order to obtain the
model suggested in Dalang (2009) for the vertical movement of a DNA strand suspended in fluid.
We consider the piecewise linear finite element method for our discretization in space and the Crank—
Nicolson discretization for our temporal approximation, so that we may take p = ¥ = 2 in Theorem
3.4. We let Q be an integral operator with kernel g, as in the second part of Example 3.2.

First, we let g(x,y) = g(x — y) be a Matérn covariance function, which, for z € R, is given by
q(2) = o2'7" ()" (V2vzp7 ") K, (v/2vzp~ ") with parameters ¢ = 10,v = 0.01 and p = 0.1.
Here, K, denotes the modified Bessel function of the second kind. Fig. 1(b) shows an approximate
realization of the solution to (3.16) for this choice of ¢ and Fig. 2(b) shows its covariance function,
corresponding to P11~(h’ 4(OP7, at t = 0.1. Since the Fourier transform of g is proportional to
£ ~ (14 742 = (1 4+ £2)7001  the results of Kovacs et al. (2021, Section 4) implies that

||A Q||$ (H) < 00 for r < 3/2. Moreover, sinced = 1, ||[A™ 5 ||$ H) = ”I”.,%(HI,H) < 00. By (2.7),
therefore, Assumption 3.4 is satisfied with < 3/2 and i € {1, 2}. From Theorem 3.4, we expect to see
a convergence rate of essentially 1 if we plot the errors || P (K(T) — I?h’A,(T))PTHZ_(H), i €{1,2}, with
respect to decreasing values of 4 = At in a log-log plot. This is in line with our observations in Fig. 2b
that shows the errors for h = Ar = 271,...,278. We have again used a reference solution I~(h’ A/(T) at
h=At=27°.

Next, we set g(x,y) = min(x, y) —xy; for x,y € Z, i.e., the covariance function of a Brownian bridge
on 2. By its Karhunen—Logve expansion, one obtains Q = A~!. Since A~! has eigenvalues (27 2)0"1,
Assumption 3.4 is fulfilled for all » < 7/2 when i = 2 and for all r < 3 when i = 1. In either case,
we expect to see a convergence rate of order 2 if we plot the errors ||P|(K(T) — Kh’ At(T))P I L(H)»
i € {1,2}, with respect to decreasing values of 7 = /At in a log-log plot. This is in line with Fig.
4(b) where we have plotted the errors with h = /At =2"1,...,275. In place of K(T), we have used
Ky 0 (T) at h = /At =275
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5 107"
*
107! * 1072
*
*
7 108 *
2
10 . * ;
S * S *
o * o 104 *
*
*
10°%F *
*
105 *
*
4 O(h') O(h*)
10 * P(EAT) = K(D)P ey | T 107 % [P (T) ~ KD)P; ey | 4
* | PuUEA(T) = K(T) P ||y * || Pu(Enr (T) = K(T) P ||y
1072 107" 10° 107" 10°
h h
(a) Errors with Matérn noise for mesh sizes (b) Errors with Brownian bridge noise for mesh sizes
h=Ar=21_.273 h=+VAr=2"1.27.
FiG. 4. Approximate errors ||P1(K(T) — IE';LA,(T))P’i< |L$,»(H), i € {1,2}, for the equations of Example 3.5.
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A. Appendix A. A derivation of a trace-class error expression

This appendix serves to provide a derivation of the expression

), (A1)

in the setting of Example 3.2. First, note that [|K), x(T) — Ky ¢ (Dl zyry = Tr(IK)5(T) —
Ky a¢ (D). Next, let us write ; = ¢/ forj = 1,...,N;, ; = ¢}y, forj =N, +1,...,N; + N, and

% % KN h,A 0
I8y = By D =T (N0 [ 50 ]
AT

Nh+Nh/

- > (Nh 2

lJ_

[ N A h, At 0 ]N :
’ /
Niun 0 —Ky war I8

)ww

Here, N, h,/ '/2 denotes the pseudoinverse of Nh - Note that (N}, ;) = (¥, ¥;) so that Ny, N;ll/ hz/ and

Nh,h’/ are in X TRV tNv). We claim that T = |Kh,At(T) - Kh/’At/(T)L To see this, we first note
that T € X1 (H) as a consequence of the matrix of coefficients in this sum being an element of
ZH(RNHNY) Thus, it suffices to show that T2 = (K, 1 (T) — Ky pr (1)*(Kjy () — Kpy 4y ().
By a direct calculation using the definition of the tensor product ® and symmetry of N, ;/, it follows
that

Np+Ny
= 3 ([N ) TN
hW " hh 0 _KNAt/,h’,At’ h,h
ij=1
1 K 0 1
<P 1 ‘NZ /I: N ar,h, At ]Nz , ,) w ® l/f, (Az)
mN2 ) i 0 —Kpy a1 Ny

where P, (N1/2 = Nﬁ,/zN}ll/li = N}ll/h%Nh }11// is the projection onto im(N}ll,/,i), the range of N}ll/h% Since

the kernels, and hence the ranges, of a matrix in X+ (R +Nv) and its symmetric positive semidefinite
square root coincide, we have

irn(Nh,h/) = im(Néh,)

1 rK 0 K 0 1
5 im(Nz /[ N h At ]N /[ Nagh, At ]Nz /)
hh 0 _KNAt/,/’l',AI/ hk 0 _KNAt/ LAY h.h
K 0 1
un((N [ NaghAt ]N2 / ) (A3)
bl 0 —Ky a1

Combining this with (A.2), we find that

Np+Ny
> U ey,

ij=1
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where U = P,

im(N,, h/)KPim(Nh,h/) and
~ K 0 K 0
K= I: ‘N ar,h, At ]N /I: ‘N ar,h, At ]
O _KNA[/ n,AY h’h O KNA,/ W, At
Moreover, since
Np+Ny K 0
KpaD = Kyae™ = > ([ V" . ]) wew
= N A0 470

it follows from a direct calculation that

Np+Nyy .
(K (1) = Ky p (T Ry (1) = Ky ag M) = > Kt @ 9
ij=1

Note now that

1K,/ (T) = Ky pr (D) (Kjy 01 (T) = Kpy 0 (T) = 212

- . . . . 2
= > [ (Riar) = B a (D) Ry (D) = Rig s () = TH)e |
i=1
0o || Nut+Ny 2
=D | > K- UpWedny;
i=1 || jk=I1 H
Nh+Nh/ o0 -
= Z Z( ]k) 1/fk, )H(K@m _Uzm)<1/’maei>H(1/f',Wg)H
ok lm=1 i=1
Np+Nyy .
= > Ky — U)W ¥, 5Ky — U ) (W5 00
Joklm=1
Np+Ny _ _ _
Z (Nh,h/ (K - Pim(Nh’h/)KPim(Nh‘h/)) Nh,h/) om Koy = Ugp) =0,
£,m=1

where the last equality follows from the fact that

N (K P, ,,,)KP im(N,_) ) Niw =Ny (K - Pim(Nh’h/)K) N

- Nh,h/ (I —_ P ))KNh,h/ = Nh,h/Pker(Nhyh/)KNh,h/ = O

im(Ny,
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With this, we have established that T = |K), ,,(T) — Kjy sz (T)|. Finally, we obtain (A.1) via

Np+Nyy

i i K 0
T (1K) 0 (T) = Ky pr (DD = (N,,h, N,,h/[ Naghat ,]NW W) (W ¥y
ij=1 NAI/,h/,At
K 0 I
=Tr(N 3 IN? [ Nagh.At ]N2 N? )
it | Nk 0 —Kpy prap 4 b
L' rK 0 1
_ 2 Nagh, At 2
= Tr(Pim(N;,’/hz,) Nh’h,I: 0 _KNA,/,h’,At’ :INh,h’ )

L' rK 0 1
7 BN )
ok 0 —Ky, war 10

Here, we made use of the cyclic property of the trace and (A.3).
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