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The propagation dynamics of spin waves are represented by their dispersion relations. Recently, we

have developed a method, called spin-wave tomography (SWaT), to obtain a dispersion relation of

spin waves in the long wavelength regime, the so-called pure magnetostatic waves. In our previous

studies on SWaT, phase information of spin waves is disregarded. In this report, we demonstrate an

advanced SWaT analysis, called phase-resolved spin-wave tomography (PSWaT), to realize the

direct observation of the amplitude and the phase of spin waves. The PSWaT spectra are obtained

by separating the real and the imaginary components of the complex Fourier transform in the

SWaT analysis. We demonstrate the PSWaT spectra of spin waves excited by photo-induced

demagnetization in a Bi-doped garnet film, reflecting the characteristic features of the complex

dynamical susceptibility affected by magnetostatic coupling in the film. Published by AIP
Publishing. https://doi.org/10.1063/1.5018091

A spin wave is a collective excitation of spin precessions

in coupled spin systems. A phase shift between one spin and

another is determined by the wavevector of the spin wave.1–4

In spintronic and magnonic devices, data may be transferred

by the phase of spin waves,5 so that its manipulation would

be one of the cornerstones for the development of spin-wave

based applications.6

The phase-resolved observation of spin waves has been

realized with a Mach-Zehnder interferometer,1,7 phase-

sensitive Raman light scattering,8–10 and time-resolved mag-

neto-optical (TRMO) spectroscopy.11–17 Nowadays, the

phase-resolved imaging of the propagation dynamics of opti-

cally excited spin waves with sub-picosecond time resolution

and micrometer spatial resolution has been realized with a

TRMO imaging method.18–27

Recently, we have developed spin-wave tomography

(SWaT): reconstruction of dispersion relation of spin

waves.24 SWaT is based on a convolution theory, a Fourier

transform, and a pump-and-probe magneto-optical imaging

method for spin-wave propagation. In SWaT, the phase

information of spin waves was lost due to the limitations in

the data analysis procedure.

In this study, we demonstrate phase-resolved SWaT:

reconstruction of dispersion relation of spin waves with their

phase information. The phase of spin waves is determined by

an advanced analysis procedure separating the real and the

imaginary components of the complex Fourier transform in

the SWaT analysis. The phase of the PSWaT spectra repre-

sents the complex dynamical susceptibility (v) and the spa-

tial symmetry of spin waves. Moreover, PSWaT provides

information about the temporal evolution and the orientation

of the torque generating spin waves exerted on the local

magnetization (M). Therefore, PSWaT is a very powerful

method to investigate the excitation and the propagation

dynamics of spin waves.

The rectangular coordinate (x, y, z) shown schematically

in Fig. 1 is used in this report. The sample surface is in the

x–y plane with the x-axis parallel to the orientation of M.

The z-axis is along the sample normal. In our experiments,

the pump and probe pulses illuminate the sample along the

z-axis. The propagation dynamics of optically excited spin

waves in the x–y plane [m(r, t)] are observed with a time-

resolved magneto-optical imaging system.28

We consider spin waves in an in-plane magnetized

garnet film excited by a photo-induced effective field

h(r, t)¼ hz(r, t)þ ihy(r, t), where hz and hy are the fields

along the z- and y-axes, respectively. The sample

FIG. 1. A schematic illustration of the experimental configuration and the

rectangular coordinate (x, y, z) used in this study. The sample surface is in

the x-y plane with the x-axis along the orientation of M parallel to the [100]

axis. The orientation of M was controlled by an external magnetic field, H.

The direction normal to the sample surface is along the z-axis. The pump

pulse is focused on the sample surface at the origin of the coordinate and

induces a photo-induced demagnetization (PID), which is the source of the

spin waves investigated in this study.
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magnetization was controlled by applying an in-plane mag-

netic field, H, with the intensity H0. We assume H0� hx, hy

so that the precession angle of M is small. We consider a

magnetic medium that has a translational invariance in the

x–y plane. Then, the propagation dynamics of spin waves are

represented by a complex dynamical susceptibility vðr; tÞ or

its Fourier transform (FT) vðk;xÞ.29

The PSWaT spectra are obtained by analyzing the prop-

agation dynamics of the spin waves m(r, t) excited by a

photo-induced torque h(r, t). Then, m(r, t) is given by

mðr; tÞ ¼
ð ð ð

vðr� a; t� sÞhða; sÞdads: (1)

According to the convolution theory, the FT of m(r, t) is

written as

mðk;xÞ ¼
ð ð ð

mðr; tÞ exp�iðk�r�xtÞdrdt (2)

¼ vðk;xÞhðk;xÞ; (3)

where m(k, x) and h(k, x) are the FT of m(r, t) and h(r, t),

respectively. When the z-component of m (mz) is observed

through the Faraday effect, the SWaT intensity spectrum

jmzðk;xÞj is obtained.24 On the other hand, PSWaT

described in the present paper deals with the phase informa-

tion of spin waves by separating the real and the imaginary

components of the FT spectra in the calculation of mz(k, x)

using Eq. (2).

The PSWaT spectra are obtained by applying a time-

space FT to the experimentally observed m(r, t), as shown

schematically in Fig. 2. We here define the PSWaT spectra

mpqs, where p, q, and s label the real (r) and the imaginary (i)
components of the FT along the x-, y-, and time axes,

respectively.

Let us first consider the spatial FT in the PSWaT analy-

sis. For simplicity, we start from the one-dimensional FT for

m(x) with real values. Any one-dimensional data m(x) can be

decomposed into even [me(x)] and odd [mo(x)] components.

Thus, we write

mðxÞ ¼ meðxÞ þ moðxÞ: (4)

Then, the FT of m(x) along the x-axis ðF xÞ is given by

F xfmðxÞg ¼ mðkxÞ ¼ mrðkxÞ þ miðkxÞ (5)

with

mrðkxÞ ¼ RfmðkxÞg ¼ F xfmeðxÞg; (6)

miðkxÞ ¼ IfmðkxÞg ¼ F xfmoðxÞg; (7)

where R and I are the real and the imaginary components,

respectively.30 Similarly, any two-dimensional data m(x, y)

can be decomposed into four components with different

symmetries as

m ¼ mee þ meo þ moe þ moo; (8)

where mee (moo) is a component with even (odd) symmetry

along both x- and y-axes, while meo (moe) is a component

with even (odd) symmetry along the x–(y-)axis and odd

(even) symmetry along the y–(x-)axis. The notation of (r) is

omitted for clarity. Then, the FT of m along the x–y plane

ðF xyÞ gives

F xyfmðrÞg ¼ mrrðkÞ þ mriðkÞ þ mirðkÞ þ miiðkÞ (9)

with mrrðkÞ ¼ F xyfmeeðrÞg; mriðkÞ ¼ F xyfmeoðrÞg; mirðkÞ
¼ F xyfmoeðrÞg, and miiðkÞ ¼ F xyfmooðrÞg. Therefore, the

complex components obtained by the spatial FT represent

the spatial symmetry of the observed spin waves.

The PSWaT spectra are obtained by applying a temporal

FT ðF tÞ to the four components of mrr, mir, mri, and mii. We

write

mpqrðk;xÞ ¼ RfF tfmpqðk; tÞgg; (10)

mpqiðk;xÞ ¼ IfF tfmpqðk; tÞgg: (11)

We define the phase of the PSWaT spectra for the temporal FT

as /pqðk;xÞ ¼ tan�1½mpqiðk;xÞ=mpqrðk;xÞ�. This represents

the initial phase of spin waves by mðk;xÞ / exp fi/pqðk;xÞg.
This is the basic concept of PSWaT.

We examine SWaT and PSWaT for a 4–lm thick

Lu2.3Bi0.7Fe4.2Ga0.8O12 film grown on a Gd3Ga5O12 (001)

substrate. The sample was in-plane magnetized with a satura-

tion magnetization of 780 Oe, which was measured with a

vibrating sample magnetometer. The orientation of M was

controlled by applying an external magnetic field of 560 Oe

along the [100] axis.

The SWaT and the PSWaT spectra are obtained by ana-

lyzing the propagation dynamics of optically-excited spin

waves, observed with a time-resolved magneto-optical imag-

ing method.20 We used a pulsed light source with a center

wavelength of 800-nm, a time duration of 100-fs, and a repe-

tition frequency of 1 kHz. This beam was divided into two

beams: pump and probe. The circularly polarized pump

beam was focused on the sample surface by an objective

with a radius of 2 lm. The excited spin waves were observed

with the probe beam, which was weakly focused on the sam-

ple surface with a radius of roughly 1 mm. The wavelength

of the probe beam was changed with an optical parametric

FIG. 2. The PSWaT spectra are obtained by analyzing m(r, t) data with the

three-dimensional FT along the x-axis (F x), the y-axis (F y), and the time-

axis (F t). The real (r) and imaginary (i) components of the complex FT

spectra are separated.
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amplifier to 630 nm, where the sample shows a large Faraday

rotation angle (5.2�) and high transmissivity (41%). The flu-

ence of the pump and the probe beams was 1.2 J cm�2 and

0.2 mJ cm�2, respectively. The propagation dynamics of

spin waves were observed with a magneto-optical imaging

system based on a rotating analyzer method using a CCD

camera.20 The spatial resolution of the obtained images is 1

lm, determined by the diffraction limit of the probe beam.

All the experiments were performed at room temperature.

The details of the experimental setup were summarized in

Ref. 20.

Let us first show the SWaT spectra under the in-plane

magnetic field of 560 Oe, where the spin-wave excitation has

been attributed to photo-induced demagnetization (PID).24

An illumination of a magnetic medium with an intense pump

pulse decreases local magnetization by PID.20 The detailed

mechanism of PID is out of the scope of the present study.

This change in local magnetization [dm(r)] induces an extra

demagnetization field [hPID (r)] in the surrounding area and

generates spin waves.14,19,32 The demagnetization field lasts

for a long time so that we write hPIDðr; tÞ ¼ hPIDðrÞHðtÞ,
where H(t) is the Heaviside step function. Thus, we obtain

mPIDðk;xÞ ¼ � hPIDðkÞ
x

vðk;xÞ; (12)

for x 6¼ 0. The SWaT spectra along various k directions are

shown in Fig. 3(a).24 We see branches caused by spin waves

in the frequency range from 2 GHz to 3 GHz. A dispersion

relation of spin waves is shown by the white dashed lines in

Fig. 3(a), which are the fitting results with the Damon-

Eshbach theory31 representing the dispersion relation of

magnetostatic waves. By using the parameters obtained in

Ref. 24, the dispersion relation of magnetostatic waves is

reconstructed as shown in Fig. 3(b). The strong angular

dependence in the dispersion relation for magnetoelastic

waves is due to the anisotropic nature of the dipolar

coupling.3,24,31

Next, we show the PSWaT spectra in Fig. 4. Since hPID

(r) has mirror symmetry for both x and y axes as schemati-

cally drawn in Fig. 4(a), the excited spin waves appear in the

mii component. Figures 4(b) and 4(c) show the miir and miii

components of the PSWaT spectra along the direction of /
¼ 32�, where / is the angle between M and k. We see

branches with different features in the miir and miii

FIG. 3. (a) The angular dependence of the SWaT spectra for various k directions with an angle (/) between M and k. The red dotted lines are the dispersion

relation of the volume mode of magnetostatic waves calculated with the Damon-Eshbach theory.31 (b) The dispersion relation of the volume mode of magneto-

static waves calculated with the parameters obtained in Ref. 24 The direction of M is indicated by the green arrow.

FIG. 4. (a) A schematic illustration of the field induced by photo-induced demagnetization (d m). The field along the y-axis (hy) generates spin waves with mir-

ror symmetries about both the x- and y-axes. The miir (b) and miii (c) components of the PSWaT spectra along the direction of /¼ 32�. An in-plane magnetic

field of 560 Oe was applied along the [100] axis. The black dashed line in (c) is the dispersion relation of magnetostatic waves calculated with the Damon-

Eshbach theory.31 (d) and (e) The cross-sections of the data shown in (b) and (c) at k¼ 1.0� 104 cm�1 [green dashed lines in (b) and (c)]. The dashed lines in

(d) and (e) are calculated with Eqs. (14) and (15), respectively, with x0(k)/2p ¼ 2.56 GHz and a ¼ 0.03.
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components. Figures 4(d) and 4(e) show the cross-sections

of the PSWaT spectra shown in Figs. 4(b) and 4(c), respec-

tively, at k¼ 1.0� 104 rad cm�1. We see dispersion-type and

absorption-type spectra in the miir and miii components,

respectively. These features are well explained by a Landau-

Lifshitz-Gilbert (LLG) equation

dM

dt
¼ �cl0ðM�Heff Þ þ

a
Ms

M� dM

dt

� �
; (13)

where Heff is the total effective field, c is the gyromagnetic

ratio, l0 is the magnetic permeability of free space, and a is

the Gilbert damping constant. By solving the LLG equation,3

we obtain vðk;xÞ ¼ vðk;xÞ þ ijðk;xÞ with

vðk;xÞ ¼ x0ðkÞ6x

ðx0ðkÞ6xÞ2 þ a2x2
(14)

and

jðk;xÞ ¼ ax

ðx0ðkÞ6xÞ2 þ a2x2
; (15)

where x0(k) represents the dispersion relation of spin waves.

As shown by the dashed curves in Figs. 4(d) and 4(e), v and

j reproduce the observed miir and miii components of the

PSWaT spectra, respectively, with the parameters of x0(k)/

2p¼ 2.56 GHz and a¼ 0.03. In the present case, the maxi-

mum time delay between the pump and probe pulses

(Tmax¼ 13 ns) is much shorter than the spin relaxation time

of garnet films so that a is limited by Tmax giving a �1/

(xTmax)¼ 0.03.

Finally, it is important to emphasize that spin waves

generated through various processes with different spatial

symmetries are decomposed in the different components of

the PSWaT spectra. This characteristic of PSWaT makes

PSWaT a powerful method for the investigation of the exci-

tation mechanism of spin waves.

In summary, we have developed phase-resolved spin-

wave tomography (PSWaT) to obtain dispersion relations of

spin waves with their phase information. PSWaT is based on

a convolution theory, a Fourier transform, and a time-

resolved magneto-optical imaging method. The phase infor-

mation of spin waves is obtained by separating the real and

the imaginary components of the complex Fourier transform

in the PSWaT analysis.24 PSWaT was examined with a Bi-

doped in-plane magnetized garnet film. The PSWaT spectra

for spin waves generated by photo-induced demagnetization

are well explained by a model calculation based on the LLG

equation.
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