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Abstract

It has been developed a second order nonlinear Schrodinger method for prediction of kinematics in
irregular waves on finite depth. The velocity potential and corresponding surface displacement has been
developed under the assumption of slowly modulated amplitude. Shallow water waves have been identified
giving contribution to the surface displacement and the horizontal current.

In the absence of measurements on finite depth to verify the accuracy of the method, deep water mea-
surements have been compared with theory. Schrodinger theory has shown good results when compared
with measurements of the horizontal velocity in the crest. Determination of the induced mean flow was
indicated a return flow confined to the region around the still water level, adding more curvature to the

horizontal velocity profile.
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Chapter 1

Introduction

In the field of marine hydrodynamics a subject of great importance is the prediction of wave loads on
marine structures. One of the most common approximations of wave loads is the widely used Morison’s
formula. By using the formula with an undisturbed wave field and some proper coefficients Morison et al.
[7] were able to show good agreement with measurements. In this thesis it is the undisturbed wave field
and the corresponding kinematics which are of interest. It should be emphasized that the coefficients in
Morison’s formula depend on the corresponding wave theory and that a change of wave theory must be
followed by a change of coefficients.

For regular waves the most known theories are the linear Airy theory [1] and the nonlinear Stokes
theory [1] developed in the 19th century. Airy theory solves the linear boundary value problem defined
for waves propagating in a fluid by using potential theory. To justify the linearization it is assumed
that the waves in question have small amplitudes. To solve the nonlinear problem for steeper waves,
Stokes introduced power series in terms of a parameter including the amplitude. By using Stokes theory
Skjelbreia et al. [9] and Fenton [4] developed fifth order theories for calculating the kinematics in regular
waves.

Ocean waves are not regular, but random in form and propagation and these waves, also known as
irregular waves, are topics of research in recent time. Irregular waves may be composed by superposing
plane waves with different amplitudes and phases. In agreement with the principle of linear superposition,
one of the simplest methods to predict kinematics is by using linear Airy theory where components from
individual wave components are superposed. As for regular waves the linear theory is limited by the
steepness of the waves. The Airy theory is known to over predict in the region near and above mean
water level and empirical models have been developed to improve the accuracy. Wheeler developed
the widely used Wheeler stretching method [13] by stretching the profiles of the kinematics. Wheeler
stretching and other similar methods are based on empirical observations and these methods are not
well founded in hydrodynamic theory. The coefficients used in Morison’s formula are found empirically
from force measurements and when the wave theory also is quite influenced by empirical adjustments the
traceability from force prediction to rigid mathematical theory decreases.

Grue’s method is a simple way to predict kinematics in deep water. Grue et al. [6] used third-order
Stokes theory and a proper normalization to get the horizontal velocity to coincide with the exponential
profile. They used the local wave to find the governing parameter and the method has shown good

agreement with measurements.
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Another way of representing irregular waves is by assuming slowly modulated amplitude and phase.
The method is known as the Schrédinger method [3] where the Schrédinger equation is governing the
propagation of the amplitude and phase. The Schrodinger method is using the entire wave field to find
the governing parameters as distinct from those methods using the local wave. Parameters governing
the development are steepness, bandwidth and depth, where modulation of the amplitude is related to
bandwidth. The use of nonlinear Schrédinger theory to calculate kinematics has been utilized by Trulsen
[10] for deep water and by Trulsen et al. [11] for finite depth. With third order nonlinear contribution,
Schrodinger kinematics has shown excellent comparisons with measurements [12].

The purpose of this thesis is to develop a method for use in irregular waves at finite depth. For use
in conventional engineering the method has to be both accurate and simple to implement. Schrédinger
kinematics have shown great accuracy, but the methods already developed are complex, especially at finite
depth. Ocean waves are normally specified by their deterministic or statistical characteristics through a
measured time series or a wave spectrum. For conventional use the method has to be able to generate
kinematics from both a time series and a spectrum. To be used in force prediction the method has to
display the velocities and the accelerations throughout the water column at arbitrary time.

The first part of this thesis will be a review of the established methods previously mentioned and in
use today. Then there will be developed a simplified nonlinear Schédinger method with details of imple-
mentation. Finally the Schrodinger kinematics will be implemented and compared with the established

methods.



Chapter 2

Established engineering methods

2.1 Boundary value problem

Like in Newman [8] the fluid is assumed to be incompressible, inviscid and irrotational. Then the velocity
vector may be represented as the gradient of the velocity potential ¥ = V¢. The velocity potential ¢
and the surface displacement 7 is found from solving Laplace’s equation (2.1) for the given boundary
condition. The kinematic condition (2.2) is found with the requirement that a particle on the free surface
will stay on the free surface. This requirement is taken care of by the substantial derivative of the surface
displacement being equal to the vertical component of the velocity on the free surface. The pressure on
the free surface is assumed constant and equal to the atmospheric pressure and the dynamic condition
(2.3) is found from Bernoulli’s equation. The bottom condition (2.4) is found from the requirement that

there is no flow through the sea floor. For uniform depth the boundary value problem to be solved is

Vip=0 for —h<z<n, (2.1)
on  0pdn 99 _ _

E—F%% %—0 at z =, (2.2)
99 1 2 _ _

n + Q(ng) +gz=0 atz=mn and (2.3)
09 B

9 = 0 at z=—h. (2.4)

Here a two dimensional Cartesian coordinate system is adopted where x is horizontal axis and z is vertical
axis where the plane z = 0 coincides with the undisturbed free surface. V is (%;—i— %E) where 7 and k

respectively are unit vectors in horizontal and vertical direction. g is the acceleration due to gravity.

2.2 Airy theory

The simplest way to predict wave kinematics is by using linear Airy theory. The surface conditions
are approximated with Taylor series around the plane z = 0 and subsequently made linear under the
assumption that the surface displacement 7 is sufficiently small compared to the wavelength A. This is
taken care of by the requirement ak << 1 where a is the wave amplitude and k& = 27/ is the wave

number. For a regular wave a possible solution to the linear problem is

n = acos(kx —wt + ¢) and (2.5)
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coshk(z+h) .
(25 = CLWW Sln(kx — wt =+ QO), (26)
where w = 27 /T is the angular frequency, T is the wave period, k and w are related through the linear

dispersion relation
w? = gk tanh kh, (2.7)

and ¢ is the phase displacement, which may be set equal to zero with a suitable choice of origin.
Irregular waves may be composed by superposing plane wave components with different amplitudes
and phases. With the use of linear Airy theory the surface displacemnt and the velocity potential may

be presented as

n= 5 Z (ajei(ijfwjt) + C.C) and (28)
J
1 . cosh kj(z + h) i(kjz—w;t)

0= g 2 oy o ee): 2

J
and the velocities and accelerations as

dp 1 coshkj(z+N) ik 2w

SR DI ey A (2:10)
0 1 _ sinhk;(z4+h) k2w

W= gz = Tp 2 e e o) (2.11)
ou 1 . gcoshkj(z4+h) yhow

o= gp ~ Tp 2 el g e and -

1 inh k& h) .
0, = %1: =3 (ajw;wew-wm tee), (2.13)

- sinh k;h

where a; is complex amplitude containing both length of the amplitude |a;| and phase displacement

Y5 = argay.

2.3 Wave spectrum

Ocean waves are normally specified by their deterministic characteristics with a measured time series
or by their statistical characteristics with a wave spectrum. Like in Gran [5] the wave spectrum S(w)
is defined analogous to the power spectral density function AP/Aw. Looking at the frequency domain,
AP is the power contribution from waves within the range Aw. Within the range Aw, waves are fairly
monochromatic and may be presented by a pure sinusoidal function a coswt. The power contribution is

proportional to the mean square of the wave and with

AP = 1/T( )2 dt = 21/T1(1+ 2 t)dt—1 2 (2.14)
_TO a COoS W —(IT02 COS 2w —2a. .

the wave spectrum is defined as

AP a?
SW) =2 = 280

which gives a(w) = /25 (w)Aw, (2.15)
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and the total energy flux as

. . 1,
P = /P dP = Al;)rgozi:AR = AliQOZi:S(wi)Awi = /WS(w) dw = Z 50 (2.16)
Then irregular waves may be presented as

n= Z a(wj) cos(kjxr — wjt + ¢;), (2.17)
J
where k; and w; are related through the linear dispersion relation (2.7) and ¢; is randomly distributed
between 0 and 27w. The wave spectrum may also be derived from the auto-correlation function for the
surface displacement which forms a Fourier transform pair with the power spectral density function.
The wave spectrum may be estimated by using the Fourier transform 7 of a measured time series 7

which gives
S(w) = Al\ﬁ(w)\Q where Aw = 27w /AT. (2.18)
w

Another way to estimate the wave spectrum is by using analytical functions. The Pierson-Moskowitz
spectrum and the JONSWAP spectrum are frequently applied for wind generated waves. In accordance

with DNV [2] the Pierson-Moskowitz spectrum Spjs is given by

5

Sear@) = 5 (HyPwr)'@) P exp (- 3(2) ) (2.19)

where H 3 is average of the highest one-third waves, wp = 27/Tp, Tp = 1/fp and fp is the frequency
where the wave spectrum has its maximum value. The JONSWAP spectrum S;(w) is given as a modifi-

cation of the Pierson-Moskowitz spectrum and in accordance with DNV

w—wp 2

Sy(w) = AySpy(w)y™® (-05(=E))  where A, =1-0.2871n(y). (2.20)
v is the peak shape parameter where

5 fOI' TP/‘/H1/3S3.6
T
7= ep(B.75—L15—7) for 36 <Tp/\/Hijs <5 (2.21)

1 for 5§TP/~/H1/3

may be applied. € is the spectral width parameter where

Q, f <
Qp for w > wp.

For 3.6 < Tp/\/H; /3 < 5 the JONSWAP spectrum is expected to be a reasonable model. Average values
for the spectral parameter are v = 3.3, 2, = 0.07 and € = 0.09.

2.4 Why Airy thoery breaks down

The mathematical foundation is the linearization of the surface conditions. The surface displacement is

assumed to be sufficiently small to make nonlinear terms minimal compared to linear terms. Subsequently
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the nonlinear terms are neglected and the linear problem arises. When the nonlinear terms are neglected
from the Taylor series the solution for z = 7 equals the solution for z = 0. Rigorously this means that
the kinematics should be constant throughout the water column from trough to crest. But in this region
the kinematics is not constant but drastically changing and the kinematics is extrapolated by using exact
vertical position.

For maximum horizontal velocity (2.8) is substituted into (2.10) which gives

a5 1 T—w;j (ks —ws
,ZZ s1nl]r1kthOSh( (agkjelki )—i-C.C)—l—kjh)e(kJ Jt)_FC_C)' (2.23)

To justify the linearization ajk; << 1 which leads to a maximum value of the wave spectrum for a given
low pass frequency wip,.

The low pass frequency wy, is the frequency immediately above the highest frequency considered in
the wave spectrum and may also be known as low pass filter. Likewise, the high pass frequency wy,, is
the frequency immediately beneath the lowest frequency considered and may also be known as high pass
filter. Both frequencies are frequently denoted cut off frequencies.

The shortest waves in the spectrum are assumed to be deep water waves where kh >> 1 and for wy,

the linear dispersion relation valid for deep water may be applied and

2
Wi

Wip = gkmax  which gives  kpax = —2. (224)
g
When a;k; << 1 and a; = /25 (w;)Aw
92 —4
S(w;) << ALY (2.25)

This and kjn << 1 are both necessary requirements to justify the linearization and confines Airy theory

to very small amplitudes. Violation of these requirements is the reason why Airy theory breaks down.

2.5 Wheeler streching

To improve the Airy theory many empirical methods have been developed. One of the best known
methods is the widely used Wheeler stretching [13] which adjust the kinematics with a modification of
the effective height. The modification of the height was suggested by calculations made in connection
with wave tank studies. The accuracy of the velocities improved when the mean height of the water
particle orbit was used instead of the surface displacement. The vertical axis is stretched from the old z

to the new z; with
(z+h)=h(zs+h)/(n+h) for —h<zs<n. (2.26)

The Wheeler stretching is based on Airy theory using a lowpass filter. DNV [2] recommends a low pass
frequency equal to four times the peak frequency, wy, = 4wp. If the low pass frequency is set too high
and too much of the energy is extracted from the wave spectrum this may be the source of error that
Wheeler stretching is compensating for. Wheeler stretching and other similar methods which are based

on empirical observations are not well founded in mathematical theory.
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2.6 Stokes theory

To solve the nonlinear boundary value problem (2.1)-(2.4) Stokes introduced harmonic power series in
terms of a parameter containing the amplitude. In Stokes’ original theory the parameter ¢ = ak was used
to expand the series. Looking at the surface displacement the most noticeable higher order effect is the
second order contribution which makes both the crest and trough higher. Skjelbreia et al. [9] developed
a fifth order method for calculating both the surface displacement and the kinematics with ¢ = ak as the
expansion parameter. Later Fenton [4] showed this method to be wrong at fifth order and introduced the
wave steepness € = kH /2, where H is the wave height from crest to trough, as the expansion parameter.

Fenton’s method for steady propagating waves at finite depth is

5 i
¢ =(c—u)r+ Co\/g/k3 Z e Z A;jcosh jk(z + h) sin jk(z — ct) + O(€°), (2.27)
=1 j=1
i\/k/g = Co+ €2Cy + ¢*Cy + O(®)  and (2.28)

kn = kh + ecos k(x — ct) + €2 Byg cos 2k(x — ct) + 63B31(COS k(xz — ct) — cos 3k(z — ct))
+€*(Bao cos 2k(x — ct) + Baa cosdk(z — ct))
+€°(— (Bss + Bss) cos k(x — ct) + Bsg cos 3k(z — ct) + Bss cos 5k(z — ct)) + O(%), (2.29)

where ¢ = A\/T and H is known. For cases where A\ and T are known the theory can be directly applied.
Otherwise it is necessary to specify the current or the mass flux. The coefficients A, B and C' and
additional ways to find the wave length and the wave period can be found in Fenton’s work [4].

Grue’s method is a simple way to predict kinematics in deep water. For deep water a possible solution

to the boundary value problem (2.1)-(2.4) using Stokes original parameter € = ak for the expansion is

k

ke _ e sin(kx — wt) + O(€*), (2.30)
Va/k

1 1
kn=(1+ gez)ecos(k:v —wt) + 562 cos 2(kx — wt) + %63 cos 3(kx — wt) + O(e?), (2.31)
W 1424+ 0(e) (2.32)
gk ’ '

and for a wave event the maximum surface displacement is denoted 7, and

1 1

knm =€+ 562 + 563 + O(eh). (2.33)

The parameter € is found through solving the two equations concerning dispersion (2.32) and wave
steepness (2.33). w = 27 /T, where T is the local wave period from trough-to-trough for the wave event.

The reconstruction formula for the horizontal velocity is

= gi = e\/g/ke™ cos(kx — wt). (2.34)

u

For the crest the horizontal velocity reaches the maximum ucrest = €4/9/ kek¥. When the velocity is made
dimensionless with the reference velocity uyo = €4/g/k it becomes the exponential profile under the wave

_ ok
crest Ucrest /Uref = €Y.
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The foundation of the simplicity in Grue’s method is the deep water condition, where kh >> 1. When
kh >> 1 the coefficients from the velocity potential in connection with the second and third order terms
converges towards zero. Looking at the velocity potential the only correction from first to third order is
in the dispersion relation where the amplitude is included. For finite depth the solution satisfying the

third order boundary conditions becomes considerably more complex.



Chapter 3

Nonlinear Schrodinger theory

3.1 Background

Airy theory is developed by using the assumption that the amplitude is small and the theory is limited
by the steepness. When Airy theory is used on irregular waves almost the entire wave field is taken into
account and the theory is not restricted by the bandwidth. The Airy theory is known to over predict
in the region near and above mean water level. The Wheeler stretching method compensates for the
over prediction by using an empirical modification, but this is not well founded in mathematical theory.
Distinguished from linear theory Grue’s method is not limited by the steepness. The method is based on
the local wave and is restricted to small bandwidth.

Based on the above considerations a better approach would be to take in consideration both the
steepness and the bandwidth. A method that is considering both the steepness and the bandwidth is the
Schrédinger theory where the velocity potential and surface displacement are presented by a perturbation
expansion in terms of the steepness. The use of nonlinear Schrédinger theory to calculate the kinematics
has been utilized by Trulsen [10] for deep water and Trulsen et al. [11] for finite depth. In Trulsen
[10] and Trulsen et al. [11] bandwidth and modulation of the amplitude are assumed to be of the same
magnitude. To decrease the complexity in this thesis, modulation of the amplitude, according to a
characteristic frequency, is assumed to be of same magnitude as the steepness. Distinct from the work on
finite depth by Trulsen et al. [11] this thesis is taking into account the contribution from shallow water

waves.

3.2 The boundary value problem

The boundary value problem (2.1)-(2.4) is to be considered. The waves are assumed to be weakly
nonlinear where a.k. = € and € is a small parameter << 1. a. is the characteristic amplitude and k.
is the characteristic wave number which is related to the characteristic frequency w. though the linear
dispersion relation (2.7). The modulation of the amplitude is related to the characteristic parameter
whith

Ak Aw

ke We

=0(e) (3.1)
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and the depth is assumed to be finite where k.h = O(1). The characteristic scale a., k. and w, is used
to make the variables (z, z, h), the velocity potential ¢ and the surface displacement 7 dimensionless and
normalize where

ke 1
(.’L'*, Z*v h*) = kc($, Z, h)a t* = wctu ¢* = ¢7 TI* =" (32)

cWe c

and * denotes the dimensionless parameters. To get the boundary value problem on dimensionless form
(3.2) is substituted into (2.1) - (2.4) and

C Ck2

%V%ﬁ* =0 for —h* <z* <acken”, (3.3)
C
on*  alwek? 0¢* On*  acweke O¢*

W e — =0 at 2" = acken”, 3.4
T ) T P abE T el 34
AcWcWe a¢* agwgk% 1 2 9 % * *

R e + kg §(v¢) + kzz =0 atz"= ackcn and (35)
acwcke agb* * *
k;c aZ* = 0 a,t z = —h . (36)

After (3.3) is multiplied with (1/w,), (3.5) is multiplied with (k2 /w?), (3.4) and (3.6) are multiplied with
(ke/we), the linear dispersion relation (2.7) is utilized, (tanh k.h) is replaced with o and (ack.) is replaced

with € the dimensionless boundary value problem becomes

eV2p* =0 for —h* < 2 < e, (3.7)
o o0¢" On*  0¢* X _ o x

€ +e S 9 9 0 at 2" =en", (3.8)
8¢* 21 2 1 * * *

€5 +e 2(V¢) +o2t = 0 atz*=en* and (3.9)
op*

€os = 0 atz*=—h" (3.10)

For the following calculations the % is removed and x, z, h, t, ¢ and 1 are dimensionless. According to the
assumption about modulation of the amplitude (3.1) a slow variation in both space x; and time t; is

introduced where (x1,t;) = €(x,t) which gives additional derivatives in space and time where

0 0 0 Ox1 0 0 0 0 0oty 0 0

0,90, 00, _0 0 9 0 00 _0 0 11
or Oz + Oxr1 O0x Oz + 68:1:1’ ot ot + oty 0t Ot + 6(‘%1’ (3.11)
82 9,0 &  aN/9 9 8? 2,0
50 = 55 3x) ~ (o 3 (G2 T0r) = 57+ 2 T W (3.12)
0¢ 0¢ ¢
2, 2 oo 0 o9, 00 (9
(Vo) = (Vo) + 25 o+ (50" (3.13)

The slow variations (3.11)-(3.13) are included in (3.7)-(3.10) and the boundary value problem becomes

¢ o %9 | 300 0%
— +2 — = for — 14
€92 + 2¢ 9205, +e€ 927 + €9n2 0 for —h<z<en, (3.14)

In  o0n  ,000n 309 dn 300 0n  Op 4
— — =1 £ -1 e A S e = — 1
ot T o T o00e T 900m 1€ duon  Co, TOE)=0 atz=en, (3.15)
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0p 500 91 9 300 09 1 4

p— —_— —_— = = -1
eq e ot +e 2(V¢) te Fr. + Uz—l—O(e )=0 atz=en and (3.16)
9¢

The kinematic and dynamic boundary conditions are approximated with Taylor series expanded around

z = 0. The kinematic condition becomes

[6877 42 on 200 On 3%% 3 09 On o¢ _~_O<€4)}

ot "ot T wvor T owom Comox ‘o2 o
and the dynamic condition becomes
[egf + 6232 + 62%(V¢)2 + 53?);%52 + %z + 0(64)] .
= e+ g+ g+ G sk g
+6377V¢%(V¢) + 63772;;;275 + 0(64)} - + en% =0. (3.19)

A harmonic expansion of the velocity potential and the surface displacement is proposed as a possible

solution where

¢=d1+epr+Eds o+ and =+ ep s+t (3.20)
with
p 1 . i
o1 = Ao + 5(14116 + C.C), (3.21)
1 1 - ix A 2ix
Pg = Ao + 5(14219 + Agse + C.C), (3.22)
; 1 . . , . , .
¢3 = Aso + i(Agler + ASQteX + A33€31X + C.C), (323)
m = Bio + 5(3116 + c.c), (3.24)
1 ) i
Ny = Baog + i(BgleIX + 322621X + C.C), and (325)
1 . , A
n3 = B3o + 5(3316ZX + B3pe?™ + Bsze®™ + c.c). (3.26)
Here Anm = Anm(xl, t1,z), depending on the slow variation and the vertical position and B, =

B (x1,t1), depending only on the slow variation. x = (x — t) is the phase function and c.c denotes the
complex conjugate. Finally the velocity potential and the surface displacement (3.20) are substituted into
Laplace (3.14), the bottom condition (3.17), the dynamic condition (3.19) and the kinematic condition

(3.18). The equations are reorganized according to the magnitude of € and the boundary value problem
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to be solved is
Laplace for —h < z < en
¢ s 00 ¢
Z 719 b
“0a2 +ee 0zdx1 + €922
0?2 0?2 0? 0?2 0?2
:e< <Z51+ ¢1>+62< ®2 o1 ¢2>

2
0z? 072 0x2 + 0xdx1 + 072
%3 Ppy PP 0%¢3
3 92 4 — 2
te (81‘2 + 0x0x1 + (%U% + 0z2 ) +0() =0, (3.27)

the kinematic condition at z = 0

O, 200 20000 | 309 0n 50 On
oo T oror € orow € 0y 0x

09 3 3245 on 2 82¢ 3 213% 4

9: " Mosoror Moz €T ags O
_ (Om 001y | p(Om  Om  ObOm  Obr | O
_6<8t az> €<8t+8t1 or 0x 02 maz2)
+€3(%+% 99101y | 00 Oy Om . O¢1 Om

ot oty Oox Ox Or Oz Ox Ory Ox1 Ox

O3 %1 Om %o o1 ,10%¢ 4

Oz +771828:1: or n 022 2 022 7712 023 ) +0() =0, (3.28)

the dynamic condition at z = 0

09 .09  ,1 2 30000 4 &Fo 5 ¢
Bt T o T eV T g g T M asar T " ak0n,
1 0%

2 0220t

0 1
+EVo— (Vo) + €n + en—+ O(e)
0z o

B 0d 1 9(O0p2 O0¢P1 1 9 32(;51 1
= (T +my) + (G0 + g (Ve g gy )
Opz O  Op10p2  O0¢1 0Py Op1 Oy 9% po
3(0¢3  Op2 091092  0¢1092 091091
te (at T ot T or 0x T 0z 02 " 0x 0wy | M ozon
0? 0? 0 103 1
1 az(gs m azgtll T mVorg (Vo) +y 8z2¢alt + ) +0(eh =0 and (3:29)
the bottom condition at z = —h
0 _ 9¢1 | 2002 3003 4y _
9, — €5, T3, T€ 5, +O(e*) =0. (3.30)

3.3 1st order problem

From the boundary value problem (3.27) - (3.30) the parts of O(e) is extracted and the 1st order problem

is established. The 1st order problem is linear and equivalent to the problem solved by the Airy theory
and is

F¢1 I
52 + 5.2 = 0 for —h<z<n, (3.31)
om 0P

S = .32
T P 0 atz=0, (3.32)
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op1 1

—+—m =0 atz=0 and (3.33)
ot o
dp1 B

To find the 1st order potential (3.21) and the corresponding surface displacement (3.24) Laplace
(3.31) will be solved for the given boundary condition (3.32)-(3.34). At first the 1st order potential is
substituted into the Laplace and

81 N ¢
Ox? 072

PAn 1024y
0y HeiX 4 c.c=0. (3.35)

1. .
— 2 Ajpeix
2 e+ 022 2 022

The equation is valid for arbitrary time and may therefore be divided into different harmonies which

gives two separate equations where Ay, = A1, (x1,t1) and Cyp, = Cip(x1,11) for n = (0,1). From the Oth

harmonic
82 Ay . . ) ‘
92 = 0 with possible solution Ajg = A9z + Cip. (3.36)
From the 1st harmonic
PAn ) . ) . )
922 A11 =0 with possible solution Aj; = Ay cosh(z + h) + Cyy sinh(z + h). (3.37)
2

By substituting (3.36) and (3.37) into (3.21) the 1st order potential becomes

1 .
1 = (Aroz + Cro) + 5 ((An cosh(z + h) 4+ Cy1 sinh(z + h))e'X + c.c). (3.38)

Next the 1st order potential (3.38) is substituted into the bottom condition (3.34) and

[8%

1 i ,
E} b Aro + (5 (A1 sinh(—h + h) + Cy1 cosh(—h + h))eX + c.c) =0 (3.39)

which gives A1 = C11 = 0. When Cyo(x1,t1) is replaced with 3(x1,t1) and utilize that any linear
combination is also a solution of the differential equation the 1st order potential may be

cosh(z + h)

1 .
= - X
b1 ,8 + 5 (AH cosh et + C.C) . (340)

Finally the 1st order potential (3.40) and the 1st order surface displacement (3.24) is substituted into
the kinematic condition (3.32) and the dynamic condition (3.33) and

0 0 1 | ;
% — % = —iiBHelX — §A11061X +cc=0 and (3.41)

0op1 1 1 1 : 1 .
Ly oy =B (_ ZApeX 4+ —ByeX '): . 42
ot + 0771 o 10 + 12 ues+ 20 nes tece 0 (3.42)
From the kinematic condition (3.41)

iB11 + A110 = 0. (3.43)

From the dynamic condition (3.42) the Oth harmonic gives Bijgp = 0 and the 1st harmonic gives

1
—1Aq1 + EBH =0. (344)
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The equations (3.43) and (3.44) forms a homogeneous system of linear equations. With the use of methods

from linear algebra the system may be presented as

—i 1/o A | ] O
NG

To find the non trivial solution the determinant is required to equal zero which gives one free variable.

By is representing the linear amplitude of the surface displacement and is chosen to be the free variable.
After replacing Aq1(z1,t1) with A(z1,t1) and Bii(x1,t1) with B(z1,t1) the solution to the 1st order

problem is

1/ cosh(z+h) ,
= —(A————eX +c. A4

91 ﬁ+2( coshh  © +CC) (3.46)
.B

where A= —i— and (3.47)
o

1. .
m = §(Belx + c.c). (3.48)

3.4 2nd order problem

From the boundary value problem (3.27) - (3.30) the parts of O(e?) is extracted and the 2nd order

problem is established and is

Ppa | 0P¢o &1
92 + 5.2 + 28x8x1 =0 for —h <z <n, (3.49)

Onz  Om | 01 0m 0 &1

ot " on 0w or 02 Mg —0  =2=0 (3.50)

Opa  Op1 17 0¢1.9  Ob1.s %1 1 B

ot +at1 +2((8x) +(7az)>+nlazat+an2—0 at z=0 and (3.51)
0p2 -

5, 0 atz=—h (3.52)

To find the 2nd order potential (3.22) and the corresponding surface displacement (3.25) Laplace
(3.49) will be solved for the given boundary condition (3.50)-(3.52). First the 2nd order potential and
the 1st order potential (3.46) is substituted into Laplace which is

2 2 2
0°¢r L g2 , 0% (3.53)
0z2 022 0zdx1
The left hand side of the equation becomes
9> ¢ N O p2
or2 922
821420 1 i ¢ i 1 821421 ; 82A22 ;
= — (G Ane +24002Y) + S ix ) +c. 54
5.2 +< (2 216 + 2A499e +3 5.2 © + 5.2 © +c.c (3.54)
and the right hand side of the equation becomes
9? 1 OB cosh(z + h) ;
oL _ ———Me”‘ + c.c. (3.55)

B drdry o dxry coshh
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The equation is valid for arbitrary time and may therefore be divided into different harmonies which
gives three separate equations where Ag, = Ag,(21,t1) and Cyy, = Cop(x1,t1) for n = (0,1,2). From the

Oth harmonic

ZA ,
88 220 =0 with possible solution Agy = Agyz + Cop. (3.56)
z
From the 1st harmonic
O?Ay 2 OB cosh(z + h)
Ay = 22 ESET ) 3.57
072 21 oc0r; coshh ( )

To find a solution to (3.57) Agl is divided into a solution to the homogeneous problem Agl g and a solution
to the particular problem Agl p where Agl = Agl o+ Agl p. A possible solution to the homogeneous

problem is

Agipr = Agy cosh(z + ) + Cyy sinh(z + h) (3.58)
and a possible solution to the particular problem is

As1p = Doy z cosh(z + h) + Eszsinh(z + h). (3.59)
Equation (3.59) is subtituted into (3.57)

02 Aoy p , 2 OB cosh(z + h)
— Ao1p = 2D9; sinh h)+2FE h hy=—F—"—7"-—°- .
5. 2P 91 sinh(z + h) + 2E5; cosh(z + h) 592 coshh (3.60)

which gives

1 o
o cosh h 0xq

D21 = 0, E21 = — and (361)

(3.61) is substituted into (3.59) which gives

. z OB
Ay = A h h) 4+ Cay sinh h) — —— sinh h
21 91 cosh(z + h) + Cy sinh(z + h) 5 coshh sinh(z + h)
z 0B\ .
= Ay cosh(z+ h) + (021 - Sanh 6—:“) sinh(z + h). (3.62)

From the 2nd harmonic
0% Ag

022
By using (3.56), (3.62) and (3.63) the 2nd order potential (3.22) becomes

z 0B ;
ZZ ) sinh B) )elx
sinhh@xl)sm (2 + ))e

— 445 =0 with possible solution Agy = Ags cosh 2(z+ h) 4+ Coosinh 2(z + h). (3.63)

1
P2 = (AQOZ + Czo) + 5 ((Am cosh(z + h) + (021 -
+(A22 cosh2(z + h) + Casinh 2(z + h))e2ix + c.c> . (3.64)

Next the 2nd order potential (3.64) and the 1st order potential (3.46) is substituted into the bottom
condition (3.52) and

P _ 1 h 9B\ i yix B
[E}z:_h =An+ (2 <021 * sinhhaT;l)e +Ce™ +cc | =0. (3.65)
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The equation is valid for arbitrary time and may therefore be divided into different harmonies which

gives

h OB
20 =0, Ca smhhor; O Cp =0 (3.66)
When (3.66) is substituted into (3.64), Cao(x1,t1) is replaced with [a(z1,¢1) and utilize that any linear

combination is also a solution of the differential equation the 2nd order potential may be

h 0B z OB

1
= “((a h _(r 9z 90
¢2 = Cao + 2 <( 21 cosh(z + h) <sinhh 0x1 + sinh h 0x1

) sinh(z + h))eix

+Agy cosh 2(z + h)e?X + c.c>

B cosh(z + h) sinh(z + h) 0B 5,
=htg 2 <(A21 cosh h (ht2) sinh h Tm)e
cosh2(z+h) o
Agg———————=e*X 4 c.c ). .
A cosh2h  © te C> (3.67)

Next the 2nd order potential (3.67) and the 2nd order surface displacement (3.25) together with the
solution to the 1st order problem (3.46) and (3.48) is substituted into the kinematic condition (3.50)

which is

Opa  Onp _ Om | O¢1 Om &1

9z ot ot o ox Mo (3.68)
The left hand side of the equation becomes
9¢2 _ O
0z 8t
h. 0B h. 0B* ;
Aso — (1 ) ix (A 1 ) —ix
( 210~ +0)8x1 +2 210 = ( +0)8x1
. 1 . . 1 . .
+A220'2621X + A;zage_ ix + §iBglelx + iBgQGQlX — iiBgle_IX — iBSQG_QIX (369)
where % denotes the complex conjugate and
20
and the right hand side of the equation becomes
om I om ¢
ot, « ox oz 922
B . B* _. 1 : N1 . )
(gtl + 86751 e*lX) +3 (iAe‘X - iA*e’1X>§ (iBe‘X - iB*e*lX)
;< BeX 4+ B'e _IX> ( Al 4 A% _IX>
0B . o0B* . 1 . )
—ix\ __ = 2ix * ¥ —2ix ) _ T 2ix * gk —2ix
(at1 +—8tle ) 4(ABe + A*B¥e ) 4(BAe + B*A%e )
0B . oB* _. 1 ) )
—e X)) — Z(ABe*X 4+ A*B* _21X>. 71
(81%1 LT ) 2( T A (3.71)
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The equation is valid for arbitrary time and may therefore be divided into different harmonies which

gives two separate equations. From the 1st harmonic

h. 0B 0B 0B h. OB
Agio — (1 Byu=4— = Ano+iBa=——+(1+=)— 3.72
210 — ( +0)61+1 2= 5 210 + 1By 8t1+( +0)8;v1 (3.72)
From the 2nd harmonic and with the use of (3.47)
. 1 _ B2
Aogog +1Bgg = —§AB = Ago9 +1B9y = 127 (373)
o

Then the 2nd order potential (3.67) and the 2nd order surface displacement (3.25) together with
solutions to the 1st order problem (3.46) and (3.48) is substituted into the dynamic condition (3.51)

which is

Oby 1 (01 1 .0¢1., 1 0¢1., 0%¢,
at T (8751 t3 (8:5) +3(5) mazat)' (3.74)
The left hand side of the equations becomes
Jpa 1 1, 0B oB*, _,
—= 4+ —mp = —=i( (A — AS — h——)e X
o o 21<( 2=y 1> — A e )
—i<A22€2iX — A§2€—2ix) (B20 + = (Bgle X 4 BQQG ix + BQ e X 4 nge_%x)) (375)
and the right hand side of the equation becomes
Opr  1,001.9 1,061, &1
(G 305 +lE )+ mg)
B 10A, 1oA" 11 1y s
= I 1 - 1 A IX A* 154
((‘)t1+2(‘)t1 Toan ¢ TGt m A
11 1 . 1 . 1 . 1 .
(= Agix A* —ix ZaelX £ 2 B*e XY (L IiAgiX £ TiA* g i
+5 (5 A + )+ (5 + 5B e ) (=Sido™ + Sid%o ))
1 &4 104* _. 1 : .
el il S —ix - 2 2ix * *\2  —2ix
(t1+28t1 t 390 ) + 5 (A% 2447 4+ (a7)272)
é 2 (A2 25X 1 944" + (A*)Qe—QiX) + iia <aAe2iX — 2aA* — B*A*e_zix>. (3.76)

The equation is valid for arbitrary time and may therefore be divided into different harmonies which

gives three separate equations. From the Oth harmonic

1 o8 1 1, 1,
ZBoy = ——— _ * = * = *
B2 ot 4AA 1 AA 210'BA
o8 1, B B 9y 1. .B*
O - D)W+ o)+ Sio B )
. 0p o2 -1 9
~Ton T ( 402 )’B| (3.77)
which gives
o 86 0'2 — ]. 2 aﬁ 2
BQO——UaTl‘F( 1o )’B‘ ——UaT+’Yl’B| (3.78)
where
o2 -1
71_( = ). (3.79)
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From the 1st harmonic with the use of (3.47), multiplied with (ic) and rearranged

dB\ . 1 - 0A 0B 0B
—i(A h—)lx "By = — 906 o g Boy = —22 4 ho 22 3.80
1( 2 8 I +O‘ 21¢ 87516 210+1 2 6t1 08331 ( )
From the 2nd harmonic
2 1 o2 A2 L Lo 2 L
—1A22+ ng—*A g A +ZIO'BA:§A (1-0o )—f—ZlO'BA
1/ .B\2 N\ 1, B 302 -1\ o
:g(“;) (1-0?) + qioB(-i7) = (Fg7) B (3:81)
when multiplied with o gives
, 1 302 -1\ 9
—iocAgg + =Bggy = ( )B =B (3.82)
2 8o
where
302 -1
g = ( 5 ) (3.83)
o

The equations from the kinematic and dynamic conditions are forming two systems of linear equations.

From the 1st harmonic (3.72) and (3.80) may be presented as

: B oB
o i Agi _ atl + haa—xl (3.84)
o 1 Bo1 Btl + (1 + )Brl

The determinant equals zero which gives one free variable and the sum of the right side equal to zero.

The sum of the right side is

OB OB /0B h_ OB OB h_ OB
~ap thoge— (gp + 0+ gy ) =25 + (o = 1= )5
0B ho? — o — h\ OB
=2+ () gy, = (3.85)
which gives
OB ho? — o — h\ OB OB
e T (3.86)
where
_(o+h—ho?\ 1 (e = 1Dhy\
V3= (T) - 5(1 - T) ~% (3.87)

cq denotes the dimensionless group velocity which is derived in appendix A.1. After (3.87) is substituted
into (3.86), utilizing (z1,t1) = €(z,t) and rearranging

0B OB 10B 10B 0B 0B

9B, 0B _10B 10B 0B 0B _ | 3.88
ot 9o ot Yeon ot Yo (3.88)

which is the linear Schrodinger equation. The equation is a 1st order partial differential equation, also
known as a wave equation, and has a general solution B = f(x — c4t) where f is an arbitrary complex

function for a wave propagating with the group velocity. This shows the evolution of the linear amplitude
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and the equation will be denoted the evolution equation. Bs; is chosen to be free and equal to zero. When

Bs; = 0 is substituted into (3.80), multiplied with (1/0) and utilizing (3.88)

10B 0B _ ¢ 0B 0B _ o 08

Aol = - = — _ I\ =
21 08t1 + 8.%‘1 g 8.%'1 8371 ( g )8901

For the 2nd harmonic (3.73) and (3.82) may be presented as

Ago _ V2 52
322 l/(20‘)
which gives

Ag _ 2 i —1/2 V2 B2
Bas 20 —02 | —0y —io i/(20) '

The explicit solutions of Ags is

A =2(20 =) (e =) B2 = 2(LE) (B2 - L)

g9 i

[ —io 1/2

4o 203 8o 4o
() (A (e

where

- (3(02 —1—535102 — 1)).

The explicit solution of By is

-1 1 1+ 09 20 302 —1_ 1\
B =2(20 —02) (= own o+ 3) B0 =2(55%) (- 3)P
22 o — 02 22t 5 953 (1+02)( . )+

1+ 0? 3—o0? 9 3—o?
= B = ( )B? = 55 B2
( o3 )(4(1 + 02)) 403 75

where

B (3 — 02)
’75_ 40_3 .

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

After (3.78), (3.92) and (3.94) is substituted into (3.67) and (3.25) the solution to the 2nd order problem

1S

B 1 _ cg cosh(z+h) sinh(z + h)\ 9B ;,
¢2_ﬂ2+2<(( ;) cosh h (ht2) sinh A )(‘37:1:1
. ocosh2(z+h)

+iyy B eBX 4 c.c) and

cosh 2h

0 1 :
Ny = —076 + ’Y1IB|2 + *(753262”( + C.C).
otq 2

(3.96)

(3.97)
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3.5 3rd order problem

To find a solution to § the 0th harmonic from the 3rd order kinematic boundary condition will be solved.
From the boundary value problem (3.27)-(3.30) the parts of O(e3) is extracted and the 3rd order problem

is established and is

&3 Fpy | Pd1 | 093
52 +28x8m1 + a7 + 5.2 = 0 for —h<z<n, (3.98)

Ons  Omy  0610mp  Op2Om 061 Om , 061 Om
ot ' ot;  Ox 0xr ' Ox Oxr ' Ox Oxy Oz Ox
_0¢3 | &p1 Im 82 ¢ 109

9z " Mpzor or Moz Mg Mg —0 At 2=0 (3.99)
Op3 | Opa  O0¢1 0p2 N 01 D¢ L 991 ¢y 0y N R
ot | ot | Ox 9r | 92 9z | Oz dxr | ozot
2 2 3
a2 "¢ 0 1 93y 1 B
g g t Mg g T VO (Vo) +07g 550 +ms =0 at z2=0 and (3.100)
%:O at z=—h. (3.101)

0z
The 3rd order potential (3.23), the 2nd order potential (3.96) and the 1st order potential (3.46) is
substituted into Laplace (3.98) and from the Oth harmonic

A 92 . 16°
82’230 = _8:1:5 with possible solution Agzg = ~ 39 gz + Aspz + Csg (3.102)
1

where Agy = Aso(x1,t1) and Csp = Csp(z1,t1). Next (3.102) is substituted into the bottom condition
(3.101) and

0430 9% 9%
9~ B 2h + A3p =0 which gives Agzg = —8—$%h. (3.103)
(3.103) is substituted into (3.102) and Csg(x1,t1) is replaced with G3(x1,¢1) and
82
=35 — ﬁ( 2% + hz) (3.104)

2

The three potentials and corresponding surface displacements (3.21)-(3.26) are substituted into the 3rd

order kinematic boundary condition and with B1g = B2; = 0 the Oth harmonic becomes

6;94;0 _ aftio (Ang + A5 B) +i- (AngB: 'Tlgi)
T
— 685;?0 + %( — U(BZB* +c.c) + U(BgB; +c.c)
U(Bgfl* Jrc.c)—%(cngQ )
R L 8350 + oo (L 1/eg) - 1BP (3.105)
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where explicit solutions of Ay, Bnm and their derivatives at z = 0 may be seen in appendix B.1. (3.104)
and (3.78) are substituted into (3.105) and

9*p 9%p 9 e, 1 9\ np

—h— =—-0—% —|B —(1+1 —|B|". 3.106
Rearranging (3.106) gives

0’3  ho*p 0 | 9

_hob 95 3.107

6t% o 83;% 6 oty Bl ( )
where

¥6 =71+ 1/20 +1/20¢,. (3.108)

The partial differential equation (3.107) is classified as 2nd order, inhomogeneous, linear and hyperbolic.

It is also known as a wave equation with a source. After (x1,t1) = e(x,t) is utilized the equation is

Ph_ 206 _ 0
o

co is the shallow water velocity which is derived in appendix A.2. To solve equation 3.109 the solution is

h
cowze%a\BP where ¢p = . (3.109)

divided into a homogeneous part and a particular part. The right hand side of the equation is depending
on B where B has the leading order behavior that modulations are advected with the group velocity cg,
B = B(x—c4t). Thus we search for a leading order particular solution for 3 that has the same propagation
speed and it seems possible to find a leading order solution of the form 8 = Bree (2 — cot) + Boound (T — c4t)
as long as ¢y # ¢4. Long waves propagates faster than short waves which gives cg > ¢g. Bgee(x — cot) is
the solution to the homogeneous problem and Bpound (T — ¢4t) is the solution to the particular problem.

The homogeneous problem

82/81‘ zaQﬂf
has possible solution
1 : 1 )
Br = 3 Z (D;Fel(ka*“’jt) +c.c) + 3 Z ( ;eﬂ(kﬁ“”ﬁ) + c.c) + Uz + Ext + Fy (3.111)
J J

where w;/k; = ¢o and kjh << 1. The particular problem

By 20%By
o2 Vg2 T

is solved in agreement of the assumption of §, having the same form as B and that the linear Schrodinger

0
efyﬁayB\?. (3.112)

equation also is valid for G, . Then

0?6, 0,08 0 0B 50?6
o E( ot ) 7_69%(_%%) = %9 He2 (3.113)
which gives two equations
82ﬂb 82[310 0 82@3 €Cq7Y6 0
29 Pb 29 Pb ~ B2 = =90 ~ B2 114
o2 T V2 976 83:‘ | Dz (2 —c§)ox I* and (3:.114)
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26, 20 9.1 925y et 0
oz 2o Nt T o2~ (2 —c3) ot | (3:115)
The reconstruction fomulas require only the derivatives of 5 and when (3.114) and (3.115) are integrated
once
0By _ _ 5 _|B]? and (3.116)
oz (c2 —cp)
2
c
O _ 6 pp (3.117)
ot (c2—cp)
the derivatives of 8 becomes
08 _op 05
Ooxr Or  Ox

_ é Z (iij;rei(ij—th) + C'C) — %Z (i]{ij;e_i(kjaT-l—Oth) + c.c) + Us
4 J

— 9 B2 and (3.118)

(052; — )

01 _ox _on,
ot ot ot
_ (% Z (iij;—ei(ijfwjt) + C.C) + %Z (inDj_e*i(ijerjt) + C.C)) + E
j J
Ecg"}/ﬁ ‘ |2

(c§ —cd)

i (3.119)

In Trulsen et al. [11] the contribution from free shallow water waves was not considered. Instead of the
internal independent constant Uy and Ef in (3.111) they used a constant of integration U added to the
particular solution. U was found from the requirement that the surface displacement averaged over the
entire period is zero. Here the constants are assumed to be independent and have to be found from two

different requirements.



Chapter 4

Implementation

4.1 Reconstruction formulas

The reconstruction formulas are formulated with a dimensional output. The input are made dimensionless

according to (3.2). To denote the dimensionless parameters the x is invoked and for the rest of the

calculations the x denotes the dimensionless parameters. The formulas are developed for the condition

that the surface displacement is given as a measured time series. (z1,t1) = €(z,t) and the evolution

equation (3.88) is utilized to get the formulas depending on the time ¢. To get the formulas to work

with a space series the only change required is changing the derivative of B with the use of the evolution

equation.

The velocity potential is

Acle

ke

AcWe

(41 + e63) + O()

6=ty =

with the dimensionless

. 1 . cosh(z* +R%)
¢1 = ,6 — 5(1BW6 + C.C) and
1/1 cosh(z* + h*) sinh(z* + h*)\10B ;
* — - _ * _ h* h* * T AIX
¢ ﬁ2+2<cg <(Cg/0 ) cosh h* (0427 sinh A* )eﬁt*e
. pocosh2(z* +h%) o
+1v4 vy e“*t+c.c.

The velocities are given by the gradient of the velocity potential
Vo = ui+ wk = aewet™i + aewew*k.

Explicite solution for the horizontal velocity is

_ aeweke . we olon olon 0py N 66¢§ L+ €8¢>’{

_ 3
v= ke _ekc(am* +€8${)_acwc(8:ﬁ* ox* 8x{>+0(€ )

where

o _ E(Bcosh(z + h*)

ix
9z 2 sinh it © +C'C>’

(4.4)

(4.5)

(4.6)
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Ops 1/(.1 cosh(z* + h*) sinh(z* + h*)\10B ;
— _ * _ h* D h* LA ST P § ¢

Oxz* 2 <1 cs ((cg/o ) cosh h* T+ sinh h* ) cor’

ocosh 2(z* + h™)

—2wB
g cosh 2h*

X 4 c.c> and (4.7)

o1 108 1 (,lcosh(z* +h*)10B
oxy  €dr* 2

it S ot QS c.c). 4.8
¢y sinhh* €Ot (48)
Explicit solutions for the rest of the kinematics including accelerations are given in appendix C.1.

The surface displacement is
1= acn” = ac(nj +ens) + O(e) (4.9)

with the nondimensional

1.
ny = i(Be‘X +c.c) and (4.10)
0 1 ;
ny = —aa—tﬂ* +m|B* + 5 (75Bze2lx + c.c) (4.11)
1

which gives

0 1, . .
n= Gc( - Ua—tﬁ* +em1|B)? + i(BeIX + ey5 B2ePX + c.c)) + O(é?). (4.12)

4.2 A measured time series

Ocean waves may be specified by their deterministic or statistical characteristics, normally through a
measured time series or a wave spectrum, and the nonlinear Schrédinger method may be applied to
either description. For a measured space series the approach would be close to the approach with the
time series, but will not be further commented. For a measured time series IV is the number of elements
of the sample, fs = 1/AT where AT is time between two subsequent samples and T'= NAT is defined

as the period. The significant wave height Hs and the characteristic amplitude a. are defined as
Hy =40, and a.= V20, (4.13)

where o7, is the stantdard deviation

op = \/;f zn:(nn — 1) (4.14)

The discrete Fourier transform pair is used on the time series where

N-1

. 1 .

W= Y e and = 5 Y et (4.15)
~N/2<j<N/2 n=0

with w; = j27/T and t,, = nAT. If n(t) is real, which it would be for a measured surface displacement,

~ 1 play —iwty A~k
i-w) = 1 D e = i (@) (4.16)
n=0



4.3. The linear amplitude B 25

where * denotes the complex conjugate. Then it is sufficient to look at non-negative frequencies below
the Nyquist frequency f, = fs/2. From the Fourier transform of n the energy density spectrum S may
be estimated by

2 . 2 .
S5 = S(wy) = i) = iyl (4.17)

where Aw = 27/T.

To define the characteristic frequency in accordance with (3.2) there are several alternatives. The peak
frequency wp is widely used to define wave spectrum. The peak frequency is the frequency corresponding
the highest energy in the wave spectrum and wp = wp(Smax). The mean frequency is the frequency

corresponding to the mean of the energy where

_ 2wiS
Zj Sj

The local frequency wrr, used in Grue’s method, is the frequency corresponding to the local wave period

Wi, for j=(0,1,..N/2). (4.18)

Trr defined from trough to trough.

4.3 The linear amplitude B

As in Trulsen [11] the linear amplitude B is constructed by extracting the assumed linear contribution

from the surface displacement. The Fourier transform pair is used on the amplitude and
| M-t
B, = Z Bje '™ and Bj = i Z Bypeitm (4.19)
—M/2<j<M/2 m=0

where t,, = mT /M. B is constructed by band passing a suitable number of modes from 7 with

Bj = 2fjyn, for — M/2<j<M/2 where M/2< M. (4.20)

My is found from the characteristic frequency and rounded to the nearest integer which gives My =2
weT' /27, The upper cut-off frequency should be below the Nyquist frequency and the bandwidth should

be wide enough to incorporate the assumed modulation in accordance with(3.1) which gives
1 1 1

For implementation the amplitude is interpolated and

By= Y = Bje ™' where t,=nT/N, (4.22)
—N/2<j<N/2
0B _ 1 /0B _ WA it
Ge)o =0 (Ge), = X et (4.23)
—N/2<j<N/2
(B}, = (B,)? and (|B]*), =|B.|%. (4.24)

Contributions originating from [ are implemented as

aﬁ 1 RS — —jw*rt* Cqa€76
(ax*)n =32_i ((Df = Dy)e it 4 c.c) + Ut - m(IBIZ)n and (4.25)
J
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2
<8t*) = Z ( (Df + D )e Tlwjtn 4 c.c) + Er + (ngify;)ﬂBP)n (4.26)

j 0

for k7h* << 1 where w} = j27/w.T" and w}/k} = co = \/h*/o which gives k} = w}\/h*/o.

4.4 Horizontal current

To find the horizontal current U two methods are suggested. The first method is assuming volume flux
integrated over one period to be zero. This may be true for an enclosed wave tank where the amount of
fluid must be conserved. U; = Uy is found when the horizontal volume flux integrated over one period is

to+1 rm n a¢* ¢* ¢*
udzdt = acwc/ Lie +e-—)dzdt =0 4.27
/to /h T —h(ax* Ox* 81) (4.27)

By using
z=n 1 z*=ken
/ . f(z5)dz = k— . f(z%)dz*, ke = keaen® = en’, (4.28)
z=— ¢ Jz*=—h*

en* 0 en*
e = [ g [
—h* —h* 0
en*

0 N X 8f *
= [ sEas s [ (g oG g4 )
_ 0 f(z*) dz* + ¢ *[f] +1(€ *)2[87f] 4.t (4 29)
o T =0 T8 g5 =0 .

and n* = n] + en3 + - - - + the horizontal volume flux integrated over one period may be presented as

8<z5* 093 0¢*
//h* ox* 8m*+ axl)dz dt

8¢* R %1 2y _
//h* 813* 31;* te o ,{)dz dt +en [3$ L:Q"’_O(f ) =0. (4.30)

The Oth order problem is

T cosh (z* 4+ h*) o N
dz*dt = ————eX +c.c)d¥dt
/ /h* “ / /h* 2 sinh h* te C) “

= / (Be‘x +cc)dt=0. (4.31)
T 2

The 1st order problem is

o
2 1 _
//h* 9 dt+//h* Pt dz dt+/T77 [&E*}Z:Odt_o (4.32)

where
0
8¢2 dz *
_h* 8.’17*
0 1 cosh(z* + h*) sinh(z* + h*)\ 0B
— i _p e T > K\ PE\e e ) 1X dz*
/h* 2ecy <1<(cg/0 ) cosh h* (42 sinh h* ) 8t* te C)
0 * *
cosh2(2* 4+ h*) o N
_/—h* (74 cosholr© +c.c) dz
7 aB o 2 2ix
(lec Pl 1B 02e®X + c.c), (4.33)
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h*(1 — 2
v = (cg + (UU) — 1), o9 = tanh(2h*), (4.34)

991
_h* 8.’1}1
0 108 O 1 cosh(z* +h*) 0B

_ - dz* 1X *
/h* o + /h* 2ecy (1 sinhh* Ot e C) dz
_hop 1 L 0B
C€dx 2ecy " OtF

d*

—eX 4 cc) and (4.35)

0d} ; cosh(z* + h*) ol
[8$*] (BeX+C C)[Q(B sinh h* X +C'C)]z:0
- E\BP (B 4 ) (4:36)

Then the 1st order problem becomes

/ 1( 1 (s + 1)82elx + (i — Y409) BZe*X 4 c.c) dt
T

2 \ecy ot* 20
h* 9p 1, 9
— —|B|*dt =0 4.
+/T€8£I}* /T40'| | (4.37)
where
h* 0 h* h
/ CapT. —UnT - /W|B|2dt (4.38)
T € 0x* 7 (c2 — )
with
/ ij (D eelsz—eit) 4 preicleait) 4 ¢ o) df = 0. (4.39)
T Gk 2
This gives
Ufo = —8 (4.40)
where

1 i 0B 1 -
1) 226X 1 e — ya09) B22X 1 c. )
8= h*T/ < (v + )m*e +e(2 7402) e“X +c.c)dt

60976 /\B[th+ : /\B[th (4.41)
2 - ih*o

The second method is depending on measurements. By stating that horizontal current Uy is incor-
porated in the measurements Us is found when adjusting theory to measurements. Uy = Uy, is found
by

1
Ufm:M

M=

(umeas(zm) - Utheory(zm)) (442)
m=1

for all z,, with measurement.
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4.5 Set down

The set down Ef is found from the time average of 1 which is

1 to+T
n= ndt

1. .
== / ac( U@t* + 671\3]2 + §(Belx + ey B*e*X + c.c)) dt

/ac aEf—a( )676]B|2
+ev1|B)? + §(Be‘X + ey B*e®X + c.c)) dt (4.43)
with
1 acol c
7 w Z iw; (D eflrir=wst) 4 Dremidlrietwst) 4 ¢.c) dt =0 (4.44)

and from (4.31)

/ (Be'X 4 c.c) dt = 0. (4.45)
This gives
Ef =7 (4.46)
where
2
gil 097 2 €5 2 2i 1
=€(—— —5—5= B|“dt Bee?X dt — . 4.47
v gy [P o [ e e u (447

For numerical implementation

N-1 N-1 1 N-1
[roa=Y rar L[ foa=5 3 foand a= 5 3= io) (4.49)
T n=0 n=0 n=0

4.6 Shallow water waves

To find the complex amplitudes Dj and Dj_ a method is suggested which require the surface displacement
to be measured by two wave gauges. It is assumed that n can be decomposed into n = ng + np, where

ng is the shallow water waves, independent of the amplitude B then

8/8 a.0 i(k* 2> _w** — i(k*rr et tr
ms = ac(—o5d) = (Z F(Df et =4t 4 preitir i) yec). (4.49)
J

The phase functions are extracted from the exponential function and with w; = wj/we, k‘; = wj/weco,

t* = wet and x* = k,x they becomes

w*
(kja* —with) = (cj kex — %wct) (kjz —w;t) and (4.50)
0 c
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*

(k** ft*__wiﬂk wi 1) = — (k. + 4.51
(]m +wj )= (Co cx"‘wWC)— (Kjz + wjt), (4.51)
(4

where k; = wjkc/wceo and wj = j27/T. By using (4.50) and (4.51) the shallow water waves (4.49)

becomes

s = 522 (Y (Do 0 4 Dot e (1.52)
C .
J

In postition x =0

(05,20 = "5 ( D iwi (D e 7! + D e7t) + cc)
J
aca

= (lej (D} + Dy )e" + c.c) (4.53)

and in position z = Az

[773] —Aa — %(lej (D;ei(ﬁlleJ}—w]‘t) + D;e—i(mjAac—I—wjt)) + C.C)

aca

_ <le] D+ m]Ax_i_D efmJAx) let—l—C.C). (454)

The shallow water waves may be presented with the Fourier transform of the surface displacement in two

positions with distance Az which gives
[ns] =0 = Z [ﬁ]] x:O it +cc and [775] r=Az Z [ﬁj]x:Am ~hwit +c.c (455)
J J
where w; = j27/T for j > 0. For shallow water waves w; = kj\/gh and kjh << 1 and

T
wj —j =kjvgh << \/gh which gives j << o % (4.56)

According to the Nyquist theorem the wave numbers to be reconstructed cannot exceed (27 /|Az|) and

wj .27 1 27 . T\/gh
kj=— = hich gi < : 4.57
5 = o jT (\Ax]) which gives j 3Az] (4.57)
For the possition x =0
1) ymo = D[] ymge ™" + e
J
- ac"(ZMj (Df + Dy )e st +c.c>, (4.58)
which gives
S ([], e " = 2Ziw;(DF + D5 )e i) =0 (4.59)
N3] 2=0€ 2w, Wit j )€ - i

For the possition x = Ax

[ns] z=Az Z [ﬁj]z:Aw lest t+c.c
J
GO

= 2 (Y iy (D AT 4 DreT AT T ), (4.60)
;

2w,
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which gives

Z <[ﬁj}x:AIe—iwﬁ o ;%l-wj (D;reilijAz + D;e—injAm)e—iwjt) —0.

1
We

One possible solution which gives two equations and two unknown for all j is

~ a.o ,
- —iw,t _ cY . ) + _ Ziwit
[nJ]x:Oe ! wcle (Dj + D; )e 7" =0 and
[A ] e_int _ acaiw,(D—FeiﬁjAz + D—e—injAa})e—iwjt -0
il e=nz i (D ; —0.

We

These two equation are rearranged and with the use of methods from linear algebra

2w
+ - _ C A
Dj +Dj = ICLCO'(A)]' [nj]x:(y
. . 2w,
+ ik; A — —ikiAx - c Ta
Dy e™™t + Dy e 5 = —i (73] —ne

a0Wj

+ . A
1 1 Df | _ —i2we | [i5], d
ik Ax —ik; Az D~ . ~ an
e e j acowj | (1] ,_p,

Dy | _ —i2we eﬁﬁa‘m -1 3]0
Dj_ acow; (e—mij _ em]-Ax) _elrjAz 1 [ﬁj]x:AI ’

which gives the explicit solution to the shallow water wave amplitudes

—12w . —ik; A
D]+ - AcOWj (e—ifiijc_ einjAl‘) ([77]'] 2=0° s [nj]:pzAx) and
3 12w . ir; ;
Dj - AcoWj (e—ifch; — einjALB) ([nj] xzoem] e — [nj] x:A:c) )

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)



Chapter 5

Comparison

5.1 Measurements

In the absence of measurements on finite depth to verify the accuracy of the theory, deep water measure-
ments presented by Grue et al. [6] have been compared with reconstruction of the horizontal velocities
in the crest. Six time series of irregular waves were generated in a wave tank by using the JONSWAP
spectrum. Within each time series five wave events were identified and the horizontal velocity profile
below the crest was measured. The first of these six series have been analyzed in an attempt to indicate
the accuracy of the Schrodinger method. It must be emphasized that deep water measurements only
gives an indication and the accuracy is expected to increase on finite depth.

The JONSWAP spectrum was estimated by using v = 3.3, Hs = 6.55m and Tp = 0.939s. h = 72cm is
the depth of the wave tank and g = 9.81m/s? is acceleration due to gravity. For the measured time series
N = 16384 is the number of elements in the sample, AT = 0.02s is the time between two subsequent
samples and the period of the sample is defined as T'= NAT = 327.68s.

Wave time Mm TTT k?TT €ETT Uref
1 12445 5.03 0.76 6.47 028 0.34

Peak Mean TT

T 097 085 076 [s]

2 13324 524 080 583 026 0.34
w 646 738 827 [1/s]

3 16527 7.55 0.76 6.13 040 0.47
k428 556 697 [1/m]

4 21401 375 082 577 019 0.25
e 010 012 016 [1]

5 28343 7.39 0.80 563 034 0.45

kh 3.08 4.00 5.02 1] 8 (1] [s] [1/m] [1] [m/s]

Table 5.2: Characteristic of the waves

Table 5.1: Characteristic of the time series

Two measurements of the surface displacement were available giving the opportunity to find the
contribution from shallow water waves. One wave gauge was placed in x=0 and the other was placed
in positive direction with a distance Ax = 1.17. Possible characteristic parameters were taken from the
surface displacement at x = 0 and is shown in Tab. 5.1. The characteristic frequency is found from the
mean value and is given by w. = My27/T where My is nearest integer of T//Tyiean. Then w. = 7.38s7 1,
T. = 0.85s, k. = 5.56m™!, a. = 2.2cm, € = 0.12 and k.h = 4.00. The wave spectrum is shown in Fig. 5.1

with peak frequency wp, mean frequency wys and trough to trough frequency wrr for the highest crest.
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Parameters of the five wave events are shown in Tab. 5.2. The local wave number kpt and the local
steepness ey are found from (2.32) and (2.33). Then the reference velocity is given by uyef = err\/9g/k1T.

The five wave events and corresponding wave groups may be seen in appendix D.1.

- W - w =1.5w - 4w
hp, Ip c P
107 107 ¢ 4w =1.75w 1
Ip [
0w =20
107°F 1075t Ip c
2 2
[m~s] 107l [m~s] 107
107 107t
108t 108t
10_9 L L L L L L L 10_9 L L L L L
2 4 6 8 10 12 14 0 5 10 15 20 25 30
w[1/s] w[1/s]
Figure 5.1: Wave spectrum Figure 5.2: Wave spectrum and bandwidth
0.06
=W = W =W
4 hp Ip c
10 0.05}
107 0.04}
2
[m?s] gl : IDl g 0}
107} 4 0.02- -
1078 1 0.01}
107° s o
0 2 4 6 8 10 0.5 1 1.5 2 2.5 3 35 4
w[1/s] w[1/s]

Figure 5.3: Wave spectrum and bandwidth for Figure 5.4: Shallow water wave amplitudes. Solid
shallow water waves line (-): Dj'-". Dotted line (- -): D"

The longest wave is assumed to be a standing wave with wave length equal to the length of the
wave tank. The length of the wave tank is 24.6m which gives maximum wave length Ay = 24.6m and

minimum wave number kpyin = 27/Amax- For shallow water waves w = k+v/gh which gives

.27 2 . T
Whp = Jhp 7 = Fmin\/gh = TV gh and  jn, = ——+/gh. (5.1)

max )\rnax

This becomes the cut off frequency used as high pass filter when extracting the shallow water waves.
Contributions below this frequency are assumed to be noise. Fig. 5.3 is showing wy, together with the
low pass frequency wi,. wp is defined by (4.56) to ensure that the extracted waves are shallow water

waves. In Fig. 5.4 shallow water wave amplitudes found by using (4.68) and (4.69) are shown, where D;-r
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are amplitudes representing waves propagating in positive direction and Dj_ are amplitudes representing
waves propagating in negative direction.

The linear amplitude B is constructed by using the shallow water wave low pass frequency (4.56)
as high pass frequency wy, making sure that all the energy in this region is considered. wy;, is shown
together with possible low pass frequencies wy, = (1.5we, 1.75w,, 2w,) in Fig. 5.2. In addition, the cut
off frequency 4wp recommended by DNV [2] as low pass frequency used when reconstructing Airy and

Wheeler kinematics is shown. The bandwidth is wyy = wip — whp

0.8r
0.61
nrec/rl
0.4r
0.2r
0 . . .
0 0.5 1 1.5 2
w Jw
bw "¢

Figure 5.5: Ratio of reconstructed 7

Both the reconstruction of surface displacement and the reconstruction of kinematics are depending
on the bandwidth. Fig 5.5 is showing the ratio between reconstructed and measured 7 of the highest
crest as a function of ratio between bandwidth wyy and characteristic frequency w.. The accuracy
of reconstructed surface is increasing rapidly until wyy &~ 0.75w., while for wider bandwidth there is

considerable less change in accuracy.

0 0.5 1 1.5 0 0.5 1 1.5

u /wsnlinear u /wsnlinear
(a) wip = 1.5w, (b) wip = 2w,

Figure 5.6: Solid line (—): coshk.(z + h)/sinh k.h. Asterisk (x): measurements

In Fig. 5.6 the dimensionless decay function coshk.(z 4+ h)/sinh k.h is plotted together with mea-
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surements of the horizontal velocity from the five wave events. The measurements are from the crest of

the five wave events and are made dimensionless by

1 .
WeMinear = wcaci(Be X 4 C.C)- (52)

The difference between Fig. 5.6 (a) and Fig. 5.6 (b) is the bandwidth. To increase the accuracy the

profile need to be more curved.

5.2 Reconstructed surface

As an example of reconstruction of surface the crest at ¢t = 133.24 is shown in Fig. 5.2 and the 2nd order
contribution is shown in Fig. 5.2. Two different bandwidths are shown and the reconstruction is ap-
proaching the measurements by increasing the bandwidth. By increasing the bandwidth the reconstructed

surface is approaching the measured.

0.08— : : : 0.015
0.06
0.01f 1
0.041 /\ /\
0.005 - :
0.02p = .
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-0.04f
-0.06— : : : -0.01— : ‘ :
132.5 133 133.5 134 132.5 133 133.5 134
time [s] time [s]
(a) wip = 1.5w, (a) wip = 1.5w,
0.08— : : : 0.015
0.06
0.01f 1
0.04} /\
| 0.005} /\ i /\
z[m] 0.02 3 z[m] P ]
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—0.005 - N
—0.041
—-0.06 ——* : : : -0.01"——* : ; :
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(b) wip = 2w, (b) wip = 2we

Figure 5.7: Reconstructed surface at t = 133.24.
Dotted line (- ®-): 1. Solid line (—): 7pec. Broken
line (- -): 1st order. Dotted solid line (-e-): 2nd

order contribution. Broken line (- -): amplitude
B.

Figure 5.8: 2nd order contribution at ¢ = 133.24.
Dotted solid line (-e-): total 2nd order contribu-
tion. Broken line (- -): shallow water waves. Solid
line (—): Oth harmonic o |BJ2. Dotted solid line
(-e-): set down o Ef. Dotted line (- ®-): 2nd har-

monic.
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5.3 Reconstructed horizontal velocity

The mean surface was calculated in equal intervals throughout the time series. Calculations were done
for intervals of 10, 20, 30, 40, 50 and 60 seconds and are shown in Fig. 5.9 together with the total
mean surface. Both gauges indicate an accumulation of water at the end of the tank. A return flow as a

consequence of this has to be considered.

10 T T T T T T 10

0 50 100 150 200 250 300 0 50 100 150 200 250 300

time[s] time(s]
(a) =0 (b) z = Az

Figure 5.9: Mean. Solid lines (—): change in mean of 1. Dotted line (---): total mean of n

To determine the free stream Uy two methods have been suggested, Uy (4.40) and Upy, (4.42). When
using Uy it is assumed that the total flux integrated over one period is zero. When the behavior of the
return flow is not known the magnitude of U, determined by using Uy, is highly uncertain.

In Fig. 5.10 Airy theory, Wheeler stretching, 1st and 2nd order Schrdinger and the exponential
profile are compared with measurements of the horizontal velocity in the crest at ¢ = 133.24. All the
measured velocities analyzed may be seen in appendix D.1. The velocities are made dimensionless with
the reference velocity wue. In Figs. 5.10 (a) and (b) the bandwidth wyy, = w. and the horizontal current
Us = Uy are used. Comparing 2nd order Schrodinger with the measurements indicates a need for adding
more curvature to the profile and the return flow to be stronger. Increasing the bandwidth adds more
curvature to the profile and by using Uy = Up, the return flow increases. With these modifications 2nd
order Schrédinger shows good agreement with measurements in the crest as shown in Fig. 5.10 (d).
When looking at the entire water column in Fig. 5.10 the increase in bandwidth and return flow has
resulted in negative velocities in about half of the water column. If the velocities in the lower part of the
water column are less as negative than the theory estimates, it would indicat a return flow confined to
the region around still water level causing more curvature of the profile.

In Fig. 5.11 (a) 2nd order contribution incorporated in Figs. 5.10 (a) and (b) is shown and in Fig.
5.11 (b) 2nd order contribution incorporated in Figs. 5.10 (c) and (d) is shown. The contribution from
the shallow water waves are close to zero. Justified by the uncertainty about the magnitude of the induced
mean flow and for computational convenience, the shallow water waves are neglected for the rest of the

calculations.
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u/u
ref

(a) wip = 1.5w,, Uy = Upy

0.6
- - 0.4r b

B 0.2

T TT

15
u/u
ref

(C) Wip = 1.75wc, Uf = Ufm (d) Wip = 1.75wc, Uf = Ufm

Figure 5.10: Horizontal velocity at t = 133.24. Broken line (- -): Airy theory. Dotted line (---): Wheeler
stretching. Extra dotted line (-e-): 1st order Schrédinger. Dotted solid line (-e-): 2nd order Schrédinger.

Asterisk (x): measurements.
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Figure 5.11: 2nd order contribution at t = 133.24. Dotted solid line (-e-):total 2nd order contribution.
Broken line (- -): 1st harmonic. Solid line (—): 2nd harmonic. Circles (o): contribution from shallow

water waves is. Squares (0): Oth harmonic oc |B|?. Stars (x): Set down oc E.
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5.4 Deviation

To give an indication about the accuracy the standard deviation according to the measured velocities are
calculated for all the five wave events. Standard deviation, also known as the root mean square is given
by

M

! Z (Umeas(zm) - Utheory(zm))z (5.3)

MS=,|—
RMS TPy

for all z,, with measurements.

At t = 165.27, Fig. D.6, the two measurements highest in the crest are assumed to be diverging
from the measured velocity profile and are therefore not considered when calculating RMS. For the same
reason the measurements highest in the crest at ¢t = 214.01, Fig. D.8, is not considered.

Fig. 5.12 is showing the root mean square for all the five wave events. 1st order Schrodinger is showing
better approximation than both Wheeler stretching and the exponential profile. Apart from wave 1 and
5, 2nd order Schrodinger is also showing better approximation than both Wheeler stretching and the
exponential profile. Figs. D.2 and D.10 respectively are showing considerably over prediction by 2nd
order for wave 1 and 5. 2nd order Schrodinger fitted for best approximation by using Uy = Uy, results
in the best result which shows that increasing the bandwidth gets the right curvature of the horizontal
profile under the crest. When Wheeler stretching is showing better approximation than the exponential

profile, it must be emphasized that Wheeler stretching is constantly under predicting in the crest.

—6— S-0(1), (.olpzl.SooC
05M _ % — s-o), @, =1.75a, ' ' '
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041 | — % — S-0(2), & =1.75w,, U=U n
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0.35 / ]
—— exp(KrTz)
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RMS 025}

0.2

0.15F

0.1

0.05

Figure 5.12: Root mean square



38

Chapter 5. Comparison



Chapter 6

Conclusion

A second order nonlinear Schrédinger method for prediction of kinematics in irregular waves on finite
depth has been developed. The main difference between the method presented by Trulsen et al. [11]
and the method presented in this thesis is the relationship between modulation of amplitude Aw and
the characteristic frequency w,. Trulsen et al. assumed Aw/w. = O(e'/?) while this thesis is assuming
Aw/w. = O(e). This change in assumption gives a noticeable decrease in complexity. In addition, the
contribution from the shallow water waves has been considered.

The boundary value problem defined for the fluid was made dimensionless with characteristic param-
eters and a slow variation was introduced according to the assumption about modulation of amplitude.
The boundary condition at the surface was approximated with Taylor series around the still water level
and the problem was solved with a harmonic expansion of the velocity potential and the surface displace-
ment.

One of the best known methods in use today is the Wheeler stretching. Wheeler stretching is based
on linear Airy theory which is over predicting under the crest. Wheeler stretching is improving Airy
theory with an empirical adjustment of the vertical coordinate. Like Airy the Schrédinger method is
using the exact vertical position in crest, but compared to Airy and Wheeler the low pass frequency is
considerably lower and the amount of energy extracted from the wave spectrum is therefore considerably
less and the theory does not break down.

In the absence of measurements on finite depth to verify the accuracy of the method, deep water
measurements have been compared with the theory. Schrédinger theory has been compared with mea-
surements of the horizontal velocity in the crest, Airy theory, Wheeler stretching and the exponential
profile.

Different bandwidths have been considered when comparing theory with measurements. For the
reconstructed surface the accuracy increased when the low pass frequency was increased from 1.5w,
until 2w,.. For the reconstructed horizontal velocity an over prediction was indicated when the low pass
frequency reached 1.75w,.

To find the free stream two methods where suggested. The first method suggested is requiring the
horizontal volume flux to be equal zero while the other is requiring measurements. Neither did show
satisfying results throughout the entire water column, and the determination of the mean flow is highly
uncertain and is indicating a return flow confined to the region around still water level adding more

curvature to the velocity profile.
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Extracting the shallow water waves require measurements of the surface made by two wave gauges.
The contribution from the shallow water waves turned out to be close to zero. Justified by the uncertainty
about the magnitude of the induced mean flow and for computational convenience the shallow water waves
has been neglected for the rest of the calculations.

To give an indication about the accuracy according to measurements of horizontal velocity in the
crest the standard deviation, also known as the root mean square was calculated. The root mean square
did show 1st order Schrédinger to be more accurate than both Wheeler stretching and the exponential
profile. 2nd order was showing good but more changing results.

This may be due to both the uncertainty about the bandwidth and both magnitude and behavior of the
return flow. The best results was given by the 2nd order with the widest bandwidth and then adjusted
with the return flow to fit the measurements. This shows that increasing the bandwidth adds more
curvature to the profile and the Schrédinger method converges towards the profile of the measurements.

The unknown behavior of the return flow may be discovered by higher order theory and to verify the
behavior and magnitude of the return flow there is need for measured velocity profiles throughout the
entire water column. There is also need for measurements of velocities and accelerations throughout the

wave group to fully verify the theory.



Appendix A

A.1 Group velocity

For the following calculations x denotes the dimensionless. The group velocity ¢, is given by

_ Owe 1 /gtanhkch + gke(1 — tanh? kch)h
97 Bk, 5( e ) (A1)
And made dimensionless with
ke k. 1 /gtanh h* + g(1 — tanh?)h*) 1

* e _ et - = - *
Cg_wccg wc2( We ) a<a+(1 o)h )

1 (0 —1)h*\

=5 (1) = (A2)

where h* = k.h and the substitution

1 1+sinh®kch —sinh®kch 1+ (cosh® kch — 1) — sinh® kb
cosh? k.h N cosh? k.h N cosh? k.h

=1 —tanh®k.h (A.3)

has been used.

A.2 Shallow water velocity

For the following calculations x denotes the dimensionless. For non dispersive shallow water waves the

dispersion relation is

ws = k+/gh which gives ¢5 =ws/k =+/gh (A.4)
where c; denotes the shallow water velocity which is made dimensioless with

o ke ke gh B Vkch _
= —cCs= = = = ¢p. (A.5)
We Vgkctanh(k.h)  y/tanh(kch) o

For shallow water waves the group velocity equals the phase velocity. Longer waves travel faster than

shorter waves and the maximum traveling velocity for waves is the shallow water velocity. This gives

co > ¢ (A.6)
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Appendix B

B.1 A,,, B,, and their derivatives z =0

Explicitly solutions of Ay, By and their derivatives at z = 0 from (3.105). For the following calculations

x,z,t are made dimensionless according to (3.2), ¢, is made dimensionless according to A.2 and the x is

removed.
An] = [-12a = B.)
5] (2 0m Zoir)a= g 2
] = (- ey RER I gy RN OB) 00 (B3)
R I = L L
= —é(% + 2)23? (B.4)
(2] =~ + P 5
252] = [~ S5eem] - —52n ®6)
Bgf: +cc= B‘Zf: - B*gﬁ = ;;1(33*) = 8?31;3\2 = Q’B‘ail‘B’ (B.7)
ggﬁ = —Clggi and (B.8)
Bgf: +cc= _clgaatl |? (B.9)
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Appendix C

C.1 Reconstruction formulas

For the following calculations x denotes the dimensionless.

The velocity potential is

acwc acwc
¢ = <Z5 = (¢7 + €g5) + O(€)
with
1, _cosh(z*+h*) ,
- _ = it LA AP 5'¢
¢y =0 5 (iB S © +c.c) and

171 cosh(z* + h*) sinh(z* + h*)\ 1 0B
_ h* D h* L P
P2=P+3 ( g<( /o ) cosh h* T+ sinh h* )eat*e

ocosh 2(z* + h*) 2 4 c)

i cosh 2h*

The surface displacement is
n=acn* = ac(n +en3) + 0(62)
with
* 1 ix
ny = §(Be +c.c) and

*

0 1 ;
n = —Uatﬂ* +m|B* + 5 <’Y5BQ€21X + C-C>

2

which gives

0 1
n:ac<—aatﬂ*+6’mB\2 (Belx—i—e%B2 21X—i—cc)) + O(€%).

The velocity is given with V¢ = {u,w} and for 1st order

_acweke e tloy 1/ _cosh(z* + h*) ix 9
U= . u k: e +0(e) = Qcwey <B—sinhh* e —|—c.c> + O(e%)
and
_acweke wc tlon 2 1 /. sinh(z* 4+ h*) ix 9
w = . w k e + 0(e%) = —aewey (13We + c.c) + O(€e%).
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The only constribution to the coresponding accelerations is the local accelearation and for 1st order

ou  w?ou* w2 llon 1 /. cosh(z* + h*)
= — = *c _ 9] 2y — . 2 B
=58 T o ke dwror T OLC) = Ay (B

X c.c) +O(?)  (C.10)

and

ow w2 Ow* w2 0¢}

ow _ wg sinh(z* + h*)
ot k., 0t k. 0270t

sinh A*

A, =

1 .
+0(e?) = —acwg§ <B eX + C.C) +0(e%). (C.11)
For 2nd order the horizontal velocity is
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2
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where
O¢1 1/ cosh(z* +h*)
= (B————%¢! . 1
or*x 2 ( sinh i* © te C)’ (C.13)
dops 1/, 1 cosh(z* + h*) sinh(z* + h*)\ 1 8B
— = * _p e T h* K\ P\~ e )
Oz* 2 <1 ck ((cg/o ) cosh h* T+ sinh h* ) cor”
3 gcosh2(2* +h*) o
2v4B ~eoshomr© +c.c| and (C.14)
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For 2nd order the vertical velocity is
acwckc * We 8¢* 8¢* 8¢2
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v T g ) (5o +<gx) TO) (C.16)
where
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) S e iy BP T X ). C.18
sinh h* ) FTi + cosh 2h* tee ( )
The accelearation is given by
Dy 0v
- _ = 1
Dr = o +v- VU (C.19)
and for the horizontal and vertical direction respectively the accelerations are
Du  0u ou ou Dw  Ow ow ow
T = —— = — —_— - d z —_ a a_ ‘2
“=Dt ot or Yo M T D T TVor Vs (C-20)

For 2nd order the horizonatal local acceleration is
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ot = & o T o) = % o t oo + arar T ararr) T O (C.21)
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where
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For 2nd order the vertical local acceleration is
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The space derivatives of the velocities are

R R R S
e (S0 oy P L

Then the horizontal convective acceleration is
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D.1 Horizontal velocity profiles
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Figure D.2: Horizontal velocity at ¢ = 124.45. Broken line (- -): Airy theory. Dotted line (---): Wheeler
stretching. Extra dotted line (-e-): 1st order Schrédinger. Dotted solid line (-e-): 2nd order Schrédinger.

Asterisk (x): measurements.
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Figure D.4: Horizontal velocity at ¢ = 133.24. Broken line (- -): Airy theory. Dotted line (---): Wheeler
stretching. Extra dotted line (-®-): 1st order Schrédinger. Dotted solid line (-e-): 2nd order Schrédinger.

Asterisk (x): measurements.
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Figure D.6: Horizontal velocity at ¢ = 165.27. Broken line (- -): Airy theory. Dotted line (---): Wheeler
stretching. Extra dotted line (-e-): 1st order Schrédinger. Dotted solid line (-e-): 2nd order Schrédinger.

Asterisk (x): measurements.
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Figure D.10: Horizontal velocity at ¢ = 283.43. Broken line (- -): Airy theory. Dotted line (---): Wheeler
stretching. Extra dotted line (-®-): 1st order Schrédinger. Dotted solid line (-e-): 2nd order Schrédinger.

Asterisk (x): measurements.
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